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TE effectual Endeavours to 


promote Learning, and your 
good Wiſhes for the ſame ſucceſs in 
others, make me hope, that this Tranſ- 
lation, which aims that way, may 
venture to ſhelter itſelf under your 
Patronage. By your Acquaintance 
with the Original you may diſcern ſome 
Faults, for nibil ex omni parte beatum ; 
but your known Moderation and Can- 
dour will incline to excuſe it, tho' it 
ſhould not come up to that Accuracy 
you obſerve. 
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PREFACE E. 


N treating of the Analytic Art we aſcend 
to the higheſt pitch of human Learning; 
by it we may by calculating Quantities 
in general, find out ſeveral Truths in the 

Mathematics, conſider'd either as pure, or ap- 
plied to uſe. He that is inſtructed in the Ele- 
ments of Arithmetic and Geometry, may by 
the help of this Art, find out many things 

which he could never have diſcover'd from the 

Writings of others, without much Labour and 
Difficulty, for it lays open Truths unknown 
before; and indeed that muſt be the moſt per- 

fect Method of Study, which by a few things 
committed to Memory enables us to make uſe- 
ful Diſcoveries, at a time we have moſt occa- 
ſion for them. Nor can a greater Perfection 
of the Mind be conceived, than readily to find 
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out by a few given Truths, many unknown. 
Moreover, there occur in the modern Analyſis 
moſt fe Examples of the Art of Reaſon- 
ing; for our Thoughts being expreſs'd by Marks 
or Signs, they repreſent to our Imagination, 
what would otherwiſe be far above our Sphere. 
A long Train of Reaſoning, which by great At- 
tention and Circumſpection, may diſcover a 
Connection between things, is here changed into 
the Art of combining a few Marks and Signs 
together, always the ſame, and built on a few 
manifeſt Principles. And indeed it is very 
wonderful, that by the help of the Analytic 
Art, one may oftentimes diſcover in one Line, 
more Truths than could be contain'd in whole 
Volumes, if they were explain'd and demon- 
ſtrated by the common Method. Hence it is, 
that by viewing cne ſingle Line, we may 
learn almoſt whole Sciences in the ſpace of a 
iew Minutes; which Men could ſcarce com- 
prehend otherwiſe in as many Years. He 
therefore that would attain to the ſolid Know- 
ledge of the Mathematics, ought to ſtudy this 
Art. And leſt any ſhould be frighten'd (not 
ſo much by the Difficulty, which indeed is 
None at all) as by the Novelty of it, and fo 
be driven from this excellent kind of Study, 
let him endeavour to make Arithmetic in Spe- 
cies familiar and eaſy to him, neglecting a 
weile the Reaſon of the Rules, where they 
ſeem difficult, and content himſelf with ſub- 
ſtituting Examples in Numbers, which will 
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convince him of the truth of the Rules, And 
when he comes to Algebraic Examples, we 
judge it will be uſeful that a young Begin- 
ner expreſs what is given by various Numbers, 
and ſo let him ſolve the ſame Problem ſeveral 
times, in ſeveral particular Caſes. Thus he 
will more eaſily accuſtom himſelf to Calcu- 
lation, and perceive the plain ſimple Reaſon 
thereof, But it is not to be thought that the 
whole Analytic Art is found out, nay it's rather 
to be thought that there are ſeveral things yet 
wanting, to be ſupply'd by the Labour and 
Induſtry of Poſterity. There are ſeveral things 
taught in the Elements of Geometry, which 
are not unfolded by the modern Analyſis, ef- 
pecially ſuch as depend on tlie Situation of 
Lines, and Superficies. Therefore Leibnitæ, 
who excell'd in all kind of Learning by a Per- 
ſpicuity of Underſtanding peculiar to himſelf, 
publiſh'd a new kind of Analyſis *, built on 
a Calculation, widely different from that of 
Magnitudes, which we uſe in our Analyſis 
But he that underſtands what is already found 
out, and applies himſelf with care to ſolve 
Problems, may yet enrich this Art of In- 
vention with ſeveral Rules. We have here 
alſo by a more ſublime Geometry, laid open 
ſeveral Truths, not touch'd in common Arith- 
metic and Geometry, and ſuch as we judg'd 
moſt neceſſary to be known. 

A 4 THE 


* The Author means Fluxions, the firſt Invention of which 
is now univerſally aſcrib'd to the great Sir J/aac Nexwwton, 
See Commercium Epiſtolicam. | 


THE 


TRANSLATOR 


TO THE 


R E A D E R. 


O attempt any thing in praiſe of the 
celebrated Author, part of whoſe Mathe- 
matical Works we here preſent the Eng- 
liſh Reader with, would be needleſs, but perhaps 

ſomewhat concerning the Tranſlation will not be 
unneceſſary. We thought fit to prefix to the Au- 
thor's Algebra, a ſhort Compendium of his three 
Treatiſes on Arithmetic, Geometry and Trigons- 
metry, in order to enable the Reader to proceed 
to his Algebra without the Aſſiſtance of other 
Books, wrote purpoſely on thoſe Subjects. In 

theſe, to avoid prolixity, we deſignedly omitted 
ſeveral Paragraphs, which were not referred to 
in the Algebra, imagining them not material. 

We have indeed given a great many of his Defi- 

nitions, many of which ſome may think might 

have been omitted, being of things intelligible 
enough ; but, as the Author objerves, they either 
ferve 


* 
S 


O * 
wi VC 


- 


r 


7 
* 
_y 
”Y „ 
x 
2 


* ” - f E 
c 
— 3 2 


r 


4 
- 
* 
8 


* 
8 5 S 
N 


The Tranſlator to the Reader. ix 


ſerve for underſtanding other Definitions, or they 
afford Principles for Demonſtration, as may be 
ſeen in thoſe given by Euclid, and many other 
Geometricaans. He hath alſo given Demonſtra- 
tion of ſome things, which ſome may think did 
not need one; but the Author reſolved to admit 
of nothing without proof, except identical Pro- 
poſitions, and ſuch as were founded on plain Ex- 
perience, being of opinion, that wwe can never be 
too accurate in Demonſtration; and that to be 
rigid and ſtrict therein is the Geometrician's Ho- 
nour. We have brought in the Doctrine of Ratio 
and Proportion into Arithmetic, as be hath done, 
for that they expreſs the Properties and Relations 
of Numbers to one another, and preſcribe Rules 
for determining the Meaſures of the Quantities 
of all Things. Meft of theſe Proportions are 
commonly aſſumed without proof, tho they are 
demonſtrated by the Ancients ; and it's the opi- 
nion of our Author, that they ought not to be 
granted without proof. | 
We have alſo introduced his Doctrine of vut- 
gar Fractions, for qa” oe 7 their Demonſtra- 
tions, which are performed without Algebra, 
and alſo becauſe from theſe there is an eaſy Tran- 
ſition to algebraic Fractions. 
In his Geometry he uſeth ſometimes Leibnitz's 
Method of Demonſtration from Things being the 
fame way determined, & rather, as he expreſſes 
it, from their Similitude, as in Theor. 3 I. becauſe 
he counts it à more eaſy way than that of Con- 
gruity, by which the Mind is oft-times long led 
25 
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in winding Paths. We have omitted his Reſ6- 
lution of Problems relating to Diſtances, Alti- 
rides, Areas, which required the Knowledge of 
Inſtruments and coſtly Figures, which would have 
enhanced the Price too much. But his Trigonc= 
metry being not only neceſſary in reſolving alge- 
braic Queſtions, but alſo uſeful to prepare the 
Minds of ſuch as would ſtudy the Diſtance, Mag- 
nitude and Motion of the heavenly Bodies, wwe 
have tot only given the Method of conſtructing a 
Canon of Sines and Tangents, but alſo demonſtra- 
ted the four Axioms thereof briefly. And for the 
whole Treatiſe, as it now appears, we may ven- 
ture to affirm, that it is the fulliſt and com- 
pleteft Book in its kind ia our Language. If 
what is already done meet with a favourable Re- 
ception, it may encourage us to preſent you with 
dhe r Parts of this excellent Author's Works ; 
leaving the preſent Performance to ſpeak for it- 
ſelf. We ſhall only add, that the Latin Edition 
hath many Typographical Erross, which have 
been carefully rectiſied in this. 
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CHAS > 
Definitions explaining the Terms uſed in the 
following Treatiſe, ; 


DEFINITION LI. 


NITY is an abſtract Idea of all thoſe things 
we call one, and is therefore pur for 1, and 
theſe are either the ſame or different. Example, 
2 Globes of Stone are the fame Unities, bur if 
one be of Stone, another of Lead, they are called diffe- 
rent Unities; but if they be conlidered only as Globes, 
they are the ſame Unities. * 

2. A Number is that which may be referred to Unity; 
and becauſe one right Line may be referred to, or com- 
pris with another, Numbers may be exprelled by right 

ines. If the Number be referred to, or compared with 
a given Unity, it's called a determined Number; but if 


referred to an indefinite Unity, it's an undetermined Num- 


ber .or Quantity, as the Breadth of a River; if that is to 
be determined, we muſt firſt aſſume ſome Quantity at plea- 
ſure for Unity, and find the relation it hach thereto; thus 
the Breadth will be expreſſed differently, according to the 
different Unity aſſumed. | 

3. Things may be ſaid to be equal, when one may be 
ſubſtituted in the room of the other, without changing 
the Quantity; and tho” 2 things be unequal, a patt of he 

| B greater 


2 Definition of TERMS. 


greater may be ſubſtituted for the whole of the other, or 
the leſſer may be ſubſtituted for a part of the other, with- 
out changing the Quantity, the Sign of Equality uſed 4 
here is ==. = 

4. An aliquot Part is that which being repeated a cer- : 
tain number of times becomes equal to the whole, but 
when it becomes either more or lets, it's an 2jiquan: part. 

5. Quantities ate commenſurable when there is an ali- 
quot part common to both, or when one is an aliquot 
part of the other, otherwiſe they are called incommenſu- 
rable. 

6. Quantitics are homogencoue, when one of them taken 
a Certain number of times will exceed the other, or ſub- 
ſtracted, will leave nothing, or a Number leſs than itcſelf; 
but when one of them repeated cannot exceed the other, 
they are heterogeneous. 

7. Numbers are either abſtract, as 5, 6, 7, or concrete, 
when we determine what they are; and if they are refer- 4 
red to the ſame Unity, they are calied homogeneous Num- 4 
bers; bur if to different, they are heterogeneous, as 3 Globes | 
of Gold, and 6 of Silver. 

8. An Integer or whole Number is referred to Unity 
as the whole to a part, but a broken Number as a part to 4 
the whole, and is expreſſed by 2 Numbers, one above, 75 
which is the Numerator, and the lower is the Denomi— 5 
nator ; for the whole is broken into a certain number of | 
parts, and the upper Number is ſo many of thoſe parts as 3 
3; and when Integers and Fractions are j>ined, they are 
called a mixt Number, as 4 5. 

A Rational Number is that which can be meaſured by 
Unity; an Irrational can not, and fo is called a Surd, or 
inexpreſſible. 

9. When one Number is taken from another, the firſt is 
called the ſubtrahend, and the other the minuend, and the 
Remainder the difference expreſſed thus —. 

10. When Unity is contained as oft in one number, as 
another in a 3d, the 2 Numbers are called Factors or Co- 
efficients, and the third is the Product ariſing from the 
one drawn into or multiplied by the other, and is no other 
than adding a Number 10 itſelf as often as there are Units 
in the other; but it's done ſooner by Multipſication. 

rr. Diviſion is finding a Number from 2 given, called 
the Divifor and Dividend, in which number Unity is 2 
tain 
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tained as often as the one of the 2 is contained in the other, 
and the number of times is the Quotient. 

12. A prime Number is that which can only be mea- 
ſured by Unity, as 5, 7 1m. | 

13. A compolite Number is that which other Num- 
bers beſide Unity will meaſure, as 4 meaſures 8 by 2, and 
2 meaſures 8 by 4. 

14. A common Meaſure is a Number by which 2 or 
more Numbers are meaſured, as 3 meaſures 12 and 24, 
being 4 times in the one, and 6 rimes in the other. 

15. One Number is ſaid to be multiple to another, when 
it contains it a certain number of times without a Remain- 
der, and the Number contained is the ſubmultiple. 

16. A Theorem is a Propoſition ariſing from comparing 
the Nature of Things among themſelves, and the Demon- 
ſtration of it gives the Reaſons why one thing is ſaid or 
denied of anorher. 

17. A Problem propoſes ſomething to be done. 

18. A Corollary is the applying of a general Propoſition 
to a ſpecial Caſe, or inferring {ome uſeful Truth from an- 
other. | 

19. AScholium explains what is obſcure, anſwers Doubts, 
or ſhews the Uſefulneſs and Pleaſantneſs of the Doctrine. 

20. An Axiom is that Truth which is immediately de- 
duced from the Conſideration of the Nature of Things. 
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CHAF. I. 


Containing Axioms, on which the general Way 
of calculating is founded, 


HE delivering of theſe may ſeem ſuperfluous, but it 
* will be found they are a great help to the underſtan- 
ding of Algebrazgiving a clear Idea of the way of reaſoning 
that is uſed therein. 
I. 
15. A Quantity expreſſed one way, is equal to itfelf ex- 


preſſed anocher way; of this there is great uſe in the ana- 
lytic Arr. 


- 
10 The whole is equal to all its parts taken together. 
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4 Of Ratios and Proportions. 


3. 
17. Things that are equal to another, or to Things equal, 
are equal among themſelves. | 


4. 
18. If to equal Things, you add Things equal, the whole 
will be equal ſtill. 


. 
19. If from equal Things you ſubſtract equal Things, 
equal Things will remain. 
6. 
20. If you multiply equal Things by equal Things, the 
Products are equal. 


7 - 
21. If you divide equal Things by Things equal, the 
Quotients will be equal. 
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G 
Of the Ratio and Proportion of Quantities. 


1 HIS being the Life and Scul of Mathematicks, it is 

neceſſary we ſhould treat of it by way of Preliminary 
to the following Treatiſe, ſeeing the Author frequently re- 
ters us to it; and indeed if we have recourſe to it, it will 
not only clear up the Subject- matter, but alſo give Satiſ- 
faction from the Demonſtration of ſeveral things that are 
commonly taken for granted. | 


DEFINITION 1. 


22. A Ratio is the relation of Things homogerſeous, 
which determines the Quaniity of one from the Quantity 
of the other, without uſing another homogeneous ; the 
I'hings compared are called the Terms of the Ratio, that 
which is referred to the other being the Antecedent, and 


£ 


that to whicu it is referr-d the Conſequent. 


SCHOLIUM. 

23. Euclid cefines a Ratio by the relation of Magnitudes 
of the ſame kind, as to their quantity; but this Definicion 
is incomplete, ſor there are other relations of M2 

that 
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that are conſtant, and yet are not in the number of Ratio's, 

as that of the right Sine to the Sine compliment: in Trigo. 

Hobbes tried to mend Euclid's Error, but unhappily defi- 

ning it by the relation of one Magnitude to another, with. 
out determining of what kind the relation is, wherein Exclid 
was alſo wanting; yea, it neither exprelies the kind of Mag- 

nitudes that can have a Ratio to one another. 


SCHOLIUM 2. 


24. Here we mean the Ratio of Quantities in general, 
and not of Numbers only; for this is to be applied not 
only to commenſurable Quantities, but alſo incommenſu- 
rable, (i. e.) to all kinds of Quantities. 


COR. . | 
25. Seeing in Fractions the relation of the Numerator 


to the Denominator is underſtood without aſſuming a 3d 
homogeneous, that will expreſs a Ratio. 
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Co R. 2. 
26. If 2 Quantities are compared together without aſ- 


fuming a 3d, either they are equal or not, (i. e.) it is either 
a Ratio of Equality or Inequality. 


4 * * W Se 6 1 
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955 Co R. 3. 

7 27. If the Terms of the Ratio be unequal, either the 
2 leſſer is referred to the greater, or the greater to the leſſer; 
1 the former as a part to the whole, the latter as the whole 
th to the part. The Ratio will thus determine how oft the 
£2 leſſer is contained in the greater, or how often the greater 
3 contains the leſſer, (i. e.) how much of the greater the 

L leſſer is equal to, which Diviſion diſcovers. 


CoR: 4. 
28. A Ratio being in itſelf intelligible, we may thereby 
diſcern the relation of Things, tho they are not preſent 
to Senſe, or compared with one another. 


DEFINITION 2. 


29. ARatio of greater Inequality is that which the greater 
hath to the leſſer, as 6 to 3, but of leſſer Inequality that 
which zhe leſſer hath to the greater, as 3 to 6. 
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DEFINITION 3. 


30. A Ratio is ſaid to be Rational, which is as 1, or as 
a rational Number to another, as 3 to 4; bat ir's irrational 
when it cannot be expreſſed by rational Numbers. Ex- 
ample, Let there be 2 Quantities, as A and B, and ler A 
be leſs than B; if you take A from B as often as it can be 
taken, ſuppoſe 5 times, there will remain either ſometh-ng 
or nothing; in the latter caſe, A will be to B as 1 ro 5, 
or A= B: Thus it is rational; in the former caſe, eicher 
there will be a part, which being taken, ſuppoſe thrice 
from A, and 7 times from B, leaves nothing, or there 
will be no ſuch part, of the former, then A will be to B 
as 3 to 7, or A equal 3B, and ſo the Ratio is rational; 
but if the latter, the Ratio of A to B cannot be expreſſed 
in rational Numbers, (i. e.) it cannot be told what part A 
is of B; we thall afterward ſhew how to find an aliquot 
part that may be common to both, and demonſtrate that 
there are Quantities that have an irrational Ratio to one 


another, 
DEFINITION 4. 


21. The Exponent of the Ratio is the Quotient that 


ariſeth from dividing the Antecedent by the Conſequent. 


Ex. the Exponent of the Ratio of 3 to 2 is 125 but of 2 
10 3 is 3. | 
COR. I. 

32. If the Conſequent be 1, the Antecedent is the Ex- 
ponent of the Ratio, as the Exponent of the Ratio of 4 
o 1 is 4. 

CoR. 2. 

33. Thus any Integer or whole Number expreſſes the 

Ratio of many to one, or of a multitude to Unity. 


sn. z. 
34. The Exponent of the Ratio is to Unity as the An- 
teccdent to the Conſequent. 


COR. 4. 


25. Ratios are underſtood by their Dans and there- 
fore if the Antecedent be A, and the Conſequent B, the 


Ratio of A to B may be expreſſed thus > a 
DEFINI- 


p Of Ratios and Proportions, / 


DEFINITION 5. 


26. If the leſſer Term be an aliquot part of the greater, 
the Ratio of greater Inequality is called multip'e, but the 
Ratio of leſſer Inequality ſub- multiple; particularly, if in 
the frſt cate the Exponent be 2, the Ratio is double, if 
3, triple, ec. In the other caſe, if the Exponent be 2, 

the Ratio is ſub- double, if ſub- triple; as 2 to 6 is a ſub- 
: 


— 
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triple Ratio, but 6 to 2 is a triple Ratio. 


* DEFINITION 6. 

4 37. If the greater Term contain the leſſer, and an ali- 
uot part of it, the Ratio of greiter Inequality is called 
fuper-particular, and of lefler ſub-ſuper-particular ; and if 
in the firſt caſe the Exponent be 14, it's called a ſeſqui- 
alteral Ratio, and if ir be 14, it's a ſeſquitertian Ratio; 
and in the other caſe, if the Exponent be 4, it's a ſubſeſqui- 
alteral Ratio, and if 2, it's a ſubſeſquitert ian Ratio. There 
are other kinds of Ratios, but not being ſo expreſſed in 
the following Treatiſe, we omit them; they that deſire to 
{ee more, may coaſult Tacquet's Euclid. 


DE r. 7. 


38. The Ratios are the ſame when the Antecedents, 
divided by the Conſequents, give the ſame Quotients; 
* and ſeeing the Exponents of a given Ratio may be ex- 
9 95 preſſed by a Line, tho it cannot be expreſſed either in ra- 
> | tional Numbers or Surds, there may be an Identity between 
7 two irrational Ratios. 
1 CoROL. I. 
08 39. As often therefore as the Antecedent of one Ratio 
3 contains its Conſequent, or a certain part of it, the Ante. 
© 904 cedent of another contains its Conſequent as often, or the 
4 ſame part of it; or as often as the Antecedent in the one 


Ratio is contained in its Conſequent, as often is the An: e- 
cedent of the other contained in its Conſequent. 


Cool. 2. 
40. If A be to B as C to D, then the Identity of the 


Ratio may be expreſſed thus 5 — 5 „or thus A: B:: 
C: D; and thus we ſhall afterwards expres the Identity 
of Ratios. 


B 4 Cox ol. 
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CoROL. 3. 


4.1. Secing Ratios are not known but by their Expo. 
nents, and the ſame Ratios have the ſame Exponents, the 
fame Ratios are called ſimilar Ratios. 


DEF. 8. 


42. The Similitude or Identity of two Ratios is called 
Proportion, and the Quantities that have the ſame Ratio 
are ſaid to 1 Ex. If A be to B as C to O, 
then theſe 4 Numbers, or 8, 4, 30, 15, are proportional. 


DEF. 9. 


43. Proportion is ſaid to be continued when the Con- 
ſequent of the firſt Ratio becomes the Antecedent of the 
2d ; thus 3 is to 6, as 6 to 12, but if it be different, then 
the Proportion is diſcrete or disjunct, as 3 is to 6, ſo is 4 
to 8. In continued Proportion, the Term uſed twice is 
a mean Proportional between the two adjacent Terms, as 
6 is a mean between 3 and 12. 


SCHOLIUM. 


44. Gregorius from S. Vincentius in his Quadrature of the 
Circle, conſiders the Ratios which the Exponents of Ratios 
have to one another, and calls the Proportion between the 
Exponents of 4 Ratios Proportionality, to find a Method 
of Reaſoning in Geometry from diſſimilar Ratios ; but we 
ſhall not follow that Method. | 


DEFINITION 10. 


5. In 2 different Ratios of A to B and C to D, that of 
A to B will be greater, if A divided by B give more than 


C by D, and that of C divided by D will be lefs if 
= give leſs than 2 We ſhall therefore expreſs a greater 


or leſſer Ratio thus, Ex. 6 to 3 hath a greater Ratio than 
5 to 4, for 8 is 2, but 4 is 14; bur 3 to 6 hath a leſſer 
Ratio than 4 to 5, for + equal + is leſs than +4. 


DEFINITION 11. 


46. That Ratio is ſaid to be compounded of 2 or more 
Ratios, which is between the Product of the Antecedents 


of 2 or more Ratios, and the Product of their 8 
| Thus 
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Thus the Ratio of 6 to 96 is in a Ratio compounded of 
2 to 8, and 3 to 12; if of 2 Ratios it's duplicate, if of 3 
triplicate, if of 4 quadruplicate, and if of many it's called in 
general a multiplicate Ratio; thus 48 to 3,or 16 to 1, is a 
duplicate Ratio of 4. to 1, and 12 to 3, but 4 to 1 is in 
a ſubduplicate Ratio of 16 to 1, or 48 to 3. 


Theorems concerning Ratios and Proportions re- 
ferred to in the following Treatiſe. 


THEOREM 1. 


47. Quantities that have the ſame Ratio that one rational 
Number hath to another are commenſurable. 


DEMONSTRATION. 


48. An Unit is an aliquot part of a rational Integer, and 
a Fraction hath an aliquot part in common with an Unit; 
therefore ſuch as are to one another, as one rational Num- 
ber to another, one of them is either an aliquot part of 
the other, or elſe there is one aliquot part common to 
both, therefore they are commenſurable. 


CoRoL. 1. 


49. Seeing in Diviſion, as the Diviſor is to the Dividend, 
ſo is an Unit to the Quotient, (§. 11.) if a rational Num- 
ber be divided by another; then an Unit is to the Quotient 
as one rational Nambee is to another, and ſo the Quotient 
is commenſurable with Unity ($. 47.) and ſo a rational 
Number. 


COROL. 2. 


50. Becauſe in a rational Ratio, when a rational Num- 
ber is divided by another, there comes our the Exponent 
of the Ratio, (F. 31.) the Exponent of a rational Ratio is 
a rational Number. 


THEOREM 2. 
51. Commenſurable Quantities among themſelves are 
either as an Unit to a rational whole Number, or as 2 


rational whole Number is to another; but it is not ſo 
with Incommenſurables. 


DEMONSTRATION. 


In commenſurable Quantities, either one is an aliquot 
part of the other, or elſe there is an aliquot part common 
to 
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to both, (S. 5.) and if in the former caſe the leſſer Quan- 
tity be taken for Uaity, and in the latter a common ali- 
quot part, in the firſt caſe it will anſwer the greater Quan- 
tity, and in the 2d caſe the rational whole Number will 
anſwer both; therefore in the firſt caſe the Quantities are 


among thernſclves, as Unity; and in the 2d as a rational 
whole Number to another, which was the firſt part. 

In Incommenſurable there is no common aliquot part, 
(§. 5) therefore there is no Unity to which they can be 
commenſurable ; wherefore ſeeing every rational Number 
is commenſurable with Unity, they cannot be as one ra- 
tional Number to another, which was the 2d part. 


CoROL. 1. 


TheRatio of Commenſurables is rational; of Incommen- 
ſurables, irrational. 


SCHOLIUM. 


It is demonſtrated in Geometry that there are Quantities 
incommenſurable. 


Conor 


The Exponent of the Ratio of Commenſurables is a ra- 
tional (S. 50.) Number. 


THEOREM zZ. 

52. The Ratio of A to B, and of F to G, being ſimilar 
to the Ratio of C to D, they are fimilar to one another; 
and thoſe that are ſimilar to Similars, are ſo among them- 
ſelves. 

DEMONSTRATION. 


If 6 be to 3 as 8 to 4, and 10 to 5 as8 to 4, then 6 
is to 3 as 10 to 5, (§. 41) wherefore ſeeing A: B:: F: G, 
and : D:: F: G (5. 40.) then A: B:: C: D, (5. 17.) 
which was the firſt part. Moreover, let A: B:: C: D, 
and F: G:: H: E, likewiſe let C: D:: H: E, then A: B 
:: H: E by the Demonſt. Therefore alſo A: B:: F: G, 
which was the other. | 


THEOREM 4. 


53. It A and B be equal, C hath the ſame Ratio to 


both, and they have both the {ame Ratio to the ſame C, 
or to their Equals C and D. 


D o 


r 
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DEMONSTRATION. 

A=PB by Hypo. therefore C: A:: C: B, (4. 21.) and 
ſo they have the fame Ratio, (S. 40.) which was the firſt. 
Likewiſe becauſe A=B by Hypo. A: C:: B: C, (F. 40.) 
ſo they have the ſame Ratio, (F. 21.) which was the ſecond, 
Laſtly, let A=B and C =D, then A: B:: C: D, (§. 21.) 
and ſo the Ratio the ſame in both (S. 40.) which was the 3d. 


THEOREM 5. 
54. If A: B:: C: D, then by inverting B: A:: D: C. 


DEMoNs r. 

If the Quotient ariſing by dividing A by B be E, and 
tha: by dividing C by D be G, then B will be to A as 
Unity to E, and D to C as Unity to G, ($. 11.) where- 
fore B: A:: I: E, and D: C:: 1: G, ($. 40.) but A: B 
:: C: D by Hypo. or E G, (S. 3.) therefore Unity hath 
the ſame Ratio to E and G (5. 5 3.) and lo B: A:: D: C, 


(S- 52.) 
| THEOREM 6. 

55. Similar Parts P and p have the ſame Ratio to their 
Wholes T and :; and if the Wholes have the ſame Ratio 
to their Parts, the Parts are ſimilar, and Wholes have the 
ſame proportion to ſimilar Parts. 


DEMONST. 


Let P (if poſſible) have another Ratio to T, than p tor, 
then the Parts p and P may be diſtinguiſhed from one an- 
other by their Ratios to the Wholes, (S. 28.) and ſo will be 
diſſimilar or different from one another, which is againſt 
the Hypo. therefore P: T:: p: r. 

2dly, If e: p:: T: P, then by Hypo. p: :: P: T, 
(§. 54) therefore by Demon. P and p are ſimilar parts. 

zudly, If P and p are ſimilar Parts of the Wholes T and 7, 
then P: T:: p : 7 by the firſt Number, and fo T: P:: 
t: p, (F. 54.) (i. e.) Wholes have the ſame proportion to 
their ſimilar Parts. 

THEOREM 7. 


56. Similar Parts P and p are between themſelves as 
their Wholes T and 7. 


DEMO N= 


j 
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DEMONSTRATION. 


Secing the whole is the ſame with all its parts, as often 
as the whole is taken, as often is any part of it taken, be 
it the 4th or 20th part, & c. which have their Ratios to the 
whole; wherefore if we ſuppoſe the leſſer whole t to be 
taken ſo oft as to be equal to T, as often its part p is 
taken, till it be equal to its ſimilar part of T, viz. P. Thus 
P will contain p as oft as T contains :, therefore ſimilar 
parts are as their wholes, (F. 39.) 


SCHOLIUM. 


Ir's to be obſerved, that the Number that ſhows how 
often the leſſer Whole is to be taken to be equal to the 


greater, may be irrational; in which caſe the Wholes have 
to one another an irrational Ratio, as may be demonſtra- 


ted in the tide of a Square, and its Diagonal. 


THEOREM 8. 
57. If A: B:: C: D, then by Alternation A: C : 
1 


DEMONSTRATION. 

1. If the Antecedents A and Care leſſer than their Con- 
ſequents B and D, their ſimilar Parts, ($. 55.) may be had, 
they are then as their Wholes, (i. e.) A and C the Antece- 
dents have the ſame Ratio that B and D the Conſequents, 
(S. 56.) If the Antecedents A and C be greater than the 
Conſequents B and D, then becauſe A: B:: C: D b 
Hypo. B will be to A as D to C, ($. 54.) wherefore B: 

:: A: C by the firſt caſe. 


Cdtok . 


58. Therefore in Diviſion, Unity is to the Diviſor as 
the Quotient to the Dividend. 


CoROoL. 2. 
59, If A:B::C:D and B equal D, then A equal ©, 
8 57-) ($- 38.) 
COROL. 3. 


If B: A:: D: C and B equal D, then A equal C, 


( 54 59% 
THEOREM 9. 


60. Thoſe things are equal that haye the ſame Ratio to one 
| thing, 
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thing, or to equal things; and ſuch as have the ſame Ratio 
to one thing, or equal things, are equal. 


DEMONSTRATION. 

If A: B:: D: B, then A: D:: B: B, (S. 57.) where- 
fore A= D, (5. 38.) and the ſame way if A: B:: D: C, 
and B= C. Likewiſe, if C: A: C: B, then A=B, 
(F. 38.) and the ſame way if C: A :: D: Band C=D. 


THEOREM 10. 
61. If you multiply any Quantities, as A and B by a third 
C, the Products D and E are as A and B. 


DEMONSTRATION. 


6:12 Seeing 1: :: A: D, ud r: O:: 
1 3 B: E, (F. 10.) then A: D:: B: E, (S. 52.) 
18 36 therefore A: B:: D: E, ($.57.) 


7a 10 
| SCHOLIVU M. 
Seeing C is the ſame Quantity in both by Hypo. and 1 the 


13 | 
ſame, then C is the ſame Ratio. 


CoRoL 1. 


If A be greater than B, then AC greater BC, (&. 38.) 
(i. e.) if you multiply greater and leſs by the ſame Quan- 
tity, the firſt Product is more than the 2d. 


THEOREM 11. 


62. If you divide any Quantities, as A and B by another, 
as C, the Quotients F and G are to one another as A: B. 


DEMONSTRATION. 
Seeing 1: C:: F: A; ind :: C:: G: B, 4.58.) 
then F: A:: G: B, (§. 52.) wherefore F: G:: A: B, 


G 57⁰ 
CoR o. 
If A be greater than B, then F will be greater than G, 
(F. 38.) (7. e.) if greater and leſs be divided by any 
Number, the firſt Quotient will be greater than the ſecond. 


THEOREM 12. 
63. If the Antecedents and Conſequents of the like Ra- 
tos of A: B and C: D, be divided by E in the fu 
calc, 


* 
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caſe, the Quotients, as F and G will have the ſame Ratio to 
the Conſequents B and D, that the Antecedents in the 2d 
caſe, A and C, will have to the Quotients H and K. 


DEMONSTRATION. 


$5 0-:: 23-2 24 Becauſe A: B:: C: D by Hypo. 
3 SI then A: C:: B: D ($ 57.) but 
11 6 ::4:24 A: E is equal F and C: E: 

| by Hypo. therefore F: G:: A 
C (F. 62.) or B: D (S. 52.) wherefore F: B:: G: D 


(S. 57.) Likewiſe becauſe A: B:: C: D by Hypo. then 
C 


A: C:: B: D 657.) but B: E=HamdD:E==K 
by Hypo. therefore B: D:: H: K ($. 62.) wherefore 
A: C:: H: K (65. 5a.) or A: H:: C: K (8. 57.) 


THEOR EM 13. 


64. If you multiply the Antecedents or Conſequents of 
like Ratio's, as A: B or C: D by the ſame Quantity E in 
the firſt caſe, the Products AE and CE will have the ſame 
Ratio to their Conſequents B and D; and in the other caſe, 


the Anrecedents A and C will have the ſame Ratio to the 
Products BE and DE. | 


DEMONSTRATION. 


2 :6:> 7.09 Becauſe A: B:: C: D by Hypo. 
6 6 then A: C:: B: D (5. 57.) but 
12:6::18: 9 EA: EC:: A: C (S. 61.) there- 


end 
wherefore E A: B:: EC: D (8. 57) the ſame way it may 
be ſhown that A: BE:: C: DE. 


THEOREM 14. 

65. If you multiply or divide the Antecedents of the 
like Ratio's, as of A: B and C: D by E, and the Conſe- 
quents by F, in the firſt caſe the Products, and in the ſecond 
caſe the Quotients have the ſame Ratio between themſelves. 


DEMONSTRATION. 


: 622-23 736< Becauſe A: B:: C: D by Hypo. 

e BUDD! 0K. then EA: B:: EC: D (8. 64.) 

6: 18124 72 wherefore E A: FB:: EC: FD 
Again, | 

Let 
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Let A: E=GandB:F: H and C: E K and D: F 


= L. 
3:6 :: 12: 24 Becauſe A: B:: C: D by Hypo. 
3 2 8 then G: B:: K: D; wherefore G: 


THEOREM 15. 


66. If there be ſeveral Ratios, as of A: B and C: D 
and E: F and G: H the Sum of all the Antecedents A and 
C and E and G, will be to the Sum of all the Conſequents B 
and D and F and H, as the Antecedent of one Ratio, as A, 
to its Conlequent, as B. 


DEMONSTRATION. 

Let us ſuppoſe AB, CSD, E=ZF, G =; H, 
then A and C and EandG=4 B+zD+3iG+3zH. 
(F. 18.) i. e. the Sum of all the Antecedents is ſubduple the 
Sum of ali the Conſequents, wherefore are as the Antecedent 
of one Ratio is to its Conſequent, and fo it will be, what- 
ever Ratio be ſuppoſed of the Antecedent to the Conſe- 
quent, even tho' the Antecedents be greater than the Con- 
ſequents. 

THEOREM 16. 

G7. If as the whole A andC is to the whole B and D, 
ſo is one part ſubſtracted, as C to the other part ſubſtracted 
D; then the Remainders A and B will be to one another as 
A and C to Band D, or as C to D. 


DEMONSTRATION. 


24:12 Either A: B:: C: D, or A: B is greater 
62 4 than C: D, or A: B is leſſer than C: D. In 
1 7 5 the ſecond Caſe, let a part of A called F be 


to B, as C: D (5. 40.) wherefore F ＋ C: B 
＋E D:: C: D (S. 66.) wherefore ſeeing AEC: BD :: 
C: D by Hypo. then Fand C=A and C (5 Co.) and ſo F = 
A (F. 19.) but F was ſuppoſed a part of A, and ſo cannot 
be equal to it, therefore A: B cannot be greater than C: D. 

Suppoſe it again leſs, then the exceſs above A or G will be 
to B as C to D, (FI. 152.) wherefore G and C: B and D:: 
C: D (F. 66.) and ſeeing AC: B D:: C: D by Hypo. 
GCS AC 60.) and ſo G A, which is abſurd; 
and ſeeing the Ratio is neither greater nor leſs, it muſt 
be equal. 

THECOREM 
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. THEOREM 17. 


68. In like Ratio's as A: B and C: D the difference A 
— C: B — Das A: B or C: D. | 


| DEMONSTRATION. 

I Becauſe A: B:: C: D then by (§. 57.) A: C:: B: D 
1 ſuppoſe A greater than C and B than D, then A and B are 
0 wholes, and C and D parts; wherefore A wanting C is to 
B wanting D, as A to B, ($. 67.) | 


| i 
69. If A: B:: C: D then A B: B aS CHD: D, 
or as AB: A:: CD: C by compounding. 


1 DEMONSTRATION. 
wy 4:2:: 10: 5 For by (§. 57.) A: C:: B: D 
1 65432: 25:10 „ en AiCora 

or 6: 2: : 15: 5 B: D (F. 66.) therefore A B: A 
| :: CD: C and A B: B:: 4 
CD: D ($8. 57. 8 


THEOREM. 19. 

70. If A: B:: C: D, then A—B:B:: C D: D by 
Diviſion, or A— B: A:: C —D: C by Converſion. 
if For by ($. 57.) A: C:: B: D; where- 
10 6: 4 :: 15: 10 fore A- B: C- D:: B: Dor A: C 5 
ht 2:4:: 5: 10 (F. 68.) which demonſtrates the Theo- 12% 
1 2.:6 2:2 9-5: - 2 
[ 


| THEOREM 20. 
il. 71. If A: B:: D: E, and as B is to ſuppoſe C, fo is E 
to N which call F, then ex æquo or by right A: C 


DEMONSTRATION. 
$7565: 3 Theſe being ſuppoſed, then by 
322321 (F. 57.) A: D:: B: E and B: E. 
8 :: G: 12 :: C: F, wherefore A: D:: C: 
F (S. 52.) wherefore A: C:: D: 


| COR ol. I. 

if If A: B:: D: E and C: B:: F: E, then ſeeing B: C 

ft 22 EI ($54) A: C:: D: F621.) | 
COR OL 
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4 CoRoL. 2. 

f Likewiſe, let A: B:: C: D and A: F:: C: G, 
4 then ſeeing B: A:: D: C, : D: 0, 
4 Ee Cet. . 

4 Let A: B:: C: D and F: A:: G: C, then ſeeing 
1 A: F:: C: G, (§. 54.) B: F:: D: G, by preceding 


Corol. 
THEOREM 2t. 

72. If A: B:: E: F, and as B the Conſequent to 
another, ſuppoſe C, ſo is another, ſuppoſe D, to the An- 
tecedent E; then ex æ g,, AOA: C:: D: F by Perturba- 
dion: 

De MONSTRATION. 

Seeing A: B:: E: E, let B: C:: F to another G, 
then A: C:: E: G, (5. 71.) but B: C:: D: E, then 
D:E:: F: G, ( 52.) and D: F:: E: G, (57. 
wherefore A: C:: D: F, (F. 52.) 

| Co ROL. I. 
If A: B:: E: F, and C: B:: E: D, and ſeeing B: 
C.:: D: E, (540 chen A: C:: D: F. 
CoR.. 2. 
2 If B: A:: F: E, and B: C:: D: E, and ſeeing A: 
8:1 E: E, (5. 54.) then A: C:: D: F. 
f | COR 4: 

If B: A:: F: E, and C: B:: E: D, and ſeeing B: 
C:: D: E, (F. 54.) then A: C:: D: F by preceding 
Corollary. 
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THEOREM 22. 
73. The greater A hath à greater Ratio to C, than the 
leſſer B hath: 


DEMONSTRATION. 
Becauſe A greater than B, then A: C will be greater 
than B: C, becauſe the Quotients will be greater, and ſo 
will have a greater Ratio. | 
| THEOREM 23. b 
74. C hath a leſſer Ratio to the greater A, than it hath 
to the leſſer B. 
DEMONSTRATION. | 
This appears, for C divided by A will be leis tian by B, 
therefore it bath a leſs Ratio, (F. 45.) 
: THEOREM 24. 
75- Two Quantities multiplying each other, have the 
ſame Product, 
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DEMONSTRATION, 

Let the 2 Factors be A and B, then 1: A:: B: AB, 
and 1: B:: A: BA, (F. 10.) alſo by (§. 57.) 1: A:: B 
BA, and ſo Unity being the ſame, B: AB :: B: BA, 
therefore AB = BA, (F. 60) 

CO ROL. 

Let there be 3 Factors, A, B, and C, becauſe AB = BA, 
then CAB = CBA, (F. 20.) and fo ABC BAC; and be- 
cauſe CBR BC, then ACB = ABC, and fo CBA =BCA; 
wherefore CAB = CBA = ABC = BAC= ACB = BCA, 
(F. 17.) 7. e. there is the ſame Product in whatever order 
they are multiplied. 

THEOREM 25. 

76. If the Product be divided by the Multiplicand, the 
Quotient is the Multiplier; and it by the Multiplier, the 
Quotient is the Multiplicand. 

DEMONSTRATION. 

The Multiplicand is to the Product, as Unity to the 
Multiplier, (& 10) and the Multiplicand is alſo to the Pro- 
duct (if the latter be divided by the former) as Unity to 
the Quotient, (F. 11.) therefore the Quotient is equal to 
the Multiplier, (& 60.) Again, becauſe Unity is to the 
Multiplier, as the Multiplicand to the Product, (S. 10.) the 
fame Unity is to the Multiplicand, as the Multiplier to the 
Product, (& 57) but if you divide the Product by the Mul- 
tiplier, the Multiplier is to the Product, as Unity to the 
Quotient, (Y 10.) :herefore the Quotient is equal to the 
Multiplicand, (. 60) 

CoR0OL. 
All Products are compolit Numbers, (S. 13.) 
THEOREM 26. 

77. If the Quotient be multiplied by the Diviſor, or 

contrarywiſe, the Product is the Dividend. 
DEMONSTRATION. 

As Unity is to the Diviſor, ſo is the Quotient to the 

Dividend, (F. 58.) bur it the Quotient be multiplied by the 


Diviſor, Unity will be to the Divifor, as the Quotient to 


the Product, (S. 10.) therefore the Product is equal to the 
Dividend, (&. 00.) 
THEOREM 27. 

78. If 4 Quantities are proportional, as A: B :: C: D, 
and as many others proportional, as E: E:: G: ; if 
you multiply the latter by the former reſpectively, the Pro- 
ducts will be proportional (i. e.) AE : FB:: GC : DH. 

| DEMO N- 


Theorems of Ratios and Proportions. 19 
1 DEMONSTRATION. 
Seeing A: B:: C: D, and E: F:: G: H 
? EF: EF C7 CD 
| EA: FB:: EC: FD, and CE: DF :: CG: 
DH, (F- 65.) but EC= CE, and FD = DEF, (F. 25.) there- 
fore EA: FB:: CG: DH, (& 52.) GC: HD. 
THEOREM 28. 

79. The Exponent of a compound Ratio is equal to the 

Product from the Exponent of their Simples. 
DEMONST. 

Let the Exponent of the firſt Ratio A: B be of the 
2d, C: D ben, thenmw:1::A:Bands:r:: C: D, 
(I 34) therefore n: 1 :: AC : BD, (F. 78.) ſo nu is the 
Exponent of the Ratio of AC : BD, which is compounded 
of A: Band C: D, (y. 46.) 

| DCHOLIUM. 

Let the Ratios be 8: 4 and 24 : 6, the Exponent of 

the firſt is 2, and of the 2d 4, their Product 8 is the Ratio 


of 192 : 24, the 2 Products of the Antecedents and Con- 
ſequents. 


THEOREM 29. 

80. If there are ſeveral Quantities in continued propor- 
tion, as A, B, C, D, the firſt is to the 3d in a duplicate Ratio, 
and to the 4th in a triplicate Ratio, of what the firſt hath 
to the 2d. 

DEMONsS r. 

Becauſe A: B:: B: C by Hypo. then AB: BC hath 
a duplicate Ratio of what A. hath roB, (F. 46.) bur AB: 
BC :: A: C, (§ 62) therefore A hath to C a duplicate 
Ratio of A to B, (Y. 52.) 

2dly, Becauſe A: B:: B: CS C: D by Hypo. ABC 
: BCD in a triplicate Ratio of A: B, (&. 46.) bur ABC: 
BCD :: A: D, (F. 61.) therefore A: D in a triplicate Ratio 
of A: B, and fo the firſt hath to the 5th a quadruplicate 
Ratio. 

THEOREM 20. 

81. If there be a Series of any Quantities, as A, B, C, 
D,E, F, the Ratio of the firſt to the laſt is compounded 
of the Ratios of the interjacent Terms, (i. e.) of A: B, 
B: C, C: D, D: E, E: F. 

| DEMONST. 

If you multiply ail the Antecedents into one another, 
and li cewiſe all the Conſequents as ABCDE and BCDEF, 
they are in a (ompo ind Ratio of A: B, and B: C. and 

5 62 C'3 D, 


| 
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C: D, &c. (§. 46.) but ABCDE : BCDEF :: as A: FE, 
(F. 67.) therefore A: F is in a Ratio compounded of thetn 
all, (§. 52.) 


LOLOTE LOLOLOLOLOLOLO LORD LOPO POLO LO LOT LOLO LET 12) 


E HAF. VV. 
The Arithmetick of Broken Numbers demonſtrated. 


THEOREM 31. 


82. IF the Numerator be equal to the Denominator, as 
25 the Fraction is equivalent to an Integer; if leſs, 
it's leſs than an Integer; if more, it's greater. 
DEMONSTRATION. 

For the Denominator ſhews the whole broken into ſo 
many parts, and the Numerator is ſo many of thoſe parts, 
15 8.) if then they be equal, the Fraction is equal to the 

nteger. 

he, If leſs, then there are ſome parts taken, but not 
all, and ſo it's leſs ; if more, then there are more parts 
taken than the Integer hath, and ſo the Integer is equal to 
a part of the Fraction, and fo greater. 

__ SCHOLIUM- 

Thoſe that are equal or greater than the Integer are ſpu- 

rious or improper Fractions. 
PROBLEM 1. | 

83. To find how many Integers in the Fraction £, 

Divide the Numerator by the Denominator, and the 
Quotient ſhows it. 


DE MON. 

The Quotient ſhows how oft 4 is in 8; but the Nu- 
merator 4 is the fame with the Integer, (F. 8.) therefore it 
ſhows how oft the Integer is in the Fraction. 

PROBLEM 2. 

To reduce Integers to Fractions of a given Denomi- 
nator. 

Multiply the Integer by the given Denominator, and 
make the Product the Numerator, thus 3 = . 

DEMON. 

The Product is to the Denominator, as the Integer to 
Unity, (F. 11, 54-) but Unity, and the given Denomina- 

| tor, 
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tor, are the ſame Integer, (F. 8.) therefore the Fraction 
and Integer are equal. 
THEOREM 32. 
84. Homogeneous Fractions are equal, when their Nu- 
merator have the ſame Proportion to their Denom. 


DEMONSTRATION. 

They being homogeneous, they are referred to the ſame 
Unity, (I.) and ſo their Denominators are referred to 
the ſame whole, (F. 8.) therefore if the Numerators have 
the ſame Ratio to the Denom. the Fractions are the ſame, 


(F. 60.) » 
COROL. 

If both Numerator and Denominator of a Fra&tion be 
multiplied or divided by the ſame Number in the firft 
caſe, the Products, and in the 2d, the Quotients, make 
an equivalent Fraction, (F. 61, 62.) 

PROD, 3. 

85. To find the greateſt common Meaſure of 2 Num- 
bers. | | 

Divide the greater by the leſſer, and again, the Diviſor 
by the Remainder, and again, the 2d Diviſor by the 2d 
Remainder, tiil nothing remain, the laſt Diviſor will be the 
greateſt common Meaſure. Thus, let the Numbers be 
240 and 168, the Quotient is ane, and the Remainder 72, 
by which divide 168, and there remains 24, by which di- 


vide 72, and there remains o, fo 24 is the common Mea- 
ſure. 


DEMON. 

For 24 Meaſures the Diviſor of the Antecedent 2d 
Diviſion 72 by Hypo. therefore it meaſures alſo the Divi- 
dend of the Antecedent Diviſion 168, which is compound- 
ed of the Dividend of the laſt Diviſion 72 taken twice, 
and irs Diviſor 24, and ſo it meaſures 168, and the Re- 
mainder 72; and conſequently the other 240 compounded 
of 168 taken once, and the Remainder 72. 

SCHOLIUM. 
242 96 48 This may be done by Subſtraction, as 
168 72 24 in the Margin, but it's done © ſooner by 
22 24. 24. Diviſion, 
96 48 o 


: PRO B. 
86. To bring Fractions to the loweſt Terms. 


Divide the Numerator and Denominator by the greateſt 
C 3 common 
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common Meaſure, the 2Quatients will make up the Fraction, 
thus à8 becomes ] but it there be no common Meaſure 
but 1, they cannot be brought lower. 

SCHOLIUM. 

Ir being troubleſome to find the greateſt common Mea- 
ſure, divide either by 2, or 3, or 5, or take an equal num- 
ber of Cyphers from both. WW 

PRoB. 5. | 

87. To bring 2 or more Fractions to the ſame Deno- 
minator, (i. e.) to find other 2 equal to the former, and 
with the ſame Denominator. | 

1ſt, If there be but two Fractions, multiply the Nu- 
merator of the one by the Denominator of the other, for 
2 Numer. and the 2 Denom. for a common Denominator; 
thus 3 and 4 become 34 and 35; bur if there be more, 
mulriply all the Denom. into one another for a common 
Denom. and each Numerator into all the Denom. except 
its own, for Numerators. ' | 

| DE MON. 

That they have a common Denominator appears from 
(S. 20, 75.) and that they are equivalent to the former Frac- 
tions appears from (F. 84. Cor.) 

Pan,. #. 
88. To add Fractions. RE CEE: 
If they have different Denominators, bring them to the 
fame, ($. 87.) then add the Numerators, and ſubſcribe the 


common Denom. thus + + 5 = 3+- 
DEMONST. 


Seeing the Denominators contain the number of Units 
the Numerators have, (F. 8.) the Numerators are only 
to be added; and becauſe that cannot be done except they 

be homogeneous, ($. 6.) they are brought to the ſame De- 
nominator. | | | 
| | | Pers 

89. To ſubſtract one Fraction from another. 

Let them be firſt brought to one Denominator, then 
ſubſtract the one Numerator from the other, and to the 
Remainder ſubſcribe the Denominator. Ex, 3 — 4 2 1 
| THEOREM 33. | 

go. A Fraction is equal to the Numerator divided by 
the Denominator, z. e. F=3 : 4. 

| DEMONSTRATION. 
For z is to Unity as 3 to 4, (F.8.) and ſeeing the An- 
e ME AY tecedent 
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tecedent is to the Conſequent, as the Exponent of the Ratio 
to Unity, (I. 34.) If 3 be the Antecedent, and 4 the Con- 
ſequent, then 3 will be the Exponent of the Ratio, ($. 60.) 
and will be to 1 as 3: 4, (§ 31.) 

PRO B. 34. 

901. To multiply one Fraction by another, multiply the 
Numerators into one another, and liłkewiſe the Denom. 
thus 3 by 41 = f or 3, (F. 86.) 

DEMON. 
This is alſo Diviſion, for to multiply 5 by 2, is the ſame 


as to take the half of two third parts; and therefore if + 


be multiplied by 3, we muſt find 2 third parts of 4 fifths; 
then 4 being the Dividend, it muſt be divided into as many 
equal parts as the Denominator of the Multiplier hath 
Unities, viz. 3, and that part mult be multiplied by the Nu- 
merator 2, (S. 8.) 

SCHOLIUM 1, 

Seeing this is Diviſion upon the matter, it appears, why 
the Product becomes leſs. 

SCHOLIUM 2. 

If a Fraction is multiplied by an Integer, the Numera- 
tor only is multiplied by it. 

PROB. 8. 

92. To divide a Fraction, as + by another, as 4 

Invert the Denominator (i. e.) make it 3, then multiply 
the Dividend by it, and it's 42, which is the Diviſor. 

DEMONSTRATION. 

Becaule the Diviſor is to the Dividend, as Unity to the 
Quotient, ($. 11.) then the Dividend will be to the Di- 
viſor, as the Quotient to Unity, (F. 54.) and it the Frac- 
tions be brought to the ſame Denominator, (F. 87.) ſeeing 
they are equal to the Quotients from the Diviſion of the 
Numerator by the Denom. (S. 90.) the Numerator of the 
divided Fraction will be to that of the dividing, as the 
Fraction divided to the one dividing, (F. 62.) and fo the 
Numerator of the Dividend to that of the Diviſor, as the 
Quotient to Unity, ($. 52.) wherefore the Fractions being 
brought to one Denominator, the Numerator of the Di- 
vidend is to be divided by the Numerator of the Diviſor 
to obtain the Quotient, (F. 60.) and it will be 22. 

SCHOLIUM A. 

The Quotients here may be Integers, for one Fraction 
may contain another 3 or 4 times, and Fractions being 
Ratios, (Y. 35.) to divide them is only to find their Ratios. 

C4 SCHOL1UL. 


24. Of the Powers of Numbers. 


| SCHOLIUM 2. 

To divide an Integer by a Fraction, you need only in- 
vert the Fraction, and multiply the Numerator by the In- 
teger, thus 3 by 4 is 2. | 

The Demonſtration is the ſame, asof the precedingProblem. 


CHAP, V. 


Containing Definitions and Theorems relating to 
the Powers of Numbers, : 


DEFINITION 53 


93. Number multiplied into itſelf gives the Square, and 


the Number itſelf is the ſquare Root. 
CoRoOL 
Secing Unity is to the Roor, as the Root to the Square, 
the Root is a mean Proportional between 1 and the Square, 


($- 63-) 
DEFINITION 54. 
The Square, multiplied by the Root, gives the Cube. 
CoR0OL. 

Seeing Unity is to the Root, as the Root to the Square, 
or as the Square to the Cube, (F. 10.) the Root will be 
to the Square, as the Square to the Cube, (F. 52.) and ſo 
Unity, the Root, Square, Cube, are in continued propor- 
tion, (F. 43: and the Cube Root is the 1ſt of 2 means 
between Unity and the Cube, 

DEFINITION 55. 

94. The Exponent of the Power is the Number that 
ſhows, how oft the Power is to be divided by the Roor, 
before you come ro Unity; thus the Exponent of the 
Square is 2, of the Cube 3, of che Biquadrate 4, of the Sur- 
ſolid 5, of the Square of the Cube 6, &c. 

DEFINITION 56. 

ge. The Root of the Square or Cube, or higher Powers, 
is called a Binomial, if it have 2 Terms, a Trinomial if 3, 
and a Multinomial or Polynomial if more, 

THEOREM 34. 4 

96. Squares have a duplicate Ratio, and Cubes a triplicate, 
and Biquadrates a quadruplicate Ratio of their Roots. 

This appears plain from (§. 46.) 

33 | | THEOREM 
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THEOREM 35. 3 
97. The ſame Powers of proportional Quantities are 
alſo proportional, 
DEMONSTRAT ION, 

The fame Powers have a multiplicate Ratio of A: B, 
B:iC CG: D, D: E, or of A: B, C: D, E: F, (F. 96. 
but theſe Ratios are the ſame by Hypotheſis, therefore theſe 
Powers A, B*, C?, D*, Es, conſtitute Ratios compound- 
ed of equal Ratios, and ſo the ſame, and therefore they are 
proportional. | 
THEOREM 36. | 

The Square of a Binomial is compoſed of the 2 Squares 
of the 2 Parts, and the double Product of theſe Parts, 

DEMONSTRATION. 

Let the Binomial be 

34 0 30 ＋ 4 
OT 4 
16 the Square of the 2d part, 


3 Ie Products of the iſt into the 2d, 


doo the Square of the firſt part. 
1156 the Square of the whole, 


COROLLARY. | 
If the Root conſiſt of 3 parts, then take the 3 
Squares of the 3 Parts, and the double Product of 
each two combined 3 ways, as in the Square of 12 
made up of 2,4, 2 85 i 
HE OREM 


5 I 
98. The Cube of a Binomial is LAT up of the Cubes 
of the 2 parts, and 3 times the Square of the firſt part into 
the 2d, and thrice the Square of the 2d part into the firſt. 
30 + 4 the Root, > 
16 the Square of the firſt part. 


_ © che Products of the firſt and ſecand. 


900 the Square of the firſt part. 


64 the Cube of the 24 part. 


480 1 Products of the Square of the 2d 
480 J into the firſt. 


the Product of the Square of the firſt 
3600 into the 2d. 


480 of the Square of the ad into the 1ſt. 
— 4 
5104 Brought 
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Brought over 5104 
3600 * Squares of the Square of the firſt 
3600 J into the 2d. 
27000 the Cube of the firſt. 
39304 the Cube of the whole. 
SCHOLIUM, 
99. The Extraction of the Square and Cube Roots will 
be eaſy to thoſe that underſtand the Compoſition of the 
Squares and Cubes, as above. 


Lepore LobobolobobolobototoLoboLoDoLoDole LOLOLEDE: 


CS AP. VE 
Containing the Rules of Proportion demonſtrated. 


THEOREM 38. 
100. 1 F there are 4 Quantities proportional, the Product 
of the Extremes is equal to that of the 2 Means. 
DEMONSTRATION. | 
6: 3 :: 8:4 A: B:: C: D by Hypo. therefore AD 
4 3 : BC :: CD: DC, (F. 65.) but CD = 
24 24 0, (F. 75.) therefore AD=BO, (F. 38.) 
CO ROI. 
If there are but 3 Proportionals, the Product of the iſt 
and laſt is equal to the Square of the Mean. 
2 THEOREM 39. 
101. If a Quantity, as AD, produced from A and D, 
A to another BC, produced from B and C, then A: 
22 2820. 


DEMONSTRATION. 
6 8 AC: AD=C : D, (F. 61.) but AD 
4 3 == BC by Hypo, therefore AC : BC :: 


24 24 C: D, (F. 53.) conſequently A: B:: 
4:8 ::3:6 C: D, (F. 62.) 
PRO B. 1, 
102, To find a Mean Proportional between 2 Numbers, 
as 8 and 72. 
Multiply them into another, and extract the ſquare 
Root of the Product, which will be 24 the Mean. 
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2 PRO B. 2. | 

3 103. Having 3 Numbers 3, 12 : 5, to find a 4th Pro- 
IA portional, or having 2, to find a 3d, 

4 Multiply the 2d by the 3d, or in the 2d caſe, the 2d 
0 by itſelf, and divide by the firſt, 

* DEMONSTRATION. 

4 If you multiply the 2d Term by the 3d, or in the 2d 
5 caſe, the 2d by itſelf, you have the Product of the firſt 
f 1 into the 4th, or in the other caſe, the firſt into the 3d, 


4 (F- 100,) which if you divide by the firſt, you have the 
2 4th in the firſt caſe, and the 3d in the ad, (F, 76.) 


FBC 
Y CHAP. VII. 
3 Of Equidifferent Quantities. 


HESE are called by ſome Arithmetic Proportionals, 

to diſtinguiſh them from the crue Proportionals, viz, 

Geometric ones, but improperly, according to the Judg- 
ment of the Ancients, 

104. Theſe Quantities are ſometimes disjunct, as 3,6,7,10, 
and ſometimes continued, as 3, 6, 9,12, Cc. If the Terms 
in the laſt always increaſe, the ad Term is the Sum of the 
Iſt, and the difference, and the zd the Sum of the 2d, 
and the difference; but if they decreaſe, the firſt is the i 
Sum of the 24, and the difference, and the 2d of the 3d, q 
and the difference, f d 

THEOREM 40. | 

105, If 3 Quantities are equally diſtant, the Sum of the 

xſt and zd is double the 2d. : | | 
THEOR'EM 41. | 

„ 7 $0 106. If there 24 uantities equidiſtant, the i 
| / 


7 Sum of the 1ſt 4th is equal the Sum of ö 

14 = 14 the 2d and 3d, as 3 5 8 10 k 

| $345 13 = 13. | 
DEMONSTRATION. 


If the Terms increaſe, the ad is made up of the firſt, 
and the difference, and the 4th of the 3d, and the diffe- 
Tence, (F. 104.) therefore if the firſt be added to the 4th, 
the Sum will be the firſt, 3d, and difference ; and if by 

ad 


| 
i 
| 
? 
| 
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add the 2d to the 3d, the Sum of the firſt, third, and the 
difference will be the compound, ſo the Sums are equal, 


(§. 18.) 
PRO B. 3. | | 
107. Tofind a mean equidiſtant from, ſuppoſe 9 and 13. 
Add the Numbers, and take one half, ($. 105.) 
PROB, 4 


4 2 Having 3 Numbers, as 8, 5. 9, to find a 4th equi- 
nant. 

Add the 2d 5 to the third 9, and from the Sum take 
the firſt 8, the Remainder is 6, the Number ſought. 

The other Problems on this Head are to be found in the 
following Treatiſe of Algebra. 


CHAP. VI. 
Of Logarithms, 
DEFIiNiT1ON. 


109. IF under Numbers increaſing in Geometric Progreſ- 
ſion, there be put others equidifferent, theſe will 


be Logarithms of the firſt, which are called Exponents, as 


e 
98 1 2 7 1 1 
Co Rol. 
In the two- fold Series above, the Numbers below, which 
are the Logarithms of thoſe above, ſhew the diſtance of 
the proportional Nymbers from Unity. 


.' _- . THEOREM t. 
110. If the Logarithm of Unity be o, the Logarithm of 
the Product is equal to the Logarithms of the 2 Factors. 


DEMONSTRATION. 

As Unity is to one Factor, ſo is the other to the Product, 
(F. 10.) wherefore the Logarithm of the Product is the 4th 
equidiſtant Number to the Logarithm of Unity, and thoſe 
5 the 2 Factors, (S. 109.) and fo is the difference between 
the Logarithm of Unity, or o, and the Sum of the Lo- 
garithms of the Factors, therefore the latter is the Logarithm 
of the Product. 

CoRor. 


3 
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. CoRo 2 I. i. hs Lok 

The Factors of the Square being equal, the Logarithm 

of the Square is double the Logarithm of the Root. 
CoROL. 2. 

The ſame way it appears, that the Logarithm of the Cube 

2 triple that of the Root, and of the Biquadrate quadruple, 

C. 

— 8 Cor or. 3. 

9 Thus Unity is to the Exponent of the Power, as the 

Logarithm of the Root to the Logarithm of the Power, 

by 5.94.) 5 

8 CoR ol. 4. 

E, 111. Wherefore the Logarichm of the Power comes out, 

if you multiply the Logarithm of the Root by the Expo- 

nent of the Power, ($. 76.) and thus the Logarithm of the 

Root is got, if the Logarithm of the Power be divided by 


ES its Exponent. | 

4 THEOREM 2. 

£4 If the Logarithm of Unity be o, the Logarithm of the 
3 Quotient is equal the Difference of the Logarithms of the 
Ts Diviſor and Dividend. | 

15 DEMONSTRATION. 


As the Diviſor is to the Dividend, ſo is Unity to the 
Quotient, ($. 11.) wherefore the Logarithm of the Quo- 
tient is the 4th equidiſtant Number to the Log. of the 

Diviſor and Dividend and Log. of Unity, 8 109.) and ſo is 
the difference between the Log. of the Diviſor, and the 
Sum of the Log. of the Dividend, and of Unity, which is 
o; therefore the difference of the Log. of the Diviſor from 
that of the Dividend, is the Log. of the Quotient. 
SCHOLIUM. 

Stifelius ſhews many Uſes of the Logarithms ; which yet 
muſt give way to thoſe ſhewn by Briggs in his Trigonome- 
try, and by the honoured Neper, the firſt Inventor of them, 
and others of later date; to whoſe Writings we refer the 
Reader for further Knowledge of them, counting it ſuffi- 
cient to have explained and demonſtrated what was requi- 
ſite for the better underſtanding the following Treatiſe, to 
which the Reader may have recourſe as he hath occaſion. 
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Containing the Elements of Plain 
Geometry. 


CHAP. I. 
Of the Principles of Geometry. 


DEFINITION I. 
1. Eometry is the Science of extended Quantities, 

(3 conſidered with reſpect to their Bounds, (i. e.) of 

Lines, Superficies and Solids. 
SCHOLIUM. 

2. Extenſion ariſes from an equal diffuſion of any thing 
through a place. It's conceived, when at once we perceive 
ſeveral things in one continued. Thus Extenſion does not 
only include the Idea of the whole, and its parts, (§. 9. Arith.) 
bur it is alſo uſed to expreſs our Ideas of other things, as 
Lines, Superficies, and Solids. Hence it is that Geometry 
may be applied to ſeveral other things, and the Uſe of it 
is of great extent. 

DEFINITION 2. 
3- Things are faid to agree when they have the ſame 


Bounls, or Congruity is the Coincidency of their Terms. 
SCHOLIUM, 


_— PIT | 
32 Of the Principles of Geometry. 
SCHOLIUM, 

4. We have taken care in the following Treatiſe, that 
the word Term may not be miſunderſtood, and ſo the De- 
finition rendred obſcure; tho* we have not here defined the 
word Term, leſt our Demonſtration in which it is uſed 
ſhould be metaphyſical. | 

DEFINITION 3. 

5. Lines, Superficies, and Solids are Lid to have the ſame 
Situation, when the ſame extended Quantity may be put 
between them. | 
. Dritten 4 | 

6. A Point is that which bounds itſelf, er hath no parts 
different from itſelf. 

Colk- . | 
7. Hence it is each Point agrees with another. 
| CoR. 2. 

8. We muſt not therefore conſider it as having parts. 

9. Hence Euclid calls a Point that which hath no parts; 
and Geometricians do very juſtly conceive it as an Indivi- 
dual, which can neither be painted nor imagined; and even 
in practical Geometry, we muſt not count a Point a part 
of a Line, but only its Termination. 

DEFINITION 5. 
10. If a Point A move to another B, it deſcribes 4 
Line. | 
Cor. t. 

11. Thus the Terms of the Length of a Line are A and 

B, but as to its Breadth, 8 Depth, it bounds itſelf, (§. 6.) 
OR. 2. 

12. Seeing a Point hath no parts, ($. 8.) a Line hath nei- 

ther Breadth nor Depth, being only extended in length. 
SCHOLIUM 1. 

13. It's therefore no wonder that it ſhould have no Bounds, 
either as to Breadth or Depth. 

SCHOLIUM 2. | 

14. Altho' every Body is endowed with 3 Dimenſions; 
nor can it want one of them; yet it's neceſlary and uſeful 
ro conceive one of them without the other: the neceſſity 
ariſeth from our finite Intelle&, that cannot conceive many 
things at once, and is therefore obliged to ſeparate thoſe 
things which Nature hath joined by an inſeparable Con- 
nection; and the advantage of it appears in ſeveral caſes, 
wherein we are to conſider one Dimenſion only; as the 2 

titude 
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titude of a Tower, without its Breadth or Depth, or the 
Breadth of a River, without its Length or Depth. 
DEFINITION 6. 
15. Diſtance is the ſhorteſt Line between two Things. 
SCHOLIUM: 
16. Thus the Diſtance of a Houſe from a Tree, is the 
ſhorteſt Line that can be drawn from the one to the other. 
DEFINITION 7. 
17: In a ſtraight Line AB, any part is like the whole, 
(Tab. 1. Fig. 1.) 
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| Cox. 1. | | | 
4 18. Pos {traight Lines differ not but in their Length, 
+.% (§ 29. Ar 
Ke 175 When Lines are deſcribed, if a Point move from 
one Point to another, (SF. 10.) the Motion of the moving 


Point mult be determined the ſame way in every part of 
1 the Line; otherwiſe the Patts would be different by the 
* different Motions, and ſo would not be alike, ($. 24. Ar.) 
49 contrary to Def. 17. And becauſe the Motion of a Point 


cannot differ but in Celerity and Direction, and the Cele- 
— rity makes no altcration as to its ſtraightneſs, regard muſt 
5 be had only to its Direction; wherefore a right Line is de- 
, ſcribed when a Point moves from one Point A, to another 
B, with the ſame Direction. 
PosTULATE 1. 
20. A right Line may be drawn from any one Point 
to another. 


Pos TULATE 2. 
21. A ſtraigtit Line may be extended at both ends. 
DEFINITION 8. 

22. A Curve Line is that, whoſe Parts are unlike the 
whole. 

DEFINITION 9. 

23. To meaſure, is the ſame as to aſſume a quantity 
for Unity, and ty expreſs the Ratio of other homogene- 
ous Quantities to it; the Quantity aſſumed is called a 
Meaſure. 

SCHOL1UM. 
24. This Definition, in a lax Senſe, ſerves for practice. 


times repeated, becomes equal to another, which in our 
Arithmetick is called an aliquot part. 


D DEFINI- 


Euclid defines Meaſure by a Quantity, which being ſome- 
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DEFINITION 10. 
25. Rence the meaſure of Lines is a ſtraight Line of 
any Length, divided or ſubdivided at pleaſure into ſmaller 
parts. It's now commonly divided by Geometricians into 
ten equal Parts, called Feet, which are divided into 10 
Digits, each Digit into 10 Lines, and ſo on. 
SCHOLIUM 
26. The Length and Divilion of Meaſure are not the 
{ame in all Nations; Snellius, Ricciolus, Malletus, and others, 
give their Differences. The following Table contains thoſe 
that are moſt famous, in ſuch parts as the royal Pariſian 
Foot contains, v/z. 1440, firſt divided into 12 Digits, each 
Digit into 12 Lines, and each Line into 10 Particies, and 


ſo the Whole 1440. 


The royal Foot at Paris.. 1440 


At Conſtantinople _ — 3140 
The Rhineland Foot ——— ———————1391#; 
Roman Foot —— — — — 1320 
London Foot —— — ä — — —1350 
Suedeland Foot —— hs ————1 320 
Daniſh Foot —— —— — 1403 3 
Venetian —— ————— 1540 
Bononian — — 3 — 1632: 2 
Argentiman— — mann en ener 1282 3 
Norimberg — 1346 4 
Dent gie eee eee eee ee eee. 1271 I 
Hater ſiau— MT 1 1320 


| SCHOLIUM 2. 
27. Stevinus firſt brought the Divition of Meaſure into 


. Decimals, as may be ſeen in his practical Geometry; no 


doubt he therein followed Regiomontanus. The Index for 
10 Feet he made o, tor Feet 1, for Digits 2, for Lines 3, 
like the Logarithms of their Denominators, which he in- 


. Cloſed in a little Circle, and afaxed them to the Numbers. 


Bur Bayerus in his Logarithmic Decimals, and his Stereo- 
metry, writes the Logarithms expreſſed in Roman Charac- 
ters at the head of the Numbers; thus 39, 5\, 7", 8, 


are 3 Perch, 5 Foot, 7 Digits, 8 Lines; but it's oft-times 
better to ſeparate the Integers from the Decimals by a point, 
thus 3.578. 


The Reverend Father Noel, in his Obſervations made in 
India and China, ſays, they firſt uſed Decimals in their 


: Weights, as well as Meaſurec. 
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DEFINITION II. 

28. A Superficies is a Magnitude of two Dimenſions, 
Length and Breadth. 

29. Lines are the Bounds of the Length and Breadth of 
a Superficies, but as to Depth, it buunds its ſelf. 

| SCHOLIUM. 

39. That is, there is no Point in its Length, but there 

is another in Breadth that anſwers it, and contrarywiſe. 
DEF. 12. 

31. By Perimeter, we mean a continued Quantity in- 
cloſing another, | 
DEF. 13. 

32. A Figure is bounded by its Perimeter. 

SCHOLIUM. 

33. This may be ſaid both of Superficies and Solids; in 
the former caſe, the Perimeters are Lines; in the latter, 
Superficies. 

Der. 14. 

G1. A right-lined Figure hath a Perimeter of right Lines, 
a Curve-lined one of Curve Lines, and a mixt Figure of 
both. 

DEF. 15. | 


35. A Side is a Line, which is a part of the Perimeter 
of a Superficies. 
DEF. 16. 


36. A Figure is faid to be plain, when in it a right Line 
may be drawn, from one Point of the Perimeter, to any 
other. 

DEF. 17. 

37. A Circle is a plain Figure bounded with a Line re- 
turning to itſelf, from each point whereof, Lines being drawn 
to a point C, called the Center, are equal, the Line re- 
rurning 1s called the Periphery. | 

"DLx. 18. 

38. A Chord is a ſtraight Line from one part of the 

Periphery to another, as AB, (Tab. 1. Fig. 1.) 
.5-" IFN VP: 20; 

39. The Diameter LD is a Chord paſſing through the 

Center, its half is called the Semidiameter or Radius, as CL. 


OR. 
40. All the Radii of a Circle are equal, (F. 37.) 
DEF. 20. 
41. An Arch is any part of the Periphery DAB, and a 
Degree is the 36oth part of the Periphery, each Degree is 
D 2 divided 


— _— 2 
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divided into 60 Minutes, and each Minute into 60 Se- 
conds, and each Second into 60 Thirds. Euclid calls alſo 
an Arch the Periphery. 

CoRoL. 

42. Each Periphery being divided into 360 Degrees, 
they are greater in greater Circles, and leſſer in ſmaller. 

SCHOLIUM. 

43. Parts of Degrees are expreſſed ſometimes by ſexa- 
gelilmal Factions; thus 3 Degrees, 25 Minutes, 16 Seconds 
are writ 3®, 25\, 16” although the Egyptians uſed this 
way in their Aſtronomical Calculations, uſing Sexageſimal 
as whole Numbers; yet others after Stevinus, as Oughtred, 
Wallis, &c. uſed Decimals; in which Method there is no 
need of bringing {mailer Fractions to greater, or greater 
to ſmaller, as is done in Sexageſimals not without trouble: 
Likewiſe the Diviſion and Multiplication of Decimals are 
eaſier. Of the ſame mind was Henr) Briggs in his Artifi- 
cial Canon for Triangles, as may be ſeen in Gellibrand's 
Trigonometry, and likewiſe with 7ohn Newton in his Aſtro- 
nomy and Trigonometry, and Nicolaus Mercator, Stevinus 
pleads, that the ſame Diviſion of the Circle w.s uſed of 
old, which he endeavours to reſtore. 

Dr. 21. 
. Concentric Circles are ſuch as have the ſame Center, 
and Excentiic ſuch as have different Centers, (Fig. 1.) 
DE r. 22. i 

45. The Segment of a Circle is a part of it, contained 
within the Arch ALB, and the Chord AB: It's called a 
greater Segment, when greater than the Semi-circle, and 
leſſer, when leſs, (Fig. 1) 

DEF. 23. 

46. The Sector of a Circle is a part of it, as ACBL 
contained within the 2 Radii AC and CB, and the Arch 
AB. 

DEF. 24. 

47. The right Line HI touches the Circle in L, if it me-* 
it ſo, as being drawn out, it fall all without the Circle, 
and a Circle touches another within, if meeting it, it b. 
wholly within it; but without, if meeting it, it be all with- 
out the Circle, (Fig. 2.) 

COR OL. I. 

48. The right Line CL, drawn from the Center C, to 

the Point of Contact, is the Radius of the Circle, ($. 39 ) 


CoROL. 
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CoRoL. 2. 
9. Circles touching one another outwardly or inwarcly, 
have different Centers, and fo are excentrical, (S. 44.) 
Dr. 25, 

50. The Line AB cuts the Line CD in E, when it di- 
vides it into 2 parts CE and Ed, on the one ſide, and on 
the other, (Fig, 3.) 

Co ROL. I. 

51, Seeing alſo CD divides AB into 2 parts AE and EB 
on both ſides of CD, if AB cuts CD in E, CD allo cuts 
AB in the point E, 

CoRoOL. 2. 

52. If the right Line DN cut the Circle in O, the part 

ON falls within the Circle, ($. 37.) (Fig 3.) 
COROL. 3. 

53. If one Circle cuts another, ſeeing thejPeriphery of 
both returns to itſelf, (S. 37.) a part of the Periphery of one 
Circle muſt fall within the other. 

DE r. 26. 

54. An Angle is the mutual Inclination of 2 Lines HG, 
IG, meeting in one point G; the Lines are called the Legs, 
and the point G, where they meet, is the Vertex of the 
Angle, (Fig. 4.) | 

SCHOLIUM. 

55. The Angle is expreſſed by one Letter placed at the 
Vertex, or to avoid contuſion, it's often expreſſed b 
Letters HGT, that at the Vertex being in the middle, and 
ſometimes by a Letter, as æ, written within it; the Angles 
are uſed to determine the Situation of the Lines. 

„ 

56. The Angle is ſaid to ſtand on the Line in which its 
Legs terminate. 

DEF. 28. 

57. The Meaſure of the Angle HGT is the Arch DI, 
ceſcribed with a Radius at pleaſure from the Vertex G, 
(Fig. 4-) 

CoR0L. 


58. Thus the Angles are diſtinguiſhed by the Ratio that 


theſe Arches have to the Peripherys, ($. 4.1, and 132, Arith.) 
and thereby their Quantity is expreſſed. 

SCHOLIUM. | 

59. The Angle is ſaid to be of ſo many Degrees and 

Parts, as the Arch contains, (§. 41.) what it wants of 90 

is irs Compliment, and all 180 its Supplement. 


Dx #. 


| 
| 
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DE x. 29. 
60. The Angles FGH and HGT are ſaid to be conti- 
2 that have the ſame Vertex G, and one common 


eg GH. 
DEF. 30. 


61. The right Lines AE and EB make one Line, if 

they are Parts of the _ Line AB, (Fig. 3.) 
.. 

62. If one ſide ED of the 13. AED be produced to 
C, there ariſes another Angle AEC, ſaid to be after placed. 
CoROL. 1. 

63. Thus the 2 Angles AEC and AED will have one Leg 
AE common, and the Leg of the one in a direct Line 
wich the other, (S. 61.) 

Co Ro. 2. 

64. Hence Angles after placed are contiguous, but not 
contrarywiſc, (S. 60.) 

KF. 32. 

65. A right Angle, as KLM, hath the Angle KLN 
after placed equal to it, (Fig. 5.) | 


Er. 2 

66. An oblique Angle, as AED, hath the Angle after 
placed AEC unequal to it; which if leſs than a right 
Angle, is called acute; i. more, obtuſe, (Fig. 3.) 

. . 

67. The Angles o and x are vertical, if the Legs of the 
one AE and EC lie in a right Line with thoſe of the other 
EB and ED. 

Dr. 35. 

68. If AH and RG, coming trom oppoſite parts, meet 
in a Line, as EF, in H and G, then the Angles that they 
make with it, as o and , 7 called alternate, (Fig. 6.) 

E F. 36. 

69. If 2 Lines, as PH and RG, coming from the ſame 
Parts, meet another, as EF, in different Points, as H 
and G, the Angles they make with it, as # and y, and z 
and 5, are called oppoſite; x being the external in reſpect 
of y, and s the internal. 

DEF. 37. 

-0: The Angle ABD is the Angle at the Periphery, whoſe 
Vertex B, and Legs BA and BD, terminate in the Periphery ; 
it's alſo called an Angle in a Segment, (Fig. 7.) | 


CoR0OL. 
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CoRor. 

71. It's made up of 2 Chords AB and BD, and ſtands 

on the Arch AD, ($. 38, 54, 56.) : | 
EF. 38. 

72. An Angle at the Center, H the Angle ACD, whoſe 
Vertex is in the Center, and the Legs AC and CD termi- 
nate in the Periphery. 

CoROL. 

73. The Angle at the Center is made of 2 Radii, (S. 39.) 
and ſtands on the Arch AD, ($. 41, 56.) and ſo AD is the 
Meaſure of it, (§ 57.) 

Der. 39. 

74. An Angle out of the Center, as HKU, hath its 
Vertex K out of the Center, and its Legs HK and KU 
in the Periphery, and ſo ſtands on the Arch HU, ($. 41, 


56.) (Fig. 38.) 
g D p. 40. 


76. The Angle of Contact HLA, is that which the Arch 

LA makes with the Tangent HL, at the Contact L, (Fig. 1.) 
Dx F. 41. 

77. The Angle in a Segment ALH or ALI, is that which 
the Chord AL makes with the Tangent HL, or Ll at the 
Contact L. 

DEF: 42; | 

78, The Line KL is ſaid to be normal or perpendicu- 
lar to the other LM, when it makes a right Angle with 


it, (Fig. 5.) PIR 
0 a 


79. If therefore LK be perpendicular to NM, the An- 
gles at L after placed, are equal, and contrarywiſe. 
Dre. 43. 
80. The Line AB is oblique to DC, if it make an oblique 
Angle with it, (Fig. 3.) 
DEF. 44. | 
81. The Line AP is parallel to another QR, if it keep 
every where the ſame diſtance, (Fig. 6.) 
CoROL. 
82. Parallel Lines, infinitely continued, never meet. 
DEF. 45. 
83. Converging Lines, as GF and GH, are ſuch, whoſe 
Diſtances grow ſill lets 1171. 3 to a Point, (Fig 4) 
E F. 46. 8 
84. Diverging Lines are ſuch, whoſe Diſtance grows ſtill 
greater as they go from a Point. 
| D 4 DE v. 
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DEF. 47. 

85. They are ſaid to be oppoſite, when from one 3 
Line may be drawn perpendicular o the other. 

SCHOLIUM. 

86. Points, abſolutely conſidered, are ſaid to be oppoſite 
to Points, when they are Terms of the ſame right Line, a 
rizht Line being the ſhorteſt between 2 Points, (S. 16.) 
and ſuch alſo is the Perpendicular berween thoſe which 
may be drawn from a Point to a Line, or Superficies ; for 
it comes to be a Perpendicular when one of the Points is 
taken without the Line or Superficies. 

DE F. 48. 
87. A Triangle is a Figure terminated or bounded with 


3 Lines, 
DEF. 49. 


4 
88. An equilateral Triangle EVH, is that which hath all 
Its ſides equal. In general, a Figure is ſaid to be equi- 
lateral, when all its ſides are equal, (Fig. 3.) 
| DEP, 6. 
89. An equicrura] Triangle, or Iſoſceles DEF, hath only 
2 ſides equal, as DE, EF, (Fig. 9.) 
DEF. 51. 
9c, A ſcalene Triangle hath not one ſide equal to an- 
othe , ED 
DEF. 53. 
91. A right angled Triangle, as MKL, is that which 
hath one right Angle in it, as K, (Fig. 10.) 
DEF. 53. | 
92. An obtuſe angled Triangle, as PNO, is that which 
hath an obtuſe Angle in it, as N, (Fig. 11.) 
DEF. 54. 
92. An acute angled Triangle, as DEF, hath all its 
Ang es acute, (Fig. 9.) 
DEF. 55. | 
94. An oblique angled Triangle is that which hath all 
its Angles oblique. 
DE p. 56. | 


95, The Hypothenuſe, as ML is that which is oppoſite to 
the right Angle, (Fig. 10) 
DEF. 57. | 
9g, The Catheti are the Sides of a right angled Triangle 
MK, KL, making the right Angle K, 


DE y. 
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DEF. 58. 
97. A quadrilateral Figure is that whoſe Perimeter con- 
fiſts of 4 Sides; it's ſaid to be right angled, if all its Angles 
are right, but oblique angled if oblique. 


EF, 59. 
98. The _ ABDC is quadrilateral, equilateral, and 
rectangular, (Fig, 12.) | 

DE F. 60. 

99. The Rhombus EFHG is quadrilateral, equilateral, 
and oblique angled, (Fig. 14.) 

DEF. 61, 

100. A Rectangle or Oblong MLKI is a quadrilateral 
Figure, rectangular, having the oppoſite Sides ML, IK, 
and IM, and LK equal, (Fig. 15,) 

DE. 62. 

101. A Rhomboides NOPQ is a quadrilateral Figure 
oblique angled, having the oppoſite Sides OP, NQ, and 
ON, and PQ equal, (Fig. 15. f 

E F. 

102. A Parallelogram is a quadrilateral Figure, whoſe 
oppoſite Sides are equal, and is expreſſed by 2 Letters MK 
or NI, (ig. 13.) 

DEF. 64. 


103. A Trapezium, as RTVS, is a quadrilateral Figure, 
the Sides not parallel; tho ſome ſay it may have two op- 
polite Sides parallel; but then it's called a Trapezium of 
parallel Baſes, but that which hath no Sides parallel is a 
Trapezoid, (Fig. 16.) | 

| 7 DEF, 65. 


104. A polygonal Figure, is a Figure of many Sides, as 
ABCED, if there be 5 equal Sides It's a Pentagon, if 6 a 


Hexagon, if 7 a Heptagon, if 8 an Octagon, &c. but if 


they are unequal, it is an irregular Polygon, (Fig, 17.) 


DEF. 66. 

105. An equiangled Figure hath all its Angles equal. 
DEF. 67. | X 

106. A regular Figure is equilateral and equiangular. 
DEF. 68. 

107. An irregular Figure is not both equilateral and 

Equiangular. 

DE;. 69. 


108. Figures equilateral among themſelyes, are ſuch as 
have their reſpective Sides equal, 5 
— E F. 


as 3 „„ La — 
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DEF. 70. 
109. Equiangular Figures are ſuch as have their reſpec- 
tive Angles equal. 
DEF. 71. 
110. The Angles, as well as Sides, in Figures, are ſaid 
to be homologous, if the fame Order be obſerved from 


the firſt in both. 
DEF. 72. 


111. The Diagonal, as PN, is a right Line drawn from 
the Vertex of one Angle 8 that of the other, as N, (F ig. 15.) 
Er. 723. 
112. Clic Baie of a Figure 54. lower part of the Pe- 
rimeter, as KL, (Fig. 13.) 
Co Rol. 
113. The Situation of the Eigure not being eſſential, 
any fe may be taken for the Baſe. 
DEF. 74. 
I14. The Vertcx of the Figure, as M, is the Vertex of 


the Angle oppolite to the Baſe, (Fig. 10.) 
Er. . 


115. The Altitude of a Figure is the Diſtance of its 


Vertex from the Bale. 
DEF. 76. 


116. The Figure ABCDE is ſaid to be inſcribed in the 
Circle, when the Periphery paſſes through the Vertex of 
each Angle, and then che Circle circumſcribes the Figure, 


Fig. 18.) 
Es Dir. 75. 


117. The Figure abede is ſaid to circumſcribe the Circ'e 
when each ſide touches the Periphery, and then the Circle 
is ſaid to be inſcribed in the Figure. 

DE x. 78. | 

118. The Meaſure of a Figure is 2 Square, whoſe Side 
is equal to a Perch; and is called a ſquare Perch, and is 
divided into ſquare Feet, and a ſquare Foot into ſquare 


Inches. 
| DEF. 76. 

119. They are ſaid to be determined the ſame way, if 
the Things given by which one thing is determined are 
like thoſe by which the other is determined; and in gene- 
ral having the like things in both, the reſt may be deter- 
mined by the ſame Rules. 


. 


CoRoL. 
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Co Rol. | 
120. In thoſe things that are determined the ſame way, 
the things, by which they are to be diſtinguiſhed, coincide, 
and ſo they are ſimilar. 


59990090 00000000080808 050 03 


CHAP. IL 


Containing ſome fundamental Problems and 
Theorems. 


PROB. 1. 
8 O draw a right Line from a given point A, to a given 
point B. 

121. This may be done either on Paper by a Ruler, ap- 
plying the Pen to the ſide of it, or on Wood or Stone by 
a Thread chalked, by fixing it at the 2 Points, and taking 
hold of its middle, and drawing it upwards; let it ſuddenly 
return, and it gives an Impreſſion : or 3dly, in a Field, by 


fixing Rods perpendicularly in the Ground, in a Line taken 


ſtraight by your Eye, ſo as the 1ſt, 2d, and third may diſ- 
appear as you go from the firſt. 

; PRO B. 2. | 

126. To meaſure a right Line. 

Apply one Leg of your Compaſſes to one end of the 
Line, and the other to the other, and apply the Interval 
to a Line of equal Parts; but if the Line be in a Field, it 
muſt be meaſured by a Chain divided into Perches, and 
parts of a Perch, and the number of them between the 
2 Points will give the Line, which may be laid on Paper 
by a Scale of equal parts, larger or ſmaller, as you pleaſe. 

PRoB. 3. 

130. Having the Length of a Line in the Meaſure at 
Paris, to find it in the Meaſure at London. 

Suppoſe it 186 Feet at Paris, then as 125, the Meaſure 
at Paris, is to that at London 144, (F. 26.) ſo is 186 to 


198 rr Feet. 
PR OB. 4 


131. To deſcribe a Circle from any Center, as C, with 
any Radius, as AC. 


This 
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This is eaſily done with the Compaſſes on Paper; ard 
if it's to be done on a Floor with a large Radius, there 
muſt be a Rod of Wood, or Braſs, or a Thread fixed at 
the Center, and a Pin fix'd at the other end, turnad round. 

THEOREM 31. 

137. If from the Center C of 2 concentric Circles, 
there be drawn Radii CDA and CEB, the Arches DE and 
BA will have the ſame Ratio to their Peripherys, and ſo will 
the Sectors DCE and ACB have to the Areas of their 
Circles, (Fig. 1.) 

DEMONSTRATION. 

Seeing concentric Circles have the ſame Center, ($.44.) 
and the Arches and Sectors are deſcribed with the Radii 
AC and DC, moved from the common Term CDA, to 
the common Term CEB, (F. 131,) the Arches and Sec- 
tors are determined the ſame way, (F. 119.) and therefore 
are ſimilar parts, the former of the Peripherys, and the 
latter of their Circles, (F. 120.) and ſo they have the ſame 
proportion to them, (§. 170. Arith.) 

COROL. 1, 

138. Seeing the Arches have the ſame proportion to 
their Peripherys, they are between themſelves as their Pe- 
ripherys, (F. 173. Arith.) and ſeeing theſe have the ſame 


number ot Degrees, the others muſt have it alſo, (F. 41.) 


Cool. 2. 

139. The Angle muſt be the ſame, whether the Legs 

are ſhortned or lengthned, 
THEOREM 32. 

147. If one Line fall on another, it makes an Angle on 

each ſide, both which are equal to 2 right Angles, 
DEMONSTRATION. 
Seeing they take up the fame Space that 2 right Angles 
would do, they mult be equal to them. 
COROL. 1. 
148. If therefore you have one of them, you have the 
other by ſubſtracting the known one from 180. 
CoROL, 2. 

149. If you are to meaſure an Angle in the Field, made 
by the falling of a Ditch or Hedge on another, and you 
can come at the one, but not the other, which is its Com- 
plement to 1 80, it will be ſufficient to meaſure the one 
acceſſible. 

CoROL. 3 


150, If having laid down the Field on Paper, you draw 
out 
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out your Lines and meaſure the external Angles, and if 
5 they all make 360° then the Angles were right taken. 
COROL. 4. 
151. All the Angles about a Point make 4 right Angles. 
PRO B. 5 i 
152. To meaſure an Angle. 1 
This is done on Paper, by deſcribing an Arch with the i 
Chord of 60 Deg. on the Vertex of the Angle, and taking T 
the Arch intercepred between the 2 Legs, and applying it 
to the Line of Chords, or by laying a Protractor or Semi- | 
F circle of Horn or Braſs on the Legs, with the Center on il 
$ the Vertex, then the Degrees between the 2 Legs ſhew 1 
the Angle; but in the Field it's meaſured by an Inſtru- if 
3 ment or Semicircle of Wood or Braſs, or by a Box and { 
F Needle, which is better known by ſeeing than by Deſcription. | 
CoRoOL. 
The making of an Angle is the reverſe of this. Having { 
| drawn a Line, ſet one Foot at the end of the Line, and * 
$ with the Interval of 60 Deg. deſcribe an Arch cutting the 
1 Line, and ſet the Deg. of the Angle taken from the Line 
of Chords, from the Line on the Arch, and you have it. 


156. If a right Line AB cut another, as CD in E, the | 
vertical Angles x and o are equal, and ſo are AEV and ib 
CEB, (Fig. 3.) 1 

DEMONSTRATION. if 

x and y 180 . 

p 2 180 1148 Arith. 
therefore x and y=y and o, and taking y from both x Do, 
thus it may be ſhewn y =E. | 

CoRoL. 

157. If an Angle in a Field be inacceſſible, and you have | 

one vertical, it may be meaſured, and you'll have the other. | 
THEOREM 34- 

175. In ſimilar Figures, the homologous and correſpon- | 

| 

| 


| 
THEOREM 33. 9 


dent Ang being equal, the homologous Sides are propor- 
tional. 
| DEMONSTRATION. | 

Seeing Figures cannot be diſtinguiſhed but by their An- 
gles and Sides, the former being equal, the Sides muſt be 
proportional, (§. 154. Arith.) 

PRoB. 6. 

180. Having 2 Sides OP and ON, and the Angle O be- 

tween chem, to conſtruct the Triangle, (Fig. 11.) 


Having 
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Having made the Angle by Cor. Prob. 5. ſet the Sides 

from the Vertex of ic on the 2 Sides prolonged, if need be. 
CoRoL. 

183. The Angle of one Triangle, with the 2 Sides in- 
cluding it, being equal to thoſe in another, the 3d Side 
of the one is equal to the 3d in the other. 

THEOREM 35. 

184. In an Iſoſceles DFE, the Angles at the Baſe y and 
# are equal; alſo DF the Baſe is biſected, if EG biſect 
the Angle E; 3dly, EG is perpendicular to the Baſe. 

DEMONSTRATION. 

If another Triangle, with the ſame Sides, be laid on it, 
they will all agree; and if the Triangle be inverted, and 
laid on again, they will alſo agree; therefore one Angle of the 
Baſe of the one, agrees with the 2 Angles of the other : 
2dly, DG will be equal GF, for DE and DG are equal EF 
and EG, and o= x, therefore by Cor. Prob. 6. equal 
GF; 3dly, the Angle EGD =EGF, therefore EG is per- 
pendicular to DE. 

Cox ol. 1. 

187. This is alſo true in an equilateral Triangle, and there- 
fore all the 3 Angles are equal, and may be conſtructed by 
making 2 Angles at the Baſe, each of 60 Deg. by Prob. 8. 

CaRoL. 2. 

253. If the Angles ) and # are equal, the Triangle is 
equicrural. 

PROBLEM 7. 

199. Having the Bate DF, and the Leg DE, which muſt 
be more than halt DF, to conſtruct an equicrural Triangle, 

Fig. 9.) 

13 drawn DF, with the Interval DE deſcribe two 

Arches on D and F as Centers at E; then draw a Line 

from D and F, to the Point of Interſection E. 
THEOREM 36. 

204. If in 2 Triangles the Sides of the one are equal to 
thoſe of the other, the Angles oppoſite to the equal Sides 
are ſo allo. 

DEMONSTRATION. 
One being laid on another, they will perfectly agree. 
PROBLEM 8 

205. Having 3 Sides, to conſtruct a Triangle. 

Having laid down one Side for rhe Baſe, rake the Length 
of the other from a Line of equal parts, and ſetting one 
Foot of the Compaſſes at one end ot the Baſe, _ = 

cn; 


2 
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Arch, and taking the other Side likewiſe, ſet the Foot at 
the other end, and cut the former Arch, then draw the 
Sides. 

CoRoL. | 

207. If in 2 Triangles the Sides are proportional to one 
another, they are ſimilar and equiangular. 

PRoB. 9. 

208. To make an Angle equal to another. 

This is done on Paper, by ſetting one Foot of the Com- 
paſſes on the Vertex of the given Angle, and deſcribe an 
Arch cutting the 2 Legs; then having drawn the Side of 
the other Angle, ſer the Foot at one end, deſcribe the ſame 


Arch cutting the Leg, then ſet the Meaſure of the given 
Angle on that Arch. 


On the Ground, or in the Fields, thus : 

Having the Angle on Paper, draw a Line oppoſite to it 
any way, and incloſe the Space, and meaſuring the 3 Sides 
ſer them off with a Chain; for the 3 Sides being made 
equal to the other, or in the ſame proportion, the Angles 
will be equal. 

PRO B. 10. 

210. To biſect a Line, or to cut it into 2 equal parts. 

Set one Foot of the Compaſſes at one end, and with an 


Interval greater than the half Line, ſweep an Arch above 


and below; and ſetting one Foot again at the other end, 
cut the former Arches, then draw through the 2 Points of 
Interſection. 
CoR 0L. 

211. The fame way may an Angle be biſected, if you 

biſect the Chord of the Arch that mealures it. 
| PRO B. 11. 

2 1 raiſe a Perpendicular on any Point of a Line, 
as L, (Fig. 5.) | 

Set one Foot at L, and make equal Steps to the right 
and left, as to N and M, and ſetting one Foot at N, ſweep 
an Arch, (with a greater Interval) and again at M cut the 
former Arch with the ſame Interval, then draw a Line from 
the Point of Interſection to L. | 

249. But if it's to be raiſed at the end of a Line, ſet one 
Foot there and ſweep an Arch, cutting the Line, then make 
2 Steps with the ſame Interval from the Interſection, on rhe 
Arch, and at the 2d Step ſweep an Arch above, and with 
the ſame Interval cut that Arch, one Foot being at the 11t 


Step, 
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Step, and a Line drawn from the Point of Interſection, 
to the end of the Line, will be a Perpendicular. 

; SCHOLIUM- 

Both theſe may be done with a Carpenter's Square, lay- 
ing one fide on the Line. 

RY PRoOB: II. 

216. To let fall a Perpendicular on a given Line, front 
a Point given; ſet one Foot on the Point, and with the 
other cut the Line in 2 places, then biſeCt the diſtance be- 
tween the two. | 

Or thus : Draw a Line from the Point, cutting the given 
Line obliquely, and with the half of that Line, and the 
Foot in the middle of the Line, ſweep an Arch, which 
will cut the Line in another part, to which draw from the 
Point given. | 

THEOREM 37- | | 

224. A Line perpendicular to another, is the ſhorteſt 
way to it. 

DEMONSTRATION. 

For it makes a right Angle with ir, and therefore any 
other Line drawn will be the Hypothenuſe, which is ths 
longeſt. 

Con. 1. 

226. H two Lines be parallel, all the Perpendiculars 
falling from the one to the other are equal. 

Co R. 2. | 

227. The Altitude of a Figure is a Perpendicular let 
fall on the Baſe, (Def. 75. Fig. 6.) 

THEOREM 38. 

233. If EF cut 2 parallel Lines tranſverſly in G and H, 
the alternate Angles o and y are equal, and the external 
Angle x is = the internal oppoſite one o ; 3dly, the 2 in- 
ternal oppofite anes o and * are equal to 2 right ones, 
(Tab. 1. Fig. 12.) 

DEMONSTRATION. 

Raiſe the Perpend. GA, and let fall the other HD, then 
the 3 Sides of the Triangle K will be equal to the 3 Sides 
G z, and ſo their correſpondent Angles will be equal, 

i. e 0 0 — 3 | | 

2dly, x will be equal o by Theorem 3d, and ſo = y. 

zdly, à and) make 2 right Angles by Theorem ad, 
therefore o and * do the ſame. 


PROB. 
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PRO B. 12. 

234. Having 2 Sides, GE and EF, with an Angle G 
op Ge to one of them EF, to conſtruct the Triangle 
EGF, (Fig. 14.) 

Having drawn GF at pleaſure, make an Angle at G 
equal to the given one, by Prob. 8. and make GE equal 
one of the Sides; then from E, with the Interval of the 
other Side, cut GF in F, then join E and F. 

Co RO. 

235. Two Sides and an Angle oppoſite to one being 

iven, the reſt are determined; therefore, if in 2 Triangles 
GE FH, GH = EF, and G=F, then GF = GF, 
H= E, and aEGF =FGH, for being made of equal 
things, they muſt be equal. 

THEOREM 39. 

238. The Perpendiculars HD and AG, cut off equal 
parts of the Parallels AH, GD, (Fig. 6.) 

| DEMONSTRATION. 

AG = HD, by Cor. Theor. 7. and o=y, by Theor.3?. 
and GH=GH, therefore AH =GD, (F. 235) 

THEOREM 40. 

239. If one Side of a Triangle, as BC, be continued to 
D, the external Angle DCA is = the 2 internal oppo- 
lite ones, as y and x, (Fig. 25.) 

DEMONSTRATION. 

Draw CE parallel to AB, then by Theor. 38. & , 

and o x, therefore DCA =y and x. 
THEOREM 41. 

240. In every Triangle, the 3 Angles are equal to 2 

right ones, or 180 Deg, | 
DzMoN. | | 

o, x and uv = 2 right Angles, by Theor. 32. but o and 
x =y and ⁊ by the preceding, wherefore s, ), and z = 2 
right Angles. 

COROL. 1. 

241. In a right-angled Triangle, the 2 oblique Angles 
M and L together, make a right Angle ; and. it the Tri- 
angle be equicrural, each of them is 45 Deg. by Theor. 41. 
(Fig. 10.) | | 

CoRoL. 2. 

246. If 2 Angles of one Triangle be = to 2 of another, 

the third in the one is = the third in the other. 


E e 
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| Conor. 3. 

248. If the Angle at the Vertex be taken from 180 Deg. 
ha'f the Remainder will be the Angle at the Baſe of an 
Iſoſceles. 5 

ä | THEOREM 42. 

256. If 2 Lines be perpendicular to a za, they will be 

parallel to one another. 
DEMONSTRATION. 

If they be made equal, and their Extremities joined, 
they make a Parallelogram, the Diagonal whereof cuts it 
into 2 Triangles; in which, three things in the one are 
equal 3 in the other, and therefore all are equal, and fo 
the 2 Sides that meaſure * Diſtance of the Perpendiculars. 

ROB. 13. 

258. To draw a Line thi oug's a Point given V, parallel 
to another Linc. 

Set one Foot on V, and with the other deſcribe an Arch 
touching the Line; and ſetiing the Foot again on any other 
part of the Line, the fu:cher off the better, deſcribe an 
Arch with the ſame Interval, then draw through V, and the 
Back of the Arch. 

Or thus: From V draw a Line to the given Line ob- 
liqucly, which will make an acute Angle with it, then at V 
make an other Angle equal to it, by Prob. 9. and Theor. 38. 
and it's done. 

PRO B. 14. 

264. Havirg AB, and the Angles adjacent A and B, 
which toge: ner muſt be lets than 2 right Angles, to de- 
ſcribe th; Triangle. 

Make the Angles at each end of the Line, and the Legs 
being continued till they meet, you have the Triangle. 
| | CoROL. 

-67. If in 2 rectangular Triangles one acute Angle be 
equal to another, ſo will the other be alſo; and thus the 
Triangles ſimilar, and their homologous Sides, proportional. 

THEOREM 43. 

268. If in the Triangle EGI, be drawn HF parallel to 
Gl, the Segments of the Legs are proportional, (7. e.) EG 
2 EH 3; EF EE, (Fig. 19] 

| DEMONSTRATION. - 

The Triangles EHF and EGI are ſimilar, for x = 
by Theor. 38. and E is common to both; therefore the 3d 
in the one = the 2d in the other, and therefore their Sides 
are proportional by Cor. Prob. 14. therefore EG : * 8 
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EH : HF, and by (S. 57. Arith.) EG: EH :: EI: EF, 
and by (J. 70. Arith.) HG: EH :: FI : EF, and EH : 
HOp?: : Fl, or EH: EF :: HG: Fl. 

E THEOREM 44. | 
8 269. The Line HF biſecting the Angle at F, cuts EG 
17 into 2 parts that are proportional to the Legs EF and FG, 


(Fig. 19.) 3 
DEMONSTRATION. | 
Let EF be produced to I till FI=GF, then o x = 
v2, by Theor. 40. but o =x, by Hypo. and) , by 
Theor. 35. and fo 2y = 20, therefore y=0, (F. 21. Arith.) 
and ſo HF is parallel ro Gl, (Theor. 38.) wherefore EF: 
H: F: HG, by Theor. 43. :: GF or FI: GH. 
CoROL. 
271, 272. Having 3 Lines, a 4th proportional may be 
found, making an Angle at pleaſure ; and ſetting one from 
E to H, and the 2d from E to F, and the 2d from H to 
G, then join HF, and draw Gl parallel, and FI will be 
4 the 4th; and if a 3d proportional be wanted to 2 Lines, 
| let EF and HG be taken equal, (Fig. 20.) 


Of Circles. 


LS -, PROB: z: 1 
294. To draw a Circle through 3 given Points A,B, C, 
not in a ſtraight Line. a | 
Join A and B, and biſect the Line, and join B and C, 
and biſect that alſo, where the biſecting Lines cut one an- 
other is the Center. 
DEMONSTRATION; 
The 2 biſected Lines are Chords, and the biſecting Lines 
are Perpendiculars biſecting the Arches, by Cor. Prob. 10. 
therefore the Sides oppoſite to the right Angles are equal; 
and ſo they tend to the Center. 
:, COROL. 1. | 
Any Triangle may be inſcribed in a Circle. 
COROL. 2. 
Having only the Arch of a Circle, the Circle may be 
perfected. | 
THEOREM 45. 
313. The Angle at the Center ACD is double the 
Angle at the Periphery ABD, that ſtands on the fame 
Arch, (Fig. 7.) 
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2dly, Becauſe the Sides are parallel, the Angles O and N, 
N andQ,Q andP, P and O, are equal 2 right An 
3dly, Becauſe the Angles PON + ONQ-: 8 5 
Nah ſo PONS NQF; and Dent N 
P＋QNO, then QPO =QNO, 
9 NO PO are gene Wan NP, and oy ons 
greater than PN, 


Of the Conſtruction of Pigures. 


PROBLEM 17. 
338. To conſtruct a Square on a given right Line. 
On C erect the Perpendicular AC-== CD, then on A 
and D, with the Interyal CD, make * 2 Arches cutting one 
another i in B, (Fig, 12.) 


THEOREM 50. 

342. If the Periphery of a Circle be divided in' o any 
number of equal parts, and the Chords AB, BC, C be 

© Tis the Figure inſcribed in the Circle is regular, (Fig: 
3 

DEMONSTRATION. 

The Angles A, B, and C ſtand on the ſame equal As 
therefore they are equal by Cor. 1. Theor. 43. and the 
Arches being equal, ſo muſt their Chords, therefore the 
Figure is regular by Def. 67. 


PROBLEM 18, 
43. To find the Sum of all the Angles in any Polygon. 
Nato 180 by the number of Sides, and take 360 
from the Product, and there remains the Sum of all the 
Angles in degrees. 


DEMONSTRATION. 

The Figure may be reſolved into as many Trignoles as 
there are Sides, by drawing Lines ro a Point within, but 
each Tiiangle contains 180 Deg. from all which take the 
4 Angles about the Point. 

| CoROL. 

44. If the Sum of the Angles be divided by the num- 
ber of Sides, you have the Angle of a regular Polygon, 
as in the Table; if the Sides are 5, then the Sum is 540, 
and the Angle 108. 


Sides, 
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Deg. | Angle. | | Sides, Deg. | Angle. 
54.0 108 9 1260 | 149 
720 120 1 1440 144 

900 1284 11 1620 [147 r 
10980 | 135 | I2 1800 | 150 | 


THEOREM 5I. 

350. The 2 oppolite Anglcs of a quadrilateral Figure in- 
ſcribed in a Circle, as L and I, or M and H, are equal 
to 2 right ones, (Fig. 8.) 

DEMONSTRATION. 

For taken rogether they ſtand on a whole Circle, there- 
fore their Meaſure is a Semicircle. 

| THEOREM 52. 

256. The Side of a Hexagon VII, is equal the Radius 
EH, (Fig. 3 

DEMONSTRATION. 

The Angle at the Center E = 699, therefure EVH and 
VHE are 120; and becauſe EV =EH, the Angle at H 
is = that at V, and ſo the Tiiangle is equilateral, by 
Cor, Theor. 44. | 


To meaſure Figures. 


"PRDE 1% 
375. To find the Area or Content of a Rectangle. 
This is done by multiplying the Length by rhe Breadih. 
| CoR OL. I. 
76. Rectangles are in a Ratio compounded of their 
Sides, (S. 46. Arith.) | 
CORGL. 2; | 

377» 378, 379. If therefore there are Lines continual'y 
proportional, the Rectangle of the Extremes is equal to the 
Square of the Mean, (C. 100. AritF.) if there be 3, and 
if.4 to the Rectangle of the 2 Means. 

| THEOREM 53. 

383. Two Parallelograms AD and CF, on the ſame 
Baſe CD, and between the fame Parallels AF and CD, 
are equal, (Fig. 27.) | 
; DEMONSTRATION. 

Seeing AB = CD = EF, chen AB = EF, and AE = 
BF, and fo is CA BD, and CE = DF, therefore the 
Triangles EAC and FBD are equal; and taking BGE out 


E 4 of 


. 
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of both, there remains ABGC = EGDF, to both which 
add COD, and ABDC= EFDC. 
| CoROL. 1. 

Hence Triangles of the ſame Baſe and Altitude are equal, 
(i.e.) ACD= CFD, for each of them is the one half of 
the Parallelograms. 

CoROL. 2. 

A Triangle is equal to a Parallelogram on the ſame Baſe 
bur half its Height, or of the ſame Height, but on half 
its Bale. 

CoRoOL. z. 

392. The Area of a Triangle is got by ray ig its 

Baſe by half irs Height, or its Height by half its Baſe. 
CoROL. 4. 

394. If the Area of a Triangle is divided by the Baſe, 

the Quotient is + the Altitude, (S. 76. Arith.) 
PRoB. 20. 

395. To find the fide of a Square equal to a Parallelo- 
gram, or a Triangle given. 

Find a Mean proportional between the Sides of a Pa- 
rallelogram, or between the Baſe and 3 the Height of a 
Triangle, and it will be the Side of a Square equal to either 
of them, by Prob. 16. 

| "PROB. AT. 

400. To find the Area of an irregular Polygon or Tra- 
pezium. | 

Reſolve it into Triangles by drawing Diagonals, and find 


the Content of each Triangle by Cor. 3. Theor. 51. and 


you will have the Content of the whole; and in a Trape- 
Zium, halt the Diagonal multiplied by the Sum of the Al- 
titudes of the 2 Triangles, (the Diagonal being their Baſe) 
gives its Content. 
THEOREM 5 

406. Similar Figures, both regular and irregular, are to 

one another ina duplicate Ratio of their homologous Sides. 
DEMONSTRATION. 

Let ABCDE and abede be regular or irregular Figures, 
then the one is to the other as ABC to gabe, or ACD 
to acd, or A DE to acde, ($. 119, 175.) but AABC: 
Aabr, ABq : abq, or as BCq : bcq, or as AADC to ade, or 
as CDgq : cdq, and aCDB*: : code, a3 DEꝗ to deq, or as CEq 
to ceq, (by S. 46. Aritt..) therefore ABCDE : abede in 
the ſame Ratio, (S. 52, ad 55, 56. Arith.) (Fig. 17.) 


THEOREM 
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THEOREM $55. 

408. Circles and ſimilar Figures, inſcribed or circum- 
ſcribed, are to one another as the Squares of their Diameters. 
DEMONSTRATION. , 

Let us ſuppoſe 2 Squares circumſcribed by 2 Circles, 
every thing is determined the ſame way, and ſo the Figures 
are {imilar, and have the ſame Ratio to their reſpective 
Circles, (§. 28. Arith.) therefore the Circles are to one an- 
other as the Squares of their Diameters. The ſame way 
it may be ſhewn, that ſimilar Figures, inſcribed or circum- 
ſcribed, are as their reſpective Circles; but Circles are to 
one another as the Squares of their Diameters, therefore 
the ſimilar Figures, inſcribed or circumſcribed, are ſo hke- 
wiſe, (F. 52. Arith.) | 

h THEOREM 56. 

410. A Circle is equal to a Triangle, whoſe Baſe is equal 

to the Periphery, and its Altirude to the Radius. 
DEMONSTRATION, 

Let the Periphery of the Circle be conceived to be di- 
vided into an infinite number of equal parts, which will 
thus be infinitely ſmall, the Exceſs of the ſmall Arch above 
the ſmall Chord may be leſs than any aſſignable Quantity, 
and ſo nothing; and let 2 Radii be ſuppoſed drawn from 
the Center to the Extremities of the ſmall Arch, theſe will 
almoſt coincide, and the Triangle formed exceeding ſmall; 
and if ab be taken for its Baſe, and ac its Alticude, the Circle 
will be made up of an infinite number of ſuch ſmall Tri- 
Ne whoſe Baſes will be the Periphery, and Altitude its 

adius. 

This Method Kepler firſt uſed, and after him Cavalerius, 
calling a the Method of Indiviſibles, and Archimedes [nfi- 
niteſimals. 


# 


| CoROL: I. | 

412. Thus Circles are in a Ratio compounded of their 
Peripherys and Radii; but they are alſo in a duplicate Ratio 
of their Radii, wherefore their Peripherys are as their Radii. 

CoRoL. 2. 

415. The Sector of a Circle is equal to a Triangle, 

waoſe Baſe is the Arch, and Altitude the Radius. 
THEOREM 57. | 

417. In a right angled Triangle ABC, the Square of the 
Hypothenuſe AC is equal to the Squares of the Sides AB 
and BC added, (Fig. 24.) 

DEMoN- 


| 
| 
; 


| 
$ 
4 
| 
1 


to all three. 


58 Of cirehu. 
FP DEMONSTRATION. 
Draw AE, and BF, and BK, parallel to CF, then the 


Triangle ECA is the half of BCED, having the fame Baſe 
and Height, by Cor. Theor. 51. and fo is FCB the half of 


'CFKL ; but the 2 Triangles are equal, for o = x, then 


o+y =x+y; and ſeeing BC CE, and AC=CF, al 
are equal, therefore BCDE is alſo equal CFK L; and the 
ſame way it may be ſhewn that LK GA is = AHIB. 
| SCHOLIUM. 29 
This is called the Theorem of Pythazoras, becauſe he 
firſt found it, for which his Auditors ſacrificed 100 Oxen 
to the Gods, | - 
| CoRULLARY. | 
419. A Square is made equal to 2,or more, if the 2 Sides 
of 2 Squares be ſet at right Angles, and an Hypothenuſe 
drawn; and on the end of that Hypathenuſe there be raiſed 
a Perpendicular equal to the Side of a 3d Square, and the 
Hypothenuſe drawn, that will be the Side of a Square equal 


CoROL. 2. A 
420. If the Side of a Square be 1, the Diagonal of the 
Square will be to the Side as the Root of 2 to 1; but the 
Root of 2 is an irrational Number, therefore the two are 
Incommenſurable. | " | 
PROB. 22. 
425. To find the Ratio of the Diameter to the Periphery. 
Let there be a Polygon inſcribed of exceeding ſmall Sides, 
and another parallel to it circumſcribed, rhe Ratio of the 
Diameter to the Periphery will be leſſer than to the cir- 
cumſcribed, and greater than its Ratio to the inſcribed onc, 
the Periphery being leſs than the one, and greater than the 
other; and the difference between them being known, the 
Periphery may be known near the truth. 
SCHOLIUM. 15 
Archimedes by 96 Sides found the Ratio to be as 7 to 
22; for if the Diameter be 1, the Polygon inſcribed will be 
3 and circumſcribed 3 ; but 3.1416 is nearer, as Ludol- 
phus a Ceulen found, who brought out 28 Decimals more. 
| COROL. | 
429. Thus the Area of a Circle, whoſe Diameter is 1, 
is found by multip!, 3.14.16 by 2, or .25 by Prob. 50. 
PRO B. 23. | 
434, Having the Area of the Circle, to find the Dia- 


meter. : 
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Of. the Principles of ſolid Geometry. 59 
Find a 4th i to. 7854, 1, and the Area of the 
Circle, and extract the ſquare Root thereof. 
OROL. 
For finding the Content from the Diameter given, in- 
vert the Proportion, as 1 to the Square of the Diameter, 
fo is . 7 854 to the Area, 5 the Circle. 


Solids. 


5 — D Soy ENT » ION 1. 3 
or a is a Magnitude of 3 Dimenſions, 
ben Length, Breadth, and Depth. 
DERFTINITION 2. 
47. A ſolid Angle is the Inclination of more chan 2 
Line in differenc Plains, meeting in a Point. [IG 
1. Geet: ! 
447. Three Lines and Plains at leaft are e requiſir to 
make a ſolid Angle. 
SEHOLIUM. / 

470. They are ſaid to be equal, when being put within 

one another they would perfectly agree. 
OO ROL. 2. 

452. The plain Angles meeting in a Point muſt make 

leis than 4 right Angles, otherwiſe they fall into one Plain. 
DEFINITION. 3. 

45 3. A regular Solid is bounded wich regular and equal 

Plains, otherwiſe it's irregular. 
© DEFINITION: 

456. A Priſm is deſcribed by the Mizion of a right- 
lined Figure upwards. or downwards, being {till parallel ro 
icſelf, if the Line of Direction be perpendicular to the 
Plain ir moves to or from, it's a right Priſm; but if ob- 
lique, it's an oblique Priſm ; particularly if the Figure be a 
Triangle, it's a triangular Prim; if a Wenne a adran- 
gular Priſm, G. | 

Cor. N En 
| 457. Each Priſm hath two bee Baſes inch and is 
bounded with as y Parallelograrns. as hy gre hath 


Sides. 
DeyInITION 7. 
459. If the Plain that deſcribes the Priſm be a Square, 
and the Line of Direction . to the Sides, it's called a Cube. 
OR. I. 
461, A Cube is bounded with 6 equal Squares. 
DEFINITION 6. 
462. If the Plain that deſcribes the Priſm be a Parallelo- 
gram, it's called a Parallelepipedon, CoR0L. 


J 
5 
5 
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Cor oL. | | 
464. A Parallelepipedon is bounded with ſix Plains, of 
which the 2 oppoſite are equal. | d 


DEFINITION 7- 

465. If a Circle move upward, being ſtill parallel to it 
ſelf, it deſcribes a Cylinder, which is either right, when 
the Axis that joins the Center above and below is perpen- 
dicular to the Diameter, or ſcalene when it makes an acute 
or obtuſe Angle with it; or if a right-angled Parallelogram 
turns round on one ſide, it deſcribes a right Cylinder. 

DEFINITION 8. 

467. If a right-angled Triangle turn about on one L. 
the Hypothenuſe deſcribes a right Cone, the Hypothenu 
being its Side; or if the end of a Line move in the Peri- 
phery of a Circle, and the other fixed above the Center, 
a Cone is deſcribed; the Line from the Center to the Ver- 
tex is the Axis, which if it make an oblique Angle with 
the Diameter, it's a ſcalene Cone; in which caſe one end 
of the Side is above and the other below the Circle. 

DEFINITION 9. 

470. If a Semicircle turn about the Diameter, it de- 

ſcribes a Sphere. in 
DEFINITION. 10. 

472. A Pyramid is bounded with triangular Plains, equal 
in number to the Sides of the Baſe, all meeting in the Ver- 
rex, and is called triangular or quadrangular, according to 
the number of the Plains. | 5 

474 If it have many Plains, it may be reſolved into as 
many triangular Pyramids as there are Plains, excepting 2, 
(7. e.) a quadrangular into 2 Plains, and ſexangular Baſe into 
4 triangular ones. a ae | 
| DI NITION II. 

475. A Tetrahedron is a Solid contained within 4 equi- 
lateral Triangles, and an Octahedron within 8, and an Ico- 
ſahedron within 26, a Dodecahedron within 12. 

DEFINITION 12. 285 

476. The Meaſure of a Solid is a Cube; if its Side be 

a Perch, it's divided into ſmaller Cubes of a Foot or an Inch. 
4 THEOREM I. 

478. One part of a Line cannot be in one Plain, and 

another in another Plain. 
| ' THEOREM 2. 
482. If 2 Plains cut one another, the Line of common 


Section is a ſtraight Line. 
THEOREM 


' " Theorems concerning Plains. 61 


THEOREM 3. 

483. If 2 Lines are in the ſame Plain, the Line that 

cyts them is in the ſame Plain. 
THEOREM 4. 

484. If there is a Line on a Plain, and a Perpendiculat 
raiſed on a point of it, it will alſo be perpendicular to all 
the Lines on the Plain that paſs through that Point ; for 
any one of them may be conceived to be turned about 
the Point, till it come to the firſt Line. 

THEOREM 5. 

489, 490- There is only one Line that can be drawn 
from a Point perpendicular to a Plain, and it will be the 
ſhorteſt that can be drawn. 

THEOREM 6. 
492. All the gn” 7 gore to a Plain, are parallel. 
HE OREM 7, 

495. If 2 Lines are parallel to a third, tho' not in the 

ſame Plain with it, they are parallel to one another. 
/ THEOREM 8. 

If two Lines are parallel to two other that are not in 
the ſame Plain, the Angles contained between them is 
equal in both. 

THEOREM 9, 
If a Line be perpendicular to 2 Plains, they are parallel. 
THEOREM 10. 


499. If a Plain cut 2 parallel Plains, the Lines of com- 


mon Section are parallel. 
| THEOREM II. 

If 2 Plains, cutting one another, be perpendicular to a 

za Plain, the Line of Section is ſo alſo. 
THEOREM 12. 

If 2 Plains cut one another, there is the ſame Inclina- 

tion of the Plains every where at the Line of Section. 
THEOREM I. 

516. The Superficies of a right Cylinder taken without 
the Baſes, is equal to a Rectangle made of the Periphery, 
and Altitude of the Cylinder. 

DEMONSTRATION, 

It may be divided into an infinite number of ſmall Pa- 
rallelograms, whoſe Altitudes are that of the Cylinder, 
and whoſe Baſes make up the Periphery. 

THEOREM 2. 

A Cube, Tetrahedron, Octahedron, Dodecahedron, · Ico- 

ſahedron, are regular Bodies, and there can be no more. 


DEMON- 


62 Theorems and Problems concerni ng. Solids. 
D EMONSTRAT TON. 

A ſolid Angle cannot be made of 2 equilateral Triangles, 
for 3 are required at leaſt; and ſeeing 3 Angles of an equi- 
lateral Triangle, alſo 4 or 5, (all which are in a Tetrahe- 
ciron, Octahedron, and Icoſahedron) are leſs than 4. right 
Angles ; then by Cor. 2. Def. 2. they make a ſolid Angle, 
and no regular Body can be terminated with Figures of 


more Sides; for 6 Angles of an equilateral Triangle make 


4 right Angles; and ſo do 4 Squares, and 4. Angles, in a 
Pentagon, are greater than 360; therefore other Figures 
are unfit to make a ſolid Angle, which muſt confiſt of leſs 
than 4. right Angles. 

| PRO B. r. | | 

536. To meaſure the ſolid Content of Cubes, Paralle- 
Iepipedons, Priſms, and Cylinders. 

Find the Baſes they ſtand upon, and multiply theſe by 
their Heights. | 

„ 
29. To meaſure the ſolid Content of Pyramids and Cones. 

Find the Content of a Priſm or Cylinder that has the 
ſame Baſe, and take the 3d part thereof. | 

ROB. 3. 

To find the ſolid Content of their Fruſtums; (i. e.) ſmaller 
ones being cut from them. 

Firſt find the Content of the greater, as at firſt, from 
that take the Content of the leſs that is cut off, their 
Heights may be found, they being in proportion to half 
the Diagonals or Diameters of the lower and upper Baſes. 

THEOREM 3: | 

A Sphere is equal to a Pyramid, whoſe Baſe equals the 

Superficies, and irs Altitude the Radius. 
DEMONSTRATION. | 

The Superficies may be conceived to conſiſt of an in- 
finite number of Squares, to whoſe Angles Lines being 
drawn from the Center, they make ſo many ſquare Pyra- 
mids; then all the Squares or Superficies multiplied by the 
za part of Radius, or their Diſtance from the Center, 
gives the Content of all the Pyramids, or of the Sphere or 


Globe. 
CoROIL. 
552. The Cube of the Diameter will be to the Sphere, 
as 300: 1577 ferc. 
THEOREM 4. 
A Sphere is to a Cylinder of the ſame Baſe and Height, 


as 2 tO 3, (Fig. 26.) DE- 
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DEMONSTRATION. 

If the Square DABC, and the Quadrant DGB, and the 
Triangle DAC be all turned about DC, they generate a 
Cylinder, Hemiſphere, and Cone, the Diagonal AC will 
cut out one third of the Cylinder by Prob. 2. and one half 
of the Hemiſphere, becauſe DG = GB; therefore the 
Hemiſphere is to the Cylinder, as 2 to 3, or the whole 
Sphere to double the Cylinder, as 2 to 3. 

| THEOREM F. 

The Superficies of a Sphere is 4 times the Circle de- 

ſcribed; with the Radius of the Sphere. 
DEMONSTRATION. 

The Superficies is found by dividing the Solidity by the 
6th part of the Diameter, and the Solidity is found by 
multiplying 5 of the greareſt Circle into the Diameter, by 
Theorem 4. which Product, if divided by 4 of the Dia- 
meter, the Quotient will be F of the greateſt Circle, er 
4 times, and ſo is the NN 

o ROL. 

The Diameter of a Sphere being found, its Superficies 
and Solidity is thus any had. 
ROB. 4. 

To meaſure the Solidity of the regular Bodies. 

That of a Cube is done by Prob. 1. the other 4 may be 
divided into ſo many Pyramids, whoſe Vertex is in the Cen- 
ter ; and theſe are all found by Prob. 2. 

PRoOB. 5. | 

To find the Solidity of any irregular Body. 

Let there be a hollow Parallelepipedon made to con- 
tain it; and being laid in, Jet it be juſt covered with Sand, 
then multiply the Height of the Sand by the Area of the 
Bottom; and taking out the Solid, and ſmoothing the Sand, 
multiply that Area again by the Height of the Sand, and 
ſubſtract that Product from the former, and you have the 
Content of the Solid. | 

CoR0OL. 

Thus knowing the Weight of one cubic Inch or Foot, 

you may know the ke of the whole. 
ROB. 6, 

To find the Side of a Cube that ſhall be equal to a given 
Body, whoſe Solidity is known, or to the 3d or 4th of it. 
Extract the Cube Root of the ſolid Content, or of the 
3d or 4th part of it. 


THEOREM 


2. 
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64 Definitions and Problems 
THEOREM 6. 

Similar Bodies, whether Priſms, Cylinders, Pyramids, or 
Cones, are in a triplicate Ratio of their homologous Sides, 
and alſo of their Altitudes. | 

DEMON. 

They are in a Ratio compounded of their Baſes and Al- 
titudes, (for they are as the Products of their Baſes into 
their Altitudes) but the Baſes are in a duplicate Ratio of 
their homologous Sides, by Theo. 54. before, and the Al- 
ticudes are proportional to the homologous Sides of the 
Baſes; therefore the Bodies themſelves are in a triplicate Ra- 
ay of the homologous Sides, and likewiſe of their Alti- 
tudes. 


Co Rol. 

Spheres are to one another in a triplicate Ratio of their 
Diameters, or as their Cubes; for Spheres are made of an 
infinite number of Cylinders, increaſing or decreaſing, whoſe 
Altitudes being exceeding ſmall, their Baſes are neatly equal; 
and ſeeing theſe are, by the preceding, in that Ratio, ſo 
are the Spheres ; thus the Content of any Sphere may be 
had, for as 300: 157, ſo is the Cube of the Diameter to 


the Content. 
THEOREM 7 


A Cylinder, whoſe Altitude is the ſame with the Dia- 
meter of the Baſe, is to the Cube of the Diameter, as 
+7854 : tO 1. 

This is evident by Theor. 56. and Prob. 62. their Alti- 
tudes being the ſame with the Diameter. 


Of Plain Trigonometry. 


DEFINITION I. 

Plain Trigonometry is a Science, by which having three 
things in a plain Triangle, and one of them a Side, the 
reſt may be found. 

DEFINITION 2. 

The right Sine of an Arch, is the half of its Chord, as 
AO; the whole Sine is the Radius CL, or the Sine ot go 
Deg. the verſed Sine is a part of the Radius intercepted 
between the right Sine AO, and the Arch AL, as OL, 


(Fig. 1.) 
CooL. 
6. The Sines of obtuſe Angles are the ſame as thoſe of 


their Supplements, (i. e.) the Sine of ACD is the fame 


with chat of ACL, (i. e.) AQ. 
3 7 
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in Plain Trigonometry, © 6g 


DEFINITION 3. 

7. The Tangent of the Arch AL is a right Line touch- 
ing the Circle, as HL, perpendicular to the Radius CL; 
and the Secant of the ſame Arch is CH. 

CoROL. 

9. HL is the Tangent alſo of the Arch AL, and ſo is 

CH the Secant thereof. | 
DEFINITION 4. 


11. The Coſine, Cotangent, Cofecant of an Arch is the 


_ Tangent, and Secant of its Compliment to a Qua- 
rant. 
THEOREM HT: 

12. Sines of ſimilat Arches have the ſame Proportion 
to their Radii. 

DEMONSTRATION. 

The Chords have the ſame proportion to their Radii 
making ſimilar Triangles with them, therefore their Sines, 
which are the half of Chords, are proportional to the 
Radu. 

HyPoTHEST1s. 

13. If 1 be Radius, the Sines, Tangents, and Secants 
will be detertnined by decimal Fractions. TherebyTables are 
conſtructed; but we have no great need of Secants, ſee- 
ing the Problems of Trigonometry may be ſolved with- 
out them. 

8 the Side of « Thea 60D 

15. Seeing the Side of a Hexagon ſubtends 60 Degrees, 
half of it muſt be the Sine of 30 Degrees. — 

een . | 

x6. Having the Sine AO, to find its Coſine AS or OC. 

The Square of the Sine, ſubſtracted from that of the 
Radius, gives the Square of the Coſine. 

PRO B. 2. 

17. Having the Sine of an Arch, to find the Sine of 

half the Arch. 


The Square of the Sine, added to that of its verſed Sine, 


gives the Square of the Chord, which is double the Sine 
wanted. 


PRO 3. 3. 
21. To find the Sine of 45 Degrees. - 
The Chord of 90 Degrees being biſected, will give the 
Sine of 45 Degrees. 1 io 


F ScHOLIUM. 
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SCHOLIUM. 

22. Seeing the Side of a regular Pentagon is the Sub- 

tenſe of 72 Deg. half of it is the Sine of 36 Deg. 
. 

25. Having the Sine of 30 and o and 36, to 
gend al the cher Sines, ho 80 Fw 

From the Sine of 36 Deg. is found, by Prab. 2. the 
Sine of 18%, 9, 4, 30*, 2 15*; and by Prob. 1. is 
found the Sine of 54, 72% 81 85, 30), 87, 45*, and 
alſo their halves 27, 139, zo, 6, 4555 40, 30), 202, 
15, 422, 45', and from thence their Coſines 63 76®, 30), 
83®, 15, 49®, 300, 69®, 45 47% 15 and their Aa, 
by Prob. 2. and by Prob. 1. their Coſines, and again their 
halves; and ſo likcwiſe from the Sine of 455, and of 30 
found before, may be found the Sine of their halves, and 
Coſines. 

PRoB. 5 


26. Having the Sine of an Arch, to find the Tangent 
and Secant of that Arch, (Fig. 1.) 

Seeing the Tangent is parallel to the Sine, they make 
on the Radius 2 ſimilar Triangles CAO and CHL; then 
as the Coſine SA or CO is to the Sine, ſo is the Radius 
to the Tangent HL. And if HCL be 455, the Tangent 
LH is = Radius; and as SA or CO is to Radius CL, 
ſo is CA to CH. Thus having a Cannon for the Sines and 
Tangents for a large Radius, they may be found by the 
Rule of Proportion for a ſmaller one ; but becauſe mul- 
tiplying and dividing by high Numbers is troubleſome, 
there are found the Logarithms of theſe Sines and Tan- 
gents ; and adding and ſubſtracting theſe, ſerve for multi- 
plying and dividing by the Numbers themſelves, as was 
ſhewn in Theor. 1. and 2. of Logarithms, (S. 110, 111. 


Arich.) 
THEOREM Z. 

33. The Sides of a Triangle are as the Sines of their 
oppoſite Angles, and inverſely. 

36. For ſeeing a Triangle may be inſcribed in a Circle, 
each Side will be the Chord of the Arch on which the 
Angle oppoſite to that Side ſtands, and half the Side is 
the Sine of half the Arch, or of the oppoſite Angle; 
8 as one Side is to its half, ſo is another Side to 
its 0 


SCHOLIU Ms 


% - 
4 — 4 +. 
* 4 — 4 * 
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| SCHOLIUM. ; 
If the Angle be obtuſe, take the Sine of its Supple- 
ment to 180. 
| L EMMA. | 

29. If from the half Sum of 2 Quantities be ſubſtracted 
their half Difference, there will remain the leſſer; but if 
added, you will have the greater: | 
| DEMONSTRATION. 

For the greater is made up of the leſſer and difference, 
(F$.21. Arith.) and ſo the Sum is made up of twice the 
leſſer and the difference, and ſo the half Sum, of the leſſer 
and half difference ; if then the latter be taken from the 
former, there remains the leſſer, but if added, you have the 


greater, (F. 6. Arith.) 


| PRO B. 6. ö 

40. Having the 2 Sides of a Triangle CH and CO; 
_ the Angle included OCH, to find the other Angles, 
( 19.2, 

it it . a right-angled Triangle, as MKL, and the 2 
Legs given; then one being made Radius, as LK, the 
other, KM, will be the Tangent of the Angle L, then as 
LK : Radius:: MK to the Tangent of the Angle L; 
but if the Angle included be oblique, then as the Sum of 


the Sides is to their Difference, ſo is the Tangent of the 


half Sum of the other 2 Angles to the Tangent of their 
half Difference ; which, by the Lemma above, is to 
be added to the half Sum, and it gives the greater, (Fig. 
10.) 
DEMON. | 1 

Let a Circle be made with the greater Leg, as Ra- 
dius, and let the leſs be continued both ways, then HD 
will be the Sum of the Sides, and HA their Difference ; 
and DOA being a right Angle, ($. 317. Geom.) OD is 
the Tangent of DAO, which is the half of DCO, or of 
the Sen HCO; but CHO = HAO, and HOA, 
then HOA is the half difference of the Angles, and BA 
its Tangent to the Radius AO, then the 4azDHO and 
ABH will be ſimilar, therefore as DH : HA :: DO: BA; 


QE. D, (Fig. 2.) ä 
PRoOB. 7. 


41. Having the 3 Sides of a Triangle, to find the An- 
gles, (Fig. 3.) 2 
Let the Triangle be NED, and a Perpendicular falling 
on ND, as ER, cuts it into 2 Segments, then by (S: 333. 
| F 2 Jeom.) 
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Geom.) as ND: CD:: VD: OD, i. e. as the Baſe is 
to the Sum of the 2 Sides, ſo is their, Difference to the 
Difference of the Segments of the Baſe; which being 
added to half the Baſe, gives the greater Segment, by the 
Lemma above, by which the Angle D in the right-angled 
Triangle RED may be found; and the ſame way NR 
will give the Angle RNE. 


THE 
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SECTION L 
Of Arithmetic in Species. 


————— — —— — —— — 


CHAP.:I 
Of the Arithmetic of Rational Quantities. 


DEFINITION I. | 
. Athematical Analyſis, is a Method of reſolving 
M mathematical Problems. 5 
DEFINITION 2. | 
2. Arithmetic in Species teaches how to compute in» 
determinate Quantities or Numbers ; it's alſo called rea- 
ſoning by Species. 
PROPOSITION 1. | 
3. The firſt Letters of the Alphabet «@, b, c, d, &c. 
may be the Marks or Signs * given Quantities, and uf 
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laſt x, y, zz &c. for Quantities ſought, and the Quantities 
that are equal may be marked with the ſame Letter. 
N SCHOLIUM I. 

4. Seeing the Quantities given and ſought are repre- 
ſented to the Mind under different Ideas, they are alſo to 
be repreſented to our Imagination by different Marks and 
Signs. 

SCHOLIUM 2. 

5. We here follow Des Cartes's Method in his Geome- 
try. Some Emngli/bmen expreſs unknown Quantities, after 
the Example of Harriot in his Practice of the Analytical 
Art, by Vowels, and the known by Conſonants. Vieta, 
who was the Inventor of this way of reaſoning, uſed ca- 
pital Letters; and Harriot who firſt perfected it, and Des 
Cartes, who followed him, ſubſtituted the ſmall Letters. 

PRO P. 2. 

6. If there be given a mutual relation between Quan- 

tities that are to be expreſſed, or if the ſame may be 


otherwiſe known, it's thought fit to ſignify the ſame in the 


Expreſſion. 

For Example: If there are 2 Quantities ſought, of 
which one is 3 times the other, and the one called x, it 
will be better to call the other 3x, than to call it y. Like- 
wiſe, when the greater Quantity is made up of the half 
Sum, and the half Difference of two Quantities, and the 
lefler is the Difference of the half Sum, and of the half Diffe- 
rence of theſe 2 Quantities, (39 Trigo.) it's oftentimes 
better to call the halt Sum x, and the half Difference ; 
than to call the greater Quantity x, and the lefler y; thus 
the greater Quantity will be x + and the lefler x — y. 

| SCHOLIUM, - 

7, It will appear from what follows, what great advan- 
tage there is in expreſſing right the Quantities. The Cal- 
culation will both be ſhortned and made more eaſy, and 
the Solution of Problems oft-times more genuine: other 
advantages will appear in their place. We might have given 
more Rules for the right expreſſing of Quantities, but we 
deſignedly omit them, thinking they may be better taught 
by Examples than Rules. 

PROP. 3. 

8. The Signs uſed in Algebraic Operation are +, whic 
ſignifies more, as 3 ＋E 4 is 7; and — is leſs, as 7 — 3 is 
43 and = equal, and a tranſverſe Croſs as x put be- 


tween two Factors, is the Sign of the one multiplied 41 
: N 


— 


; 


* a. AA ak, Jan =. 


2 2 man wm —a—_ * 
r . 
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the other, as 4X 3 is 0 multiplied by 3, and 7x5 x9 are 
the Product of the 3 Numbers multipled into one another. 
If the Letters are joined without Points, as ab, it's the 
Product of a and 6, and bcd of b, c, and d. The Sign 
of Diviſion is —, thus 8 — 4 is the Quotient of 8 divided 
by 4, and a — b of a by b, and ſometimes they are better 
expreſſed Fractionwiſe, as 7 is 4 — b, and 4 is 34. 
As for the Roots of Quantities, they are expreſſed, thus 


4/2 is the Root of 2, and * 5 is the cubic Root of 55 
and the Powers are beſt expreſſed by the Method of Des 
Cartes, who puts the Exponent on the right Side of the 


Root, as 2 4, 4“, are the 24, 39, and 4 Powers of a, 


and 2+ is 16. 
PRO p. 4. 

10. If one or both Factors are made up of ſeveral Let- 
ters, they are incloſed in a Parentheſis; thus a +- b— c 
multiplied into d is writ thus (a E b—c)x d and a +b—c 
into d—9 is (a+ b—c) Xx (d- 9.) 

SCHOLIUM, ' 
11. Theſe Products are commonly writ thus q x a + b — c 


and a -b—c x d—9; but becauſe this is in ſome caſes 
troubleſome ro the Printers, we think Leibnitz's Method 
beſt, which is uſed with advantage in the Acts of the 
Learned at Leipſic, and by the very Reverend Father 
Guido Grando, who W wh i it into Italy. 
ROB. 5. 

12. Likewiſe, if the Diviſor and Dividend conſiſt of 

two or more Letters, they are expreſſed thus; (a +6) 


-— c is the Quotient of a + b divided by c, and 


(a +b) = (c—4d) is a+b—by c—4, and a- (44) 


c c—d 2 ＋ 
PR Op. 6. 

13. Undetermined Exponents, whether of Ratios or of 
Powers, are expreſſed by the Letters , 1, r, s, t, &c. 
For Example, x“*, y», 27, are undetermined Powers of dif- 
ferent kinds; and , ny, rx, are different Multiples or 
Submultiples of the Quantities x, y, Z, according as m, 
u, 7, are Integers or Fractions, ($. 31. Arith.) 


F 4 PRO 
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PROP. 7. 

14. If the Root conſiſt of ſeveral Letters, it's incloſed in a 
Parentheſis, and the Exponent added as before; thus (a 4- b 
— c)* is the Square of a+ b , and (a b — c® is any un- 
detetmmed Power of a + b c, ſome write them thus 
a Fb — a Pc“. 

DEFINITION 3. 

16. The Quantity that hath ＋ before it, is called poſi- 
tive or aftcmative, as being more than nothing; and they 
that have — are privative or negative Quantities, and leſs 
than nothing, or, by ſome, abſurd Quantities. 

CoROL. I. 

15. Becauſe 4 is the Sign of Addition, and — of Sub- 
ſtractica, when a real Quantity is added to nothing, the 
Quantity is poſitive, as o +23 is 3, and oa is a, and 
it ſubſtracted there remains a negative, as o— 3 is — 3, 
and o- a is — 4, 

SCHOLIUM. 

18. Let us ſuppoſe that you have nothing, and one gives 
you 100 L. you have then ſo much more than nothing, 
which makes a politive Quantity. Let us ſuppoſe again, 
that you owe 109 L. and have nothing to pay, you have 
then leſs than nothing, which is a negative Quantity : Ir's 
to be obſerved alſo, that poſitive Quantities by themſelves, 
or in the beginning, have no Sign prefix'd, and why ſuch 
as are more than nothing are called poſitive, and they that 
are leſs negative, appears from the Corollary, 

COROL.: 2. 

19. There are therefore Quantities privative of true 
ones, that is, wanting Reality, and therefore not real 
Quantities. 

| SCHOLIUM., 2. 

20. We meaſure the Defect by the Quantity deficient, 

and ſo it becomes intelligible. | 
CoRkoL. 3. | 

21. If that which was ſubſtracted be added to the Re- 
mainder, the Sum will be the Quantiry from which the 
Subſtraction was made; therefore — a + a=0o, and — 3 
＋ 3 So, that is, they mutually deſtroy one anather. 

COROL. 4. 

22. Becauſe one Detect may exceed another, (for ex- 
ample, if 7 be wanting, the Defect is greater than if ny 
3 were wanting) and the privative Quantity is the Defec 
ef a real one, (F. 19.) therefore a privative Quantity taken 

: , a 


Iz * 8 
2 . 
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a certain number of times may exceed another, for which 

reaſon privative Quantities are among themſelves homo- 

geneous, for that is their Definition, viz. one being taken 

2 or more times, will exceed the other, (F. 6. Arith.) 
CO ROL. 5. 

23. But becauſe the Defect of a poſitive Quantity taken 
ſo many times, can never exceed a poſitive, for it is ra- 
ther ſo many times wanting it, ($. 17.) Negative Quan» 
tities are heterogenous in reſpect to poſitive, (F. 6. Ar.) 

CoR0oL, 6. 

24. Seeing therefore privative Quantities are heteroge- 
neous to poſitive, (S. 23.) they muſt be homogeneous to 
privative ones; and ſeeing there can be no Ratio between 
privative and poſitive Quantities, there may be between 
privative Quantities, (S. 22. Arith,) For example, — 34 
— —J4=3 —5, 

SCHOLIUM 3. 

25. Ic need not be thought ſtrange there ſhould be the 
ſame proportion between 3a and — 5a, as between 34 
and ＋ 5a; for 4 Quantities may be proportional, when 
two of them are heterogeneous to the other two; for it's 
demonſtrated in Geometry, that Parallelograms that have- 
equal Baſes are to one another in the ſame proportion as 
their Altitudes are; and in Arithmetic, in the Rule of Three, 
the Prices of Goods are in the ſame proportion as the Goods 
have to one another, tho' the Goods and their Prices are 
heterogeneous; but they are deceived, who think there 1s 
the ſame proportion between — 1 and ＋ 1, as between 
+ 1 and N 13 (Y. 24.) 

THEOREM I. 

26. Any Quantity may be taken for Unity. 

 D& MONSTRATION. 

For every Quantity is in itſelf one, and it not being re- 
ferred to another determined Quantity, as Unity, (F. 7. Ar.) 
it may then be taken for Unity, (F. 1. Arith.) 

PROB. 1. | 

27. To Add Quantities that have the ſame Sign, or diffe- 
rent Signs. 

| RESOLUTION. 

1. If the Quantities are expreſſed with the ſame Letter, 
and have the ſame Sign, the Numbers prefix'd are added 
as in common Arithmetic, | 

2. If they have different Signs, inſtead of adding the 
Numbers ſubſtract the one from the other, and to the Re- 
mainder prefix the Sigh of the greater. 3 
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3. If the Quantities are expreſſed by different Letters, 
let them be added by the Sign + between them, (5 z.) 


Ex. 44a ＋ 26 — 20 — 54 — 9 2 —6 
5a — 2b + 6c + 24 —39 c 


9a T4 —3d—49 a—b-+c 
DEMONSTRATION. 
Seeing any Letter by which a Quantity is expreſſed may 
be taken for Unity, (F. 26.) then a + a+ a+ a= 44, 
therefore 44 +54= 94, The ſame way —g — 34 4g, 


which was one part. 
And becauſe 6c== ge + 27, then by the Demonſtration 


6c — 26=4e2e— 2, (F. 19. Ar.) but 20 — 2c o, 
(S. 21.) therefore 66 — 2c= 4c. Likewiſe — 5d=— 34 
— 2d by the Demon, but — 54 ＋ 24=— 3d — 24+ 24, 
and — 2d ＋ 2d being So, then —5d+2d is =— za, 
which was the other, the third part is plain. (F. 8.) 
5 SCHOLIUM. 

That this may be better underſtood, let us fuppoſe 4 

to denore a Pound Sterling, 6 a Shilling, and c a Penny, 


L s 4 


Then 74 — ob ＋ 5c = 1 
NR 
104 — 46 — 46 = 10 — 4 — 4 


By chis, or the like Example, may be underſtood the 
reaſon why Addition is changed into Subſtraction, when 
the Signs differ, and the Sign of the greater Quantity pre- 
fix'd to the Remainder : for in the Sum of 10 Pounds, 

c. are wanting, therefore if 5s. are added, the Defect is 
feilen d and brought to 4; and becauſe there are not 5 
whole Shillings, but 5s. — 94, to be added, the Sum, 
Viz. 10L, — 4s. excecds the Truth by 9d. which are 
therefore to be ſubſtracted: now in the upper Number, 
to which the lower is to be added, there are 5 d. theſe may 
be ſubftracted, and the other 4d. in the lower Number 
ſer down as wanting, or negative Quantities; and this was 
the way the Rule was diſcoyer'd by the firſt Inventor, 

THEOREM 2. 

29. In compound Quantitics, the Signs of the Subtra- 
hend are to be changed into the contrary, as + into —; 
and — into —. | 

DE MON 
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DEMONSTRATION. 

If c + d were to be ſubſtracted from a+ b, the diffe- 
rence would be a +b —c—4; and thus the Sign ＋ in 
the Quantity fubſtracted is changed into — by Prop. 3. 
($.8.) bur if - were to be ſubſtracted from 2 , 
and the whole c ſubſtracted firſt, there would then be ſub- 
ſtrated too great a Quantity by d, therefore 4 is again to 
be added, and it becomes a +b —c +4. Q. . B. 

PRO B. 2. 

30. To ſubſtract Quantities from one another, both ſuch 

as have the ſame and different Signs. 
RESOLUTION, 

1. If the Quantities have the fame Sign, and be ex- 
preſſed with the ſame Letter, and the leſſer be taken from 
the greater, the Subſtraction is to be made as in common 
Arithmetic. 

2. If the greater is to be ſubſtracted from the leſſer, the 
leſſer is to be taken from the greater, and the — Sign to be 
prefix d to the Remainder, if the Quantities were poſitive, 
but + if negative. 

3. If the Quantities have different Signs, the Subſtrac- 
tion is to be changed into Addition, and to the Sum muſt 
be prefix'd the Sign of the Quantity from which the Sub- 
ſtraction is to be made. 

4. If the Quantities are expreſſed by different Letters, 
the Signs of the Subtrahend are only to be changed. 

8a — 5c + 9d= 8 —5s + 9p 
27 


6a — 8c — 74 = 
24 + 36 + 16d = 25 + 33 + 16p 


gb + 15;— 74d + de — f 
66 + 20c —9d — ge + 7f 


36 — 5c aA 17e — of 


424 — e 
2 ＋4 | 3 3 
eee — c Ae 
a dA e979 
DEMONSTRATION. 


Seeing the Quantities expreſſed with the ſame Letter are 
either Unities, or Multiples, or Submultiples of the ſame, 
(F. 26.) 82— 62 will be =24, which was one part. 4 


* 
4 
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If the greater Quantity 207 — 9d is to be ſubſtracted 
from the leſſer 15 — 7d, the Remainder will be 15c — 74 
— 20c +-9d== 24 — Fc, (&. 29.) but 155 — 20c=— 5c, and 
— 74 d= ad, (F. 27.) therefore 15: — 74 — 20c ＋ 94 
= —57 ++ 24, which was the other. 

If —ge + 7 were to be taken from Se — 5 the Re- 
mainder would be 8e — f ＋ ge — 7f, (F. 29.) but — f 
— f — F) and 8 + ge=17e, (F. 27.) therefore 8e 
— f + ge — 7f = 17e— 85 which was the third. 

The 4th appears by Theorem 2, (F. 29.) 

Otherwiſe thus : 

1. Let the Signs of the Quantities to be ſubſtracted be 
changed, (F. 29.) which being done, 

2. Add them together, (J. 27.) or put out fuch as de- 
{troy one another. | 
For example, If from 96 + 15: — 54 + 8 —f were 
to be taken 66 + 20c — 9d — 9e+f, and 
let it become (by § 29.) — 66 — 20c + 9d + ge — f,, the Z 
Remainder (by F. 27.) will be 36 — 5c + 24+ 17e — 27, 
for +66 — 6b, and 150 — 156, and — 7d + 75d deſtroy 0 
one another, (F. 21.) 

| SCHOLIUM, 

it may ſeem ſtrange, that ſeeing negative Quantities are 
hererogeneous to politive, (F.23.) ſand ſuch can neither 
be added, (S. 6. Arith.) nor ſubſtracted from one another 
yet they are here both added and ſubſtracted from one 
another; but conſidering it with more attention you will 
und, that, properly ſpeaking, a negative Quantity is never 
added to a poſitive, nor ſubſtracted from it; but that in 
Subſtraci:::: there is added that which was ſubſtracted more 
than enough, (F. 30.) and that in Addition there is ſub- 
tracted what was added more than enough. 

| THEOREM ;. 

32. If a poñtive Quantity be multiplied or divided by 
à poſitive, the Quantity comes our poſitive in both Caſes, 

| DEMONSTRATION. 

For in Multiplication, as Unity is to one of the Factors, 
{o is the other to the Product, (F. 10. Ar.) but both the 
Factors are ſuppoſed poſitive, therefore the Produ& muſt 
be poſitive, (S. 24) which was one part. : 

If +2 be multiplied by , the Product is + ab by 
the Demonſtration ; therefore if 4- ab be divided by + a 

the Quotient will be +6; if by +6, the Quotient wi 
be + a, which was the other part, (F. 76. Ar.) 
THEOREM 
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33. If a negative Quantity be multiplied or divided by 
a politive, the Product and Quotient come out negative. 
DEMONSTRATION. 
To —— is the ſame as to add the Quantity ſo many 
times to itſelf as there are Units in the Multiplier, ( 10. 


Arith.) but the Sum of negative Quantities is negative, 


{F. 27-) therefore the Product of a negative into a politive 
is negative, which was one part. 

The Product of — « multiplied into H is — 46 
the Demonſtration ; therefore if — ab be divided by +5, 
the Quotient is — a, which was the other part. 
| THEOREM 5. 

34. If a negative Quantity be multiplied or divided by 
a negative, the Quantiry comes out politive. 

DEMONSTRATION. 

A negative Quantity, properly ſpeaking, cannot be mul- 
tiplied by another, (S. 10. Arith.) which is implied in the 
very notion of a negative Quantity, (§. 29.) as being re- 
pugnant to the poſitive Act ot adding the Quantity to itſelf 
ſo many times, wherein the nature of Multiplication con- 
fiſts, (§. 10. Arith.) wherefore this Multiplication takes 
place only where Negatives are joined to Poſitives, where 
there muſt be added that which was ſubſtracted more than 
enough: which we evidently demonſtrate thus; 

Let ACDB be a right-angled Parallelogram, in which 
let AC=a, CDS i, draw EF parallel to CD, (Theor. 
42. Prob. 13. Geom.) then becauſe EF = AB, and AE = 
BF, and the Angles at E and F right; ABFE will be a 
Rectangle, (Def. 6x. Geom.) The ſame way it may be 
ſhown, that HG being drawn parallel to BD, both GHBD 
and BHIF will be Rectangles, and conſequently AETH. 
Then let AE c, GD= a, then Ec A-, and CG 
=- d, and fo ACDB = ab, (Prob. 19. Geom.) and 
AEIH= be — dc, and HGDB= ad, (S. 33.) and if you 
ſubſtract the Areas of the Rectangles Al and HD from the 
Area of the Rectangle AD, there will remain the Area of 
Rectangle ECGl, that is, the Product of a—c into b — 4 
= ab —ad — bc +cA, (F. 30.) whence it appears, that the 
Product of —«c into — d will be + cad, which was one 
part, (Tab. 1. Fig. 1.) | 

In Diviſion we ask, how oft one Quantity is contained 
in another, (4. 11. Arith.) therefore being to divide a ne- 
ative Quantity by a Negative, we ask how oft one oy 

I 
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fect is contained in another, (F. 19.) therefore the Quo- 
tient that ſhows it muſt be poſitive, which was the other. 
SCHOLIUM. N 

35. The third and fourth Theorem may be alſo demon- F 

ſtrated by a Rectangle. | ' 
THEOREM 6. 

36. If a poſitive Quantity be multiplied or divided by a 

Negative, the Quantity comes out negative. 
DEMONSTRATION. 

Seeing in Multiplication the Multiplicand is added to it- 

ſelf as oft as there are Units in the Multiplier, and that 
the Negative is but a Defect of a certain Quantity, (§. 19.) 
the Politive, properly ſpeaking, cannot be multiplied by 
the Negative; therefore Multiplication here only takes 
place where Negatives are joined to Poſitives, where that 
is to be ſubſtracted which was added more than enough; 
which we thus demonſtrate. 

Let LMON and PMOQ be Rectangles, and in them 
NO Sa, MO=6b, QOS c, NQ will be 22 - c, and 
the Area POM = bc, LNOM = ab, therefore LNQP 
==b (a -c) Sab —bc, therefore b multiplied into — c 
makes — bc, which was one part, (Tab. 1. Fig. 2.) 

- The Product of — c into —d is ＋ cd, (S. 34) therefore 
if you divide cd by — c, the Quotient will be — 4, which 
was the other part, (F. 76. Arith.) 

THEOREM 7. 

37. In Multiplication and Diviſion the ſame Signs make 

+ and different Signs —. 
DEMONSTRATION. 

If the Quantities, mutually multiplying or dividing one 
another, be poſitive or negative, the Quantity in both caſes 
comes out poſitive, (F. 32,34) but if the one be negative, 
the other poſitive, the Quantity comes out negative, (F. 

37 36.) therefore the ſame Signs make +), and different 


: * 1 2 
3 "PPE ee : "gs 


igns —. Q.E. 
PRO B. 3. 
38. To multiply Quantities together that have the ſame 
or different Signs. 


This is done as in common Arithmetic, obſerving only 
the Rule, (F. 37.) that the ſame Signs give ＋ and diffe- 
rent —. 


a+ 


5 * * 
R - x Fr \ # "of 
2 PS: 5, 48 4 
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a + c a +b — 4 
b+ 4d a — b — 4 
ad + cd — ad — bd ＋ ad 
ab + be r 


aa — bb — 244 4. dd 


10 = 8+ 4—2 K 
2 ra. tage. 1 
—16—8+z — 30 ＋86 
; —3J2—16+8 — 100 — 44 
4+ 32 — 16 56 = 100 — 50 ＋ 6=50-+6 


This laſt Example gives us an ocular Demonſtration 
of Multiplication by one's Fingers, as 2 and 3 being the 
Diſtances from ten, 2 Fingers are held up in the one Hand, 
and 3 in the other, the Fingers folded being counted fo 
many tens, (i. e.) 50, and ſubſtracted from 100 remain 50, 
to which the Product of the 2 into the 3 being 6, added 
to 50, make the Product 56. 

PRO B. 4. 
7 To divide compound 3 | 
f one Quantity can be exactly divided by another, as 

when the Dividend ariſeth from multiplying the Diviſor 
into another Quantity, (F. 76. Arith.) the Diviſion is per- 
formed as in common Arithmetic, obſerving the Rule 
that the ſame Signs give more, and different Signs lets, 
(§. 37.) but if not, regard muſt be had to what is in F. 8. 

For Example, to divide aa — bb — 24d + dd by « — 
b —d. 

a—b—d) 2 bb — 2ad + M(a+5—4 


aa — ab — ad 


+ a —b.— ad + df 
＋ ah — bh — bd | 
＋ ba — ad + ad 
— tid + ad 


O O O 


Here it will be needful to put the Terms in the Divi- 
dend, that correſpond to thoſe in the Diviſor, in the ſows 
order 


171. — 


1 
* 
4.4 
N 
. 
; WT 
vv 
* 
* 
, 
: 
: 
* 
+1 
: - 


= * * 2 — - * — 
— — — * ” a — _ 
. _ 


| 
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order as above ; and if the Diviſion cannot be made ex- 
actly, what remains is to be affix d to the Quotient as a 
Fraction. 

ProB 5. 


To add a Fraction to another, or to ſubſtract one from 
another. | 


Theſe are done as in vulgar Fractions, ($.88,89. Ar.) Ex. If 


- and -_ were to be added, they are firſt brought to one 


Denomination, viz. 2 and = „ (F. 87. Ar.) whoſe Sum is 
z | 
„ r. 


Likewiſe, if the Fraction 7 was to be taken from 


c . , ad | be. . . 
=» being Ou as before to 2 and 5 their diffe- 
. bc—a 
rence is ——— » (§. 30.) 
PRO B. 6. 


To multiply or divide a Fraction by a Fraction. 
This is alſo done as in common Arithmetic, (S. 91, 22. 


Arith.) Ex. If - were to be multiplied by 4 the Pro- 
ac c arc — 3 
duct would be 77 Or if —; were to be divided by = 


the Quotient would be 7 3 they might be ſet 


4 
down thus = — = „ (F. 86. Ar.) 
Co Ro L. 1. 


43. Seeing a „ (F. 8. Arith.) the Product of à into 


= (i. e.) of an Integer into a Fraction, will be - * 2 


ac 


= — 3 whence it appears, that only the Numerator of 


the Fraction is to be multiplied into the Integer, when the 


Fraction is to be multiplied by an Integer, as in common 
Arithmetic, (91 Schol. Arith. ) 


CoROL. 


4 fo 7 "2 * * 
W 


r 


ä 
7 9 
* = 


5 &* aft Er we 


— + * We © =, | 1 
a 2 * 
R 
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CoROL. 2. : 
44. And therefore if a Fraction be divided by an Integer, 
I c 


28 - by 4, it will be 7 Xx — or , Which ſhews that 


4 ad 


the Denominator of the Dividend is to be multiplied by 
the Diviſor, and the Product ſubſcribed. to the Numera- 
tor, as was before ſhewn. 


PRO B. 7. : 
To divide any Quantity by a compound Diviſor. 
Tho young Beginners may paſs this Problem, with its 


Corollaries, till they have more need for it afterwards yet 


this being its proper place, we ſhall give the Method 


here. 


Let the Divition be made the common way continually, 
till it appear the Terms in the Quotient will come out in- 
init? remembering the Rules of changing the Signs when 
me Jing, lubſtracting, or dividing. 

Fzample, If + were to be divided by a+c. 


a Tc) b (= — ＋ — — — » &C. infinitely. 


a ad a3 
be 
b + 7 
* 
a 
833 
5 2 
by be - 
EB 
2 c3 
3 


bs 
— = » &C. infinitely, 


For if b be divided by 2, the Quotient is © „ (f 8.) 
| | a 


the Product of - into a+c is = _ 2 (§. 43.) or 


6 + 7 (. 86. Arith.) which being taken from the Di- 
G vicend 
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3 þ TS ; 
vidend 6, leaves —2 » (F. 29.) Again, if — < be di- 
vided by 4, the Quotient will be — = „(. 44.) then 
the Product of a +c into — 2 is — 8 „ (F. 


aa 44 
43,37.) or == — „ ($- 86. Arth.) which being 


2 
taken from the Dividend — = leaves + = „ (F. 29.) 
Thus it appears how the Diviſion is to be continued; but 
having found but 5 Terms, both Quotient and the Me- 
thod of Diviſion will ſhow, that the . 5 is made up 
of an infinite Series of Terms, whoſe Numerators are the 
Powers of c, whoſe Exponents differ from the number in 
their Order by 1, all multiplied by 6, and the Denomina- 
tors are the Powers of 42, whoſe Exponents are equal to 
the number in their Order, as in the 3d Term the Power 
of c is the 2d, and of à the zd. 
| CoROL. 1. 

46. If b=1 and a=1, by ſubſtituting their Value in 

the Quotient there come out 1 — c + — , &c. infi- 


1 4 f 
— — — ＋e — 3 &c. n- 


CoR ol. 2. | 

47. If the Terms in the Quotient continually decreaſe, 
the Series will give the Quotient as near as you pleaſe. 
Ex. If b=1, and c=1, and 2 2, their Values being 
ſubſtituted in the general Series, or in the Diviſion made 
as in the general Example, it will be found that 5 or 

1 
A i1—i+i—-%+%#— n &c. Now 
let us ſuppoſe the Series ends in the 4th Term, it will in- 
deed want a little, but it will be leſs than 2; and if it 
end in the 6th Term, the Defect will be leſs than +35 5 
therefore the longer the Series be continued, it will come 


nearer the true Quotient. 
SCHOLIUM. 


77 will be found = 4—3+ 
3 I 


* + vid Go. infinitely, and 4 or IEA 


nitely, therefore 
finitely. 


48. Likewiſe +4 or 


1 

+ 
I 
T6 


_ — * * 7 _ 
B.. 
— A * r | £44 PS 

6 
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1 
— + £ —:3z>&Cc.infin. and 3 or — =t—4+ 


12 — fr, &c. infin. which gives a conſtant Rule by 
which all Fractions, whoſe Numerator is 1, may be ex- 
preſſed by a Series of infinite Terms in Geometrical Pro- 
greſſion continually decreaſing, whoſe Numerator is always 
1, and the Denominator of the firſt Term, which is the 
Exponent of the Ratio, differs by 1 from the Denominator 
of the Fraction to be reſolved. 
CoROL. 3. 

49. If the Terms in the Quotient do continually increaſe, 
the Series the longer it be continued goes the ſurther from 
the true Quotient ; nor can it be made equal to it, except 
when the Series ends you add the Remainder, with its Sign. 


Ex. Let 3= g - 5 the Quotient will be found 1 — 2 


＋4—- 8416 - 64 ＋ 128, &c. the Term 1 exceeds + 
by 3, and 2 Terms want 4, and 3 Terms want 5, and 4. 


want =, and ſo on. Let us ſuppoſe the Series to end in 
— 8, then = =1—2 +4 —8+ 2, but 1—2 


+4—8=—5=—-, therefore 


— ä — 
— — 


1 16 1 * 

28 — 

. 
— 1 a 

3. Likewiſe, if 1 1 the Quotient will be found 

1— 1+ I — I-+ I — I, &c. where the Terms being 

even are o, wanting continually 2, but the Terms be- 


ing odd make 1, con equently the Excels = 2; therefore 
I 


X72 =1—+xz or = 0+5, Let us ſuppoſe the gene- 


ral Series to end in — c3, (F. 46.) then 


= 
V 
. (U, (. 87. Arith.) =— „ ($. 21.) 


SCHOLIUM 2. 


I 3 
51. Becauſe, if 1 - be reſolved into a Series, 


the Quotient, though never ſo much continued, differs 
from the Fraction 1 in (Y. 49-) the RE 
2 1 
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in the preſent Caſe is in vain ; whence appears the 
Cauſe of the Error which Guido Grando committed in his 
Treatiſe of the Quadrature of the Circle and Hyperbola, 
Cor. 3. Prop. 7. Part 1. p. 1 29. where he infers, that be- 
cauſe 1 — 1 +1—1+ 1— 1, &c. infinit. =o, the Sum 
of the infinite Nullities is Z; which Error Leibnitx knew 
in bis Acta Eruditorum, Tom. 5. ſup. p. 264. & ſeq. 
DEFINITION 4. 

52. A Serics which approaches continually to the Truth, 
is ſaid to converge; and which continually goes from it, 
is ſaid to diverge. 

Co Rol. 1. 

z. Therefore a Series of Fractions continually decrea- 
ſing, (§. 4.7, 48.) are converging, but others whoſe Terms 
continually increaſe are diverging. 

PROBLEM 8. 

54. To multiply or divide any Power by another that 
hath the ſame Root. 

1. In Multiplication add the Exponents, and the Sum 
will be the Exponent of the Product. 


PF, y* yn a 1 * 
„ 7 s 
3 4 * FI 
2» Fa ** ain gr ,n+5 


2. In Diviſion, ſubſtract the Exponent of the Power of 
the Diviſor from the Exponent of the Dividend, the Re- 


mainder will be the Exponent of the Quotient. 


m＋ A m 2 
7 
* x3 9 W. (9 —7 X — F, 
x + „ 1 2 * 
a * 


DEMONSTRATION. 

Seeing the Exponents of the Powers are in Arithmetic 
Progreſſion, ($. 94. Arith.) and the Powers in Geometric, 
the former are properly the Logarithms of the latter, ($. 
109. Arith.) therefore the Sum of the Exponents of the 
Powers multiplying one another, will be the Exponent of 
the Product, (S. 110. Arith.) and the Difference of the Ex- 
panents that the Powers in Diviſion have, will be the Ex- 


poncnt of the Quotient. Q. E. D. 
8 SCHOLIUM- 
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SCHOLIUM. 
55. The Progreſſions Geometrical are 
x* x" x" $7 x* 3 x* x7, &c. 
TTV 
for x — x=x" —= x* , (F. 54.) but x =x=7x, 
therefore x = 1. 
PROBLEM 9. 

56. To raiſe any Power to another of a given Exponent, 
or to extract a Root from it of a given Exponent. 

1. Becauſe the given Power is a Root in reſpect of the 
one to which it's to be raiſed, (S. 93. Arith.) and the Ex- 
ponents are Logarithms of the Powers by the Demonſtra- 
tion in the preceeding Problem, (F. 54.) there will be had 
the Exponent of a new Power, by multiplying the Expo- 
nent of the given Power into the Power to which it's to be 


raiſed, (F. 111. Arith.) Thus if the Power x” be to be 


raiſed to the Power u, it will be x””, and the Power y3 
to the 2d Power is)“. 

2. In like manner we know, the Exponent of the Root 
is had by dividing the Exponent of the Power by the Ex- 
ponent of the Root, (S. 111. Arith.) thus the ſquare Root 


of x5 is x3, and the Root » of x is x”, and of xm is 


„ 


CoRol. : : 
57. Hence it is that V = x?, and = xs, and 
m 


x =x” , (F. 111. Arith.) therefore irrational Quan- 
tities May be brought to a rational Expreſſion. 
SCHOLIUM. | | 

It will appear in the following Chapter, that this Re- 
duction is of great uſe; for if irrational Quantities be brought 
to a rational Form, there is no need of a peculiar Calcu- 
lation for them, for they may be uſed as Rational, as was firſt 
nuzht by Newton and Leibnitz. 


688 
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CHAP. I 
Of the Arithmetic of Irrational Numbers. 


PRO B. 10. 


59. 10 reduce Irrational Quantities of different Deno- 
minations to the ſame Denomination. 


Let the Quantities to be reduced be i x” and T's 


* 4 * 
and becauſe ,/ ,® = x and, y/ yr =, (F. 57.) the Diffe- 
rence of Denomination ariſes from the different Exponents, 
and the Exponents are Fractions which may be reduced to 
others equal to them, but of the ſame Denomination, (F. 
87. Arith.) therefore ſurd Quantities are reduced to the 


{ame Denomination, when their Exponents are reduced to 
* Ns r mr 7 


the ſame, therefore xm = xm, and j5 = , or xm => 


ms 1 ms 

V x", and yy=4/,?, (F. 57.) Ex. Let the Quantities 

to be reduced be 2 and 5; now becauſe / 2 == 27, 
| 1 

| and y 5=57, (8.57.) being reduced they will be 25 and 


5e, ( 87. Aritt.) (e) Vs and y/5*, ($57 ) or by rai 
ſing 2 to the third Power 4/ 8, and 5 to the ſecond Power 


6 — 
925. : 
SCHOLIUM. 3 
60. If one cen ſcarcely underſtand this way of reducing 
irrational Quantities to one Denomination by their Expo- 
nents, he may find they will be brought to the ſame Form 
by Algebra, as we ſhall afterwards ſhew. 
PRoB. 11. 
To reduce irrational Quantitics to a more ſimple Ex- 
preſſion. 


1 
G1. If the Quantity to be reduced be y/ 2%”; now 


becauſe that is equal to a7x®, (F. 57.) and x* a= x; 0 
5 , 


—— 
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8 L n 

56.) ax will be equal to amx = xy a”. This Re- 
duction may be made, when the Quantity under the radi- 
cal Sign may be divided by a Power which hath the ſame 
Exponent with the radical Sign. The Diviſion is to be 
made, 1 Quotient under the radical Sign, and the 
Root of the Diviſor prefix d to it. 


Ex. Let TG, or * 92 be reduced; now becauſe 8 
is a perfect Cube, which will divide 16, its Root being 2, 


we have 79227. The ſame way 9 3 
is found equal to 24/3, and / 18=y/9xX2=3y/2, and 


„153 "i 
y/ 48=y/16X3=2y3, 
CoROL. 1. 

62. Tf irrational Quantities of the ſame Dimenſion have 
the ſame Quantity under the radical Sign, when reduced 
to a more {imple Expreſſion, they will be to one another 
as the rational Quantities prefix d to the Signs, (F. 61. Ar.) 
and therefore irrational Quantities may be commenſurable. 
Ex. / 8=y/4X2 =2y/2, and y18=y/9x2=3y/7, 
therefore 37 2: 24/2283: 2, (i. e.) y/18 : V as 3: 2. 
In other Caſes they are incommenſurable. x 

SCHOLIUM I. 

63: The irrational Quantities of that kind uſed to be 
called communicable. 

Co Rol. 2. 

64. By this Problem one may find a Ratio in rational 
Numbers between irrational Numbers, if there be any. 

Co ROL. 3. | 


m m 
65. Becauſe Y a®x” = xv a”, (H. 61.) the Quantity 
partly rational, and partly irrational, 1s brought to a pure 
irrational, if the rational Quantity be brought to a Power, 
whoſe Dimenſion is 1 2 by the Exponent prefix d to 
the radical Sign, and that Power multiplied by the Quan- 
tity, (F. 47. Arith.) under the radical Sign. 


— 1 — 12 — 
Ex. FY/2=y/ 2X25 = +4 50, and TY Z=yY 3x53 2 


3* 125 8375. 
SCHOLIUM 2. ——— 
66. If you ask, how it ſhall be known if the Quantity 
under the radical Sign may be divided by the requiſite 
G 4 | Power 
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Power, and what Number that Power is? Let the Quan- 


tity be reſolved into its ſeveral Diviſors, among them you'll 
find all the Powers from the firſt to the requiſite one, if 
you have to do with Numbers. 


Ex. To know whether 368 be diviſible by any Power 
of the 4th Dimenſion. The Diviſors of it are, 


2 184 
41 IS 
8 46 
$600 


he will find by trying the Diviſion by the leſſer Numbers, 
and putting the Quotients on one fide. that 2 is the Power 
of the firſt Dimenſion, 4. of the 2d, and 8 of the 3d, and 
16 of the 4th; therefore 16 is the requiſite Diviſor, therefore 
4 8 
308 2 3. 
Pros. 12. 

67. To add irrational Quantities, or to ſubſtract one 
from the other. 

If the irrational Quantities be communicable, and being 
reduced are commenſurable, (F.63.) the rational Quantities 
before the Vinculum or Radical Sign are either added or 
ſubſtracted, as there is occaſion, and the Sum or Diffe- 
rence prefix d to the radical Sign; all other things are as in 
the Addition or Subſtraction of rational Quantities. Thus 


it will be found 4/5 + y/ 18$=24y/2Z 3 ($61) and 
— — 3 — 294%. % — 9 
Fenn 24+ +y 81=y/3X2+y/ 3X27 
2 3 _ _ — 
„T on 
Likewiſe / 18 8 = 3 —y/2 2, and 
3333 3 1 > JEET 8 1 
= I=5SY ZZV VZ 24. 
But / 7 and 4/5 being incommenſurable, (F. 62.) their 
Sum is y/ 7+ y/ 5 (. 27.) and their Difference y/ 7 — 4/5, 


30. 
And hence the Examples of adding compound Quantities 
may be underſtood. 


4y/3 — 7 +71v7 ＋ 

v3 + 0/23. Tee 

Sum 5y/3__ AY +10/7+4vF 
that is , L 25+ 2X 10+ 700+ 4/5 X16 
or y75 TY32 +y7oÞydo 


In 


A 
4 
F 
85 


N 4 
s 4 
72 
A 
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In Subſtraction. | 


77 —TV3 +. 
203-304: 
Diff. 272 — 123 —+17y10 
that is / 2&4 — y/3X144 + y/ 10 Xx 289 
or 8 — 4/432 ＋ y/ 28900 
DEMONSTRATION. 
In Problem 1 and 2, (§. 27, 30.) they are all manifeſt 
from the Demonſtration there. 
PROB. 13. 
x9 divide and multiply irrational Quantities by irra- 
tional, 
Let the Quantities under the radical Sign be multiplied 
or divided, and to the Product or Quotient prefix the ſame 
radical Sign, with its Exponent; but if the Radicals are 


of different Denominations, let them be firſt brought to 
the ſame, (§. 59.) 


Ex. in Multip. / 3X y/ 5 = ß, and N vV3z=y 36 
=6, Likewiſe in compound Quantities. 


v3 +v2 v2 +v3 
E y2+V3 
3 D 
3+y6 3 . 
3— 2= 1 2 H2y/6 + 3 
V3 — 5V2 
5s + _3y6 
＋ 21y/ 18— 15y/ 12 
35y/ 24 — 109 


35y/ 24 + 21y/18— 15y 12 —.100 
that is 70% 6 + 63y/ 2— 30% 3 — 100 


8 + V2 + 32 
75 + y/2 + 32 


+16+ 8 + 32 
+ 


Likewiſe 
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Likewiſe in Diviſion y/8 V =, a, and 12 


-= V2, and in compound Quantities. 


v3) . 


— — 


* 
2 = 273 
* 
0 


SCHOLIUM r. 


69. Sometimes alſo this Diviſion is uſed when the Di- 
viſor is a compound Quantity; but ſeeing it is but very 
ſeldom, and there may be famous Advancements in the 
Analytic Art, tho' it ſhould be unknown; nor is it with- 
out. Difficulties we reckon it needleſs to explain it here. 
Ozanam teaches it in his new Elements of bra, Lib. 1. 
Prob. 4. 

SCHOLIUM 2. 

70. It appears moreover from the Calculation already 
given, that if the Quantity be affected with a double ra- 
dical Sign, ex. gr. if it were (3 y/2) y/2, the Operations 
are all the ſame way, if it be obſerved that the Quantity 
under the firſt Vinculum are handled the fame way as we 
nave uſed the Rational before. 


d ee Ee, en 
= = 3 2 
y (BY 3) + (9 12) = 5 (2/3) 


= yy 7500_ 
— 7 (50y3 
Likewiſe in Multiplication. | 
3 V2 v v5 +2 
V2 bo 55 


3 v2 TYAN 
1 Y, oy : 15 71 50 or : Fas 


= 


A. 

1 
0 
5 

r 

\ 


© ee ACT RE | L 
- 0 I ̃ LY I oe o-- 
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v(3 + v2) v(3 + 2 


b 
* 
2 

5 


, 
— 37/3 — 86 —372 — 2 
15 + 5y/2 9+3 72 


(15 © 572 — 3/3— 
Neb "Room as y (3 P 2) are called . 
SCHOLIUM 3. | 

71. The Roots are called Imaginary, if the Quantity 
under the radical Sign be negative, as / 2, for the Quan- 
tiry — 2 cannot be a Square, all Squares being poſitive, 
(F. 93. Arith.) (F. 37.) but it eaſily appears, that the Ad- 
dition and Subſtraction of imaginary Roots are to be done 
the fare way as in real Roots; thus V. — 18 + /— 8 
=3/ —2 Þ2/ —2=5/—2=y/—50,and / — 18 
——8=4/—2; and becauſe a negative Quantity un- 
der the radical Sign is to be conſidered as a politive, the 
Sign is not changed in Multiplication, but there is prefix d 
the Sign — to the Product, as well as to the Factors, 
otherwiſe imaginary Factors would make a real Product, 
which is abſurd ; therefore the Rule for the Signs is only 
to be obſerved in reſpect of the Roots, and not of che 
Quantities under the radical Sign. 


2 1 n r 9 een a 7 * / e 
IO «nt ot Fo ads Cs 8 1 * k 
* r r 


Ez. = — =. /—3 + V=2 
f =15 = = a1 r 
2122 
8 + 22 
＋4 2 
— 8 — 4 
—_ 5 


That is, / —2X /—- 2 =— 2, and IX =1 =— 1, 
therefore — 1 X — 2 =2. | 
3 J T2 3 
ee Bac. ali 
F 


. a OPT A HR 
45 y —10 + 6y/—15 Woe. 
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CAA ML 
Of the Uſe of calculating by Letters for finding 


out Theorems. 


PAO I: 
72. PO find what kind of Number will come out 
| the Addition, Subſtraction, and Multiplication of 
even Numbers. | 
Becauſe an even Number may be divided by 2, let it 
be called 24a, and the other Number 2c, then 


＋ 22 24 24 

= 2C 2c 2C 

24 + 20 24 — 2c 4a 
THEOREM, 


The Sum, Difference, and Product of 2 even Numbers 
are even. 
PRoB. 15. 
73. To find what kind of Numbers comes out by add- 
ing an even Number to an odd, or ſubſtracting one from 
the other, or multiplying one by the other. 


Let the odd Number be 2c 1, and the even 2a, then 


2c +1 20 +I 20 1 
24 2a 2a 


Sum 2a+2c+x Diff. 2c + 12a 4ac 24 Prod. 
THEOREM. 

If you add or ſubſtract an even Number to or from an 
odd one, in the one, the Sum, and the other, the Diffe- 
rence will be an odd Number ; but the one multiplied by 
the other make an even Number. 

PRO B. 16. 

74. To find what kind of Number comes but if you 
add an odd Number to, or ſubſtract it from an odd one, 
or multiply the one by the other. 


Let 


N | " = 
& SSD. 3 F * : 


* N * = * 
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Let the odd Numbers be 22 ＋ 1 and 2b + x, then 


2a +1 2a +1 24 +1 
2b. +I 2b +1 26 +1 
24 +26 +2 Sum 24 —2b Diff. 24 +I 
4ab +34 
4ab + 2a +2b+1Prod. 
THEOREM. 


If an odd Number be added to or ſubſtracted from an- 
other, the Sum in the one, and the Difference in the other, 
is an even Number; but if you multiply the one by the 
other, the Product is odd. 

PROB. 17. 

75. To find what kind of Number comes out, if you 
add a number of even Numbers together, or an even 
number of odd ones; or laſtly, an odd number of odd 
ones together. 

Let the even Numbers be 22 +26 2c + 24, their 
Sum being the ſame gives this Theorem. | 

The Sum of ever ſo many even Numbers is even. 

Let the odd Numbers ae I, 26+ 1, 20 ＋ 1, 24 -L x, 
&c. and their Number 2», their Sum will be 22 + 26 
+ 2c + 2d, & c. + 2 an even number, there being as 
many Units as Terms. | 

An even Number of ever ſo many odd ones is even. 
Again, let the odd Numbers be as before 2a + 1, 2b 1, 
2c +1, 24+ 1, &c. and their Number 2 ＋ 1, their 
Sum will be 22 ＋ 26 + 2c ＋ 24, &c. + 2m + 1 an odd 
Number. 

THEOREM. 

An odd number of odd Numbers, tho' ever ſo many, 

being added, the Sum is alſo odd. 
SCHOLIUM. 

It is to be obſerved, that there is an Art in the analyti- 

cal Expreſſion of the odd and even Numbers. | 
PRO B. 18. 

77. To find what kind of Number it is by which an 
odd Number meaſures an even one. 

If the odd Number meaſures an even one, then the 
odd one multiplied by the even one makes an even Num- 


— — — — 


ber, therefore 22 + 1 X 26 = 4ab + 26, therefore 44 + 
26, divided by 24 ＋ 1, gives 25, ($. 76. Arith.) 
| THEOREM. 
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THEOREM. 
An even Number divided by an odd one, the Quotient 
is even. 
Co ROL. 1. 
78. It alſo appears, that the Number that meaſures an 
even Number by an odd one, is even. 
Co Rol. 2. 


79. Becauſe 2ab4J-b — 2a PIT Ab, it's plain alſo, if 
an odd Number me-ſures an even one, it will alſo meaſure 


its half. 
PRoOB. 1 


80. To find what kind of N 2 it's by which an odd 
Number meaſures another. 

If an odd Number meaſures another, the ſame will be 
the Product of 2 odd ones, (5. 73, 74.) therefore 24 + 1 
* 26 + 1 =44b ＋ 24 +2b+ 1, therefore the ſame di- 
vided by 24 ＋ 1, gives 26 + 1 an odd Number, (F. 76. 


Arith.) 
THE OR EM. 

An odd Number meaſuring another, does it by an odd 
Number. 

PRoB. 20. | 

81. To determine the Difference of Squares, whoſe 
Roots differ by an Unit. 

If one Root be u, the other » + 1, the Square of the 
greater is an + 2» 1, and of the leſs z*, ($. 93. Arith.) 
and their Difference 2» + 1. 

THEOREM. 

The Difference of 2 Squares, whoſe Roots differ by an 
Unit, is an odd Number, being twice the leſſer Root 
+ 1, or the Sum of the Roots. 

CoR OL. I. 

82, Thus the Tables of ſquare Numbers for Roots in- 
crealing by an Unit, are ealily made, by adding continu- 
ally the Roots of the Antecedent and Conſequent ro the 
Square of the Antecedent. 

| COR 0L. 2. 

83. If 2=1, then 2» + 1= 3, and if »=2, then 
* 1 5; and if 2 = 3, then 2 ＋ 1== 7, &c. there- 
fore the Differences of ſquare Numbers are odd Num- 
bers going on in a continued Series, as 1, 3, 5, 7, and 
by the conſtant Addition of theſe odd Numbers you have 
the Squares. FE NE On a 

PRO. 


E 0 tonlbd dh Ad 


W * rd a JO >. — n 
G — . A - 


Ch. 3. Of finding out Theorem. ogg 


PRO n. 21. 

84. To determine the Difference of 2 
Cubes, whoſe Roots differ by an Unit. 

Let the Roots be ꝝ and Ax 4 1, the Cube 
of the greater is 23 + 3 + 3» +1; and 
of the leſſer *, (Def. 54. Arith.) their 
Difference 3#* + 3» + 1, or * ＋ 2n* 4 
» + 2nu+1, and * + 2» + 1, being = 


— — — 
Av 2222228 | 
— 
S S 


. o On Þ vw wn 


. — 64] 
= + 1, the Difference will be n+ 1 | 17] 81] 
+ 2n* þ 2. 19 100 


THEOREM. ha 
The Difference of 2 Cubes, whaſe Roots differ by an Unit, 
is the Sum of the Square of the greater Root, and twice 
the Square of the leſſer, and of the leſſer Root. 
COROLLARY. 

85. Having made a Table of Squares, ($. 82.) from 
thence may be made a Table of Cubes by Addition only. 
PRoOB. 22. 

86. To determine the Quantity ariſing from the Sum of 
2 Quantities, multiplied by the greater or the leſſer of them, 
and likewiſe multiplied by their Difference. 

Let the greater Quantity be Q the leſſer q, then ſum 
Q +9, and differ. Q — 4, then 


Q + + Q + 
4 Q. ? 7 


why E 
2+ Q Q 5 
r 22 1141. ES +& 

QQ — 49 


THEOREM. 

The Product of the Sum of 2 Quantities, and one of 
them is = the Square of the one part, and the greater 
multiplied by the leſſer. And the Product of their Sum 
by their Difference is the Difference of their Squares. 

CoR0OL. 

87. If the Products or Rectangles Q. + O, and Q 
＋2* be added, there comes out the Square of Q+ 4, 
(Theor. 36. Arith.) if then Qt q be multiplied, firſt by 
and then by 2 you. have the Square of the whole, 

ROB. 23. 

88. If the whole be divided i 2 equal Parts, and into 

2 unequal Parts, to find the Product of the unequal Parts. 


Le: 
3 


— 


_— 
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Let the equal Parts be 2 + a, and the Difference of the 
Parts 6b, the greater will be a+ 6, and the leſſer 2 — b, 
therefore a +bX a—b=q*— bb, if therefore you add 
52, you have 43. 

THEOREM. | 

If a whole Number or Line be divided into 2 equal 
Parts, and 2 unequal, the ReCtangle of the unequal Parts, 
with the Square of their Difference, will be = to the Square 
of the equal Part. 

Co ROL. 

89. Becauſe 2 T is = a* L 2ab + b*, and a —b* 
= aa —2ab | b*, (Theor. 36. Arith.) their Sum 2a* + 
2, that is, of the Squares of the unequal Part is = twice 
the Square of 2, and 1 the Square of the Difference. 

ROB. 24. 

90. To determine other Rectangles or Products from 
two Parts, into which the whole is divided. 

Let the Parts be AW q, the Square of the whole is 
QQ + 2Qq + 2“, and by adding 2 you have 2Q + 
207 +7 = 2Qx Q +9 +47. 

THEOREM. 

The 8 of the whole, with the Square of one part, 
is = to the Rectangle made of twice the part multiplied 
by the whole, and the _— of the other part. 

And if you x 2Q +q by itſelf, you'll have 40. ＋4 


1 
THEOREM. 0 

The Square of the whole added to one part, is equal 
the Square of the other part, with 4 times the Square of 
that part, and 4 times the Rectangle of the parts. 

PRO B3. 25. 

91. To determine the Rectangle made by multiplying 
the whole divided into 3 parts by one of them. 

Let the whole be a + 6 þ , that multiplied by c is 


ac + bc + cc. 
THEORE M. 


The Product of the whole, divided into 3 parts, and one 
of the parts is = the Square of that part, and the Product 


of the ſame into the other 2 parts. 
PRoB. 26. 


92. To determine the Rectangle of a Line divided into 
what parts you pleaſe, and another undivided, , 
ct 


* 4 
7 
1 
7 
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3 
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4 
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Let the Parts divided be a, b, c, and the undivided d, 
their Product is ad + b4 + cd, &c. l 

| THEOREM. — B18. 

On the foregoing Suppoſition the Rectangle will be = 
the Rectangles from the undivided Line, multiplied into 
each part. 

PRO B. 27. 

93. To determine the Rectangle made from the whole 
divided into 2 parts, multiplied into each part. 

Let the whole be a ＋ b, then C/ K a* + ab, and 
a +bx b = ab + bb, therefore the Sum 42 ＋ 2ab + 


bb is = the Square of a + b> (Theor. 53. Arith.) 
THEOREM. 
If a right Line be any way divided, the Rectangle 
under the whole, and each part, is = the Square of the 
whole. | 
| PRO B. 28. 

94. To determine the Quantity of the Rectangle made 
from the whole, divided into 2 equal parts, and a part 
added, into the part added. 

Let the whole be 22, and the part added c, then 24 +c 
Xc=2ac+ cc, but . = a* + 22 + cc, therefore 
the Difference is a*. 

THEOREM. 

The Rectangle under the whole, and the part added 
into the part added, together with the Square of one half, 
is = the Square of the half, and the added part. 

PRO B. 29. 

95. To find a general Theorem for raiſing a Binomial 
to any Power. 

Let a+ 6 be the Binomial, its Square is a* + 2ab ＋ 
6* and Cube a? + 3aab + 3ab* + b?, (F. 85. Arith ) &c. 
as you may ſee trom the annexed Table. 


11 | 14 
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— 
ta 16 

1a * 
1% [30% 
a“ my 
ta 54 
6 
1a? [7a 
my 84% 
1a9 |9a*b 
m7 [10a%b | 


— Po, 

16® of a+ b 

7ab® 167 | 

2 3a*b* [ab? wo | 
8420 | 364%67 | gab* 
210a%* 1294267 172˙55 
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loabꝰ | 1h*? 
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b 
refixed, called by 
ikewiſe, that the Products 
ate found by making 2 Progreſſions Geometrical, the one 
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beginning at the deſired Power of the firſt part of the 
Root, and ending at an Unit; and the other beginning ar 


an Unit, and ending at the Power of the other part of 


the Root; as if you were to find the 6th Power of a +6, 
write the Powers thus : 


7 f 


„ 1 85-0. .03% þ*: Sorin: 4. 


Then 45 ＋ a*%b + a*b* + a%63 ＋ 426 + abs + Ls 


will be the Terms in the 6th Power of a + 6, by multiplying 
the Powers above by thoſe below; and to find their Uncix, 
that of the firſt Term is always an Unit, and that of the 
2d is the Exponent of the firſt, and of the third is the Ex- 
nent of 2 in the 2d Term, multiplied by the athx'd 
ncia, and divided by 2 = 15, and of the 3d is the Ex- 
nent of a in the zd Term, multiplied by the prefix d 
ack 15, and divided by 3, and fo of the 4th, Gc. which 
gives the 6th Power, as before in the Table. 
And if you would raiſe a Binomial to an undetermined 
Power m, it will be 


/ mak BF. rad WO Lend 
3 b* 42 þ+ bs, &Cc. 
and being multiplied become ö 


er, andthe Uncin 
are found the ſame way as above. 


The Uncia of the 2d Term is . e 
of the 3d —_— -M 
J 

N 
of the 5th ——— ee eee 


TOE | + 
Wherefore if you multiply theſe Unciæ into the Pro- 


ducts anſwering them before found, we have 
. mXm=— 1 Mm 3 2 


* + es * I, + ad : _ 32 + 


MXM——IXM—2 wy — qmm - IXM—? — OE 
De- -, . ee 4. 
2 XJ 2X 344 
mn —I XN - 2x n — 2x1 — 4 „% — 
| ene : n — 4 555 7 &c. 
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But becauſe a” = a and © = aa? 
anda” 32 a3, &c. ($. 54.) theſe Values being 
lubſtituted, (F 3. Arith.) it becomes 

n m N muxm—1X amh* mxm—IXW—=2 amb 
T7 IR T 1725 —_— 


— 1 m —2 X mM — 
2 - * 3 2 4. 
IX ZX 3X4 | 


a* 
mMAM—IXM—IXM—JXM—4 my 


IX2X3X4X5 


25 infinitely. 


Moreover, if according to the excellent Sir Iſaac Neu- 
ton (in his Letter in 1676 to Leivnitz, in 3d Vol. fol. 622 


ot Malliss Works) we put 2 P, and 7 * Q, then 42 
2 „ 3833 A 
= and N * and 1 and — =Qs, &c. 


theſe Values being ſubſtituted, it will be P“ + —P*Q 


MX M—] 


+ TG + a + 
I 

Moreover, let P'“ = A, then 2 Pa —AQ, and 
let P.. B, then N = == 
Let —BQ= C, dien — — — p = 
mM — 2 


—CQ. Then let ——CQ= D, then 


MXM—IXM—2Xm—YJ 


4. i | ge OY 
TEFEEY Pm = 7 DO and let 


mn N ix m- 2x n—3 X mM 


— p 
IX2X3 X4X5 * 


1 — 4 


5 EQ and ſo on infinitely, at laſt there will be 
a + b” 


_— 


x» c © ane 


* * 


Ch. 3. O finding out Theorems, IO! 


Y FHN =P" + aA 
m — 2 m — 3 a 
5 


finitely. 


SCHOLIUM T. 

96. This Theorem indeed was brought our by Induc— 
tion, Which does not come among the Methods of De- 
monſtration; but ſeeing the Induction is founded upon 
obſerving a conſtant and neceſſary Rule, it may well be 
uſed, tho" we thought fir afterwards to demonſtrate theſe 
things in another Method. 

SCHOLIUM 2. 

97. That this Theorem may be underſtood more eaſily; 
we alſo thought fir to illuſtrate it by Numbers: Suppoſe 
then we would find the 4th Power of 18, or 10 ＋ 8, then 
m , P=10, Q = , or +; therefore Pm = 10* = 
10,000 = A, | 

mMAQ = 4X 10000 X 4 = '**9%? = 32000 =B. 

m —1 

2B; x zaooo x=; X 32000 =6 x 6400 = 


38400 = 4 
* —2 ; 
2 85 CQ=2Z x 384000 x 4=5, x 38450 = 322 


= 20480 = D. 


1 mms 
DO — 42 N 20480 * += +7 X 20480 = 2.2452 = 
4096 = E. 
nd * 

n EQ =o x 4096 ? =0, 

10000 = A 

2000 = B 

38400 = C 

20480 =>-73 

04096 = E. 


104976 4th Power of 18. 

And the ſame Power will be found, if 18 be divided 
into any other 2 Parts, as 6 and 12, then P=6 and 
Q ==, Or 2. 7 

Therefore P = 6+ = 1296 = A, 

H 3 mAQ 


 * X” 
— — 


A 
— 4 — — — 5 
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* AQ == 4x 1296 * 2==8X 1296 10368 D B. 


0368 * 2== 3X 10368 = 31104=C. 


2 
Ede x $164 x44 5 pe i 
41472 =D. 
9 2 4147 
3 DQ =; x 41472 X22 4K 41472 = 2 = 
25730 = 
| W— 4 ——— 
— 3 OX 20736 o. 
1296 = A 
10368 = B 
31104 = C 
41472 = D 


20726. KE 


104976 the 4:h Power of 18. 
COROL. I. : 


In be a Fraction, then P“ +—AQ 2. — "BQ, cc. 


will be the undetermined Root of P PQ, (F. 57.) and 
fo the ſame Theorem will ſerve for extraction of the 
Root. Ex. If the {quare Root were to be extracted from 


— Ye 
a4 — wx, then m =, (F 57.) P = 4, and Q =——; 
” 71» — XX — X27 
and P 487 =4= —AO = Jax —— = 
2 A and AQ = Ax — * 
8 Daa xX*X-x* I —2Xx# 
; | 24 X aa 3 4 * 243 
— K* — 2 — K Rx — x* 
z . v 
8.8 O and 3 CQ 3 =. 
e e 106% D, and 
ip 2— 3 — XX mo 63 1—6Xxx® 
4 4 1645 X 4 8 * 167 
-e xXx x*® $ . 2 
Z = EL, and fo infinitely ; therefore 7 ( — x*) 


* 2 * + K* 5 ex*® 
——— 


24 843 1645 1284“ 


SCHOLIUM. 
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SCHOLIUM 3. 
If the calculating Fractions ſeem troubleſome to any, 
they may (with Sir Iſaac Newton) ſubſtitute for , in the 


general Form 5 , and he will have this Form P + P * 
. 2 2 

F 
mn — 4 


* _ EQ ; he who would bring Quantities to any 


Power by this Form, let him take 1 for =. 
SCHOLIUM 4, 
100. He that would extract the Root of the Powers of 


. 2 2 mM ” HEE ZION, 
determinate Numbers, may uſe this Form a — 7. I, 


— 51 — 27 M— 3» 


&c. which will give the Root, putting a Number for . 
Ex. If the biquadrate Root were to be extracted from 
104976, m will be 4; whence may be had the 4th Power 
a* + 4a%b + 64*b* + gat5 + 6+, the Biquadrate whereof 
may be had by the ſame Method as the Square and Cube 
Root was found; viz. ſceing beyond 427, the Biquadrate 
of the firſt part, 4 Products are to be taken away, 4 Figures 
to the right-hand are to be taken off by a Point, and the 
neareſt biquadrate Root of the other Period 10 is 1, which 
is a+, as in the following Calculation. 


1014976018 443 = 4 
1 F { . 
3 
4a3 b 32000 5 
6a ⁰ 38400 | 215 | 
424 i == 280480 fave of 
64 == 4096 RAY _ 
— — 6a*b*== 384. 

914975 172 512 


If the Root hath more than 3 Figures, the Operation is 
to be repeated as in extracting the Square and Cube Roots; 
and if the Number, from which the Root is to be ſub— 
ſtracted, be not a perfect Power, let the next Power leſſer 
be = P, and the Remainder divided by it, as in the Ex- 
traction made in the common Method, be = Q, n= 1, 


H 4 and 
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and u the Exponent. Thus by the Theorem, in the pre- 
ceding Scholium, may be had an infinite Series that will 
give the remaining part of the Root. 

Ex. If the Root of 2 be deſired, the Square next leſs 
is 1, Which taken from it remains 1. Then P= x, and 


QS =I, and m=1, and 2 =2, then P =1= A, and 


mM 8 77 — 77 n 

AQ == =B, and 2 30 - x 3= 74 

— 2 e 
33 i and 


. K 
R * ＋ NN NN 
— mY I IX3 IX ZXF 
e V TE IN 4 T 2x46 2X4X0X8 
&c. =1 + i—4+7; — 43> &c, where the Series of 
Fractions aenotes a part of the Root leſs than 1. 

Moreover, when 4/2 is the Diagonal of a Square, 
(Theor. 57. Geom. Cor. 2.) whole Side is 1, it may be 
found in rational Terms, and the Ratio of one to the 
other may be had near enough for practice. 

Ex, It for the Diagonal be taken 1＋ 4, the Ratio 13 
to 1, or 3 to 2, Will be more than the true Ratio of the 
Diagonal to the Side, but the Exceſs will be leſs than 3; 
and if again we take 1 +L— 4 or , the Ratio will be 
leſs than the true one, but the Defect will be leſs than 4 
and ſo on. 


= FE, 


COROL. 2. 

101. A Polynomial may be conlidered as a Binomial, if 
2 or 3 parts of it be taken for one; and therefore the 
fame Form for railing Binomials to any Power, will ſerve 
tor Polynomials. 


Ex. If the Trinomial c + 44-g were to be raiſed, ſup- 
poſe to the th Power, the Form being a + =" * "wh 


& let 4 and 4 ＋L g=. then D FT, =* + 

43 4+; Ger +4 ag +4 +2, and an 

being = ma” = ge 4 +g and —_ 3 
mn m m — 2 „„ 


8 ＋3 and 53 a 3 =4ca+g* 


62 


mn 


2 
; 

| 3 
Y 
* 
2 
1 
%] 
3 
5 
4 
= 
bh 
4 


9 


W * 3 * 


n 


„ 
9 a 


A * 4 WI" FIERY 


5 
: 
7 
4 
; 
5 
. 
4 
* 
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mn — IX — 2&1 — 
5 2X JX 4 


34 — 4 = 4 ＋ g; ſo that 


IZ, by the Theorem, =4* + 2d + g?, and IT g* 


TH, en 
6d*g* + 445 +27, therefore UTZ = þ 403d + 


4% +60 d* + 120 dg + 6c*g? + god? + 12ed*g +12:dg* 
+44 pdt ads + 64'g* ＋ 44g +8. 


1 L 3. 1 
102. And if an Infinitinomial, as a + by + cy* c= 
A ey* + fy* +8y*, &c. were to be raiſed to . Power 
or its Root to be extracted, then for the firſt Term à pur 
a, and for the reſt b, and proceed as before. 
PRO pP. 25. 

106. To determine the Sum of the firſt and laſt Term 

in Arithmetic Progreſſion. 


If the firſt Term be a, and the Difference of the Terms, 


whether increaſing or decreaſing, be d, then the Series will 
be as below. 


a, a + d, 4 T 2d, a ＋ 3% a+4d, a + 54 
a 


«+44. 0 50 
24 + 5d 2a ＋ 54 24 + 5d 
Alſo 
a, a+ d 42 ＋ 2d. 4 434 4 + 4d 
a + 3d. 4 ＋ 24 * 
2a + 44 24+ 44 2a + 44 


THEOREM. - 

The Sum of the firſt and laſt Term is equal to the Sum 
of any two Terms equally remote from the firſt and laſt; 
and if there are an odd number of Terms, it's = to twice 
the middle one. 


0 36, 9 %% 15 +18. . at 
1 


24 =24= 24== 24 
Cox ol. 1. 
107. Therefore the Sum of Terms in Arith. Progreſſion 


is found by multiplying the Sum of the firſt and laſt, by 
half the number of Terms. 


Coo. 


F _— - 8 
* — — 
* * 


—— — 


* 


1 
© | 
15 
*. 
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| CoROL. 2. 

108, If then a = firſt Term, d the Difference, and 2 
the number of Terms, the laſt will be 4 L —- 14, ( 
104. Arith.) therefore the Sum «will be 4» 24 + z—1 4 
(F. 107.) = an AZ — x d (i, e.) multiplying the firſt 
Term à by the number of Terms », and to that add the 
Difference mult. by the Z Difference between the number 
of Terms and its Square. Ex. Let a=3, =, dz, 

„ RY 42 
then the Sum 21 + _ : x 3=21 + FCN 3= 214+ 
3 = $4. 
3 


CoRoOL. z. 

110. Let a=1, d=2, then F Series will be 1, 3, 5, 
7, Cc. all odd Numbers, their Sum will be * 
M , (0 108.) thus it appears that ſquare Numbers 
come our by continual Addition of odd Numbers, and 
therefore their Differences are odd Numbers, ($. 83.) 

COROL. 4. 

111. Let a 2 24, the Sum will be z* + 23? — 22, 
(S. 108.) Ss, (F.21.) therefore each Cube may be re- 
lolved into an Arithmetical Progreſſion, where the firſt 
Term, the number of Terms, and Difference, are each 
of them equal to the Root of the Cube, as 8 is reſolved 


into 2＋E 6, and 27 =3 ＋ Y 15, and 6424 ＋ 12+ 
25 +2?, x 


SCHOLIUM. 

112, Hence appears a Method of bringing ſpecial Theo- 

rems trom Algebraic Forms. 
DEFINITION 4. 

113. The Denominator of a Ratio is the Quotient ari- 
{ing from the Diviſion of the greater Term by the leſſer. 

| COROL. 1. | 

114. Thus the greater Term is found by multiplying the 
leſſer by the Denominator, and the leſſer by dividing the 
greater by the Denominator 5 if then the leſſer be a, and the 
Denominator , the greater will be ma; and if the greater 


25 4 a 
be 2, the leſſer will be ne whereſore 2 expreſſes the 


” 


Ratio of leſſer Inequality, and ma of greater, (& 29. Ar.) 
and becauſe = = a x = (§. 4 3.) if M be expreſſed by 


¹ 
I 8 
a Fraction thus — » then „ will expreſs any Ratio. 
CoRoL. 
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CoR0OL. 2. 

115. A Ratio of Inequality is that where the Antece- 
dent is greater than the Conſequent, (F. 29. Arith.) and 
therefore its Denominator is the ſame wich the Exponent, 
(§. 31. Arith.) 

CoR ol. 3. 
116. In a Ratio of leſſer Inequality, the Exponent of 
a 
the Ratio — , (§. 31. Arith.) (F. 114.) (i. e.) — (6. 
86. Arith.) is a Fraction, wherein the Numerator being 
an Unit, the Denominator is the ſame with that of the 
Ratio. 
SCHOLIUM. 

117. The Exponent and Denominator of the Ratio are 
in Authors ſynonymous Terms. But the modern Writers 
define the Exponent of the Ratio the ſame way as we do 
the Denominator, uſing the ſame Exponent for the Ratio 
of the leſſer and greater Inequality, which ſeems more com- 
modious for analytical Demonſtrations; and therefore we 
ſhall, inſtead of the Exponent, uſe the Denominator of 
the Ratio, (S. 71. Arith.) 

PRO B. 30. 

118. To determine the Product of the firſt Term in 
Geometric Progreſſion into the laſt. 

If the firſt Term be a, and Denominator , the Pro- 
greſſion will de by, (S. 114, and 109. Arith.) 


a, ma, m*a, m*a, mia, n, 
Mm a 34 2 4 aA 


m 2 = m* ꝰ a* == 1 
THEOREM. 
The Product of the Extremes is = that of 2 Means 
equidiſtant from the Extremes, or to the Square of the 
Mean, if the number of Terms be odd. 


Ex. 3.6.12. 24. 48. 96 


BS: 1 2 
288 = 288 =258 
PRO B. 31. 


119. To determine the Quotient ariſing from the Di- 


vilion of the Difference of the firſt and laſt Term by the 
Denominator — 1. 


If 


— 8 
823 * 
n 


” 
—_—— — — _ 


— 
— — 


— w or EIN, er 5) 


_ —— all... — — * 
a al - — — _ 
— 4 2 oe. OA I... 


— a 


— 
- 


— 
- 
n 
- 
- 
— — — — 8 —— 


— — > — 
* —— — — — - 


— — 


Fl - 
= « of ere r—_—_ * — 5 0 
— os be en oe” — 


— — 
— 
me” — — 


A — 


— — 
— — 


* 


—— als. ap ent Pacnagert 
* + A „„ 


"XY 
_ — a _ 2. "Pikes... 1 


= * 
: . I II — . — — - 
- — 22 
- = . — 5 — 
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If the firſt Term be a, and the Denom. , and the 
number of Terms , the laſt Term will be "** ad 
the Difference n. 4, which if divided by m— 1, 
the Quotient will be * 2 + m3, + 2 +, — 
m 52 + , m* Ta, &c. 


m—1) mama (nm a + 1 324 m 44 —— 


m" Ia, &c. 


dw Ia—a 


wm dow + 


a 
&c. 


— 


9 
If » be determined, ſuppoſe it 7, then » — 7 So, and 


„ J men a, and the Diviſion is at an end. Hence 


appears, 
THEOREM 1. 
If the Difference of the firſt and laſt Term in Geom. 
Progreſſion be divided by the Denom. — 1 the Quotient 
will be the Sum of all the Terms, except the laſt. 


And ſeeing m 1: 1:: 1: * 1 — 42: * 24 + 


u. 3a, &c. (F. 58, 54. Ar.) then 
| THEOREM 2. 

As the Denom. — 1 : 1 :: the Difference of the leaſt 
and greateſt Term to the Sum of all the Terms, except 
the greateſt ; and if the greateſt be added, you have the 
Sum of all the Terms. 


| CoROL. 2. 
20 „ = 2 1—1 
121. The laſt being 1, then as m" 4 
NH — — 
— a is to m - 1: - „ 4 to 


m— 1, (F. 87. Arith.) and ſo is 4 — 4: m—1, (F 21.) 
and therctore if the ſame Sum be called s, then - 1: 
1—1 

m 
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m:: 4 : 5, ( 103. Arith.) thus the firſt or leaſt 
Term is to the Sum, as Denom. — t is to its Power, 


(whoſe Exponent is = number of Terms) wanting an Unit, 


| 6 — 
as if M==2, a , and »==8, the Sum will be 2 5 
= 255. 


CoRo L. 2. 
122. If the firſt Term be a, and Denominator , and 


laſt Term * 14, the Sum will be ** — 4 divided by 
n — I, (F. 121.) and the Difference between the laſt Term 


and the Sum = ( 1 — a) divided by m— 1, and be- 


ma — 4 
tween the firſt, and the Sum, COIN. © ( 
ma —a— ma da ma — ma 
nn: "ms, (§. 87. Arith.) then 


the former Difference is to the latter, that is, as 
7 n- 14 — 4a n — na 


m —1 ES... m— 1 . ($. G1. Ar.) (i. e.) AS . 
4 to "a — ma, (i. e.) as 1 to m, (F. 62. Arith.) 
CoROL. 4. 


123. If therefore the Difference between the firſt and 
the Sum be divided by the Difference between the firſt and 
laſt, the Quotient will be the Denominator, (F. 11. Ar.) 

PRO B. 32. | 
Ex To ſearch fora Ratio, where there is an appearance 
of it. 

Here you necd only expreſs the Terms analytically, and 
by changing thera ſeveral times, find whether their Expo- 
nents are equal or not, (§. 38. Arith ) 


Let there be 2 Quantities, 4 and ma. 


I. 2: ma | II. a : ma 

e b 

ac: mac:: a:. ma + a; ma 4: N 

| 6 C 
III. a : ma IV. a : 1a 
3 „ mb b : mb 
a —b : ma—mb:.: a: ma= Y ub :: at ma 
140 . or:#: ad 


Moreover, 
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Moreover, let a: Ma as b: mb 
then by alternation a: U:: ma: mb 
and inverſely ma:a::mb:b 
and by Converſion a KE: a::bEmb:b 
by = N a + ma: ma:: nb: mb 
by Diviſion ma—a :a::imb—b:b 
or as ma —a : ma :: n- : mb 

Likewiſe *: m: Þ” : m"—þ" 

a : nac :: b: mbc 

ma £4 b mb 


8 © — 

c C 
ac: ma :: be: mb 
2 & 0 
= 3 * mb 
ac nac :: b .mb© 
„ b :mb 
5 
ac : mac :: bd . mbd 
. 
7 3 
ac: mad :: bc : mbd 
& -- b mb 


3 ny 
Let the Terms be thus diſpoſed a : ma : : b: mb 


ma: mna:: mb: mnb 


then by right a: mna:: b: mnb 

and by Perturbation let a: na :: b: 
b 

and ma:mnma::-:6 

then ex quo a : m:: : mb 
n 


In theſe ways of Expreſſion, by reducing them to Frac- 
tions, there will be ſeen a Similitude of Ratios in them all; 


mac mM 


thus ac; mac: 1: mm or — — 
ac I 


or as b : mb : 1: m or as ; =, where you fee that 
the Exponent is the ſame in both. 
Co kol. 
Seeing m—1 : 1 :: „ 44: 5 2. 
Tun 4, &c. c + a, (Theor. 2. F. 119) 7 
22 — 
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m - 1: i:: 12 — 4: 2, (F. 124, n. I.) ma—a:a:: 


— 1 —2 1—3 1 — 
„* 12 — 2 to m a jw „„ J, &c. 


＋ a, (i. e.) the Exceſs of the 2d Term above the firſt, 


is to the firſt, as the Exceſs of the laſt above the firlt, to 
the Sum of all the Terms, except the laſt or greateſt. 
PROB. 33. 
To find the Ratios among Terms in Geometrical Pro- 
greſſion that begin with an Unit. 
The firſt Term being Unity, the 2d will be the Deno- 


minator of the Ratio, (S. 114.) which 24 Term is either a. 


prime Number or compoſite, and in another caſe either a 
Square or Cube, or ſome other Power ; and ſeeing a prime 
Number cannot be divided but by an Unit, (S 12. Arith.) 


it is fitly expreſſed by the primitive Character , thence. 


we have a Series of Terms in Geometrical Progreſſion. 
Im m mn m* m* ms, &c. 


Now becauſe the Terms come all our by the Multiplica- 
tion of the 2d Term into itſelf, (S. 109. Arith.) they can 
be divided by no prime Number but by the 24, which ap- 
pears evidently in the general Form; tor that , m?, 
m*, m*, mo, cannot be divided but by mm, appears from 
(F. 54.) and ſeeing the 24 Term is in this caie the firſt 
Power, the following Terms are Powers going on in a 
continued Order of the ſame Number, every greater Lerm 
may be divided by the leſſer, and by no other, (§. 54.) 
We have therefore, 

THEOREM 1. 

If in the aforeſaid Series; beginning at Unity, the 21 be 
2 prime Number, no other Number can meaſure the 
greateſt but thoſe that are in the Series, and therefore no 
other prime Number. And becauſe in every other cafe 
the Terms beyond the 2d are the Powers of the ſame Num- 
ber, which is the Root of them all, then it appears in 
general, (§. 109. Arith.) 

THEOREM 2. 

In a Series of Geom. Prop. beginning at Unit, every 
leſſer Term will meaſure the greater by ſome Number ex- 
preſs'd in the Series. And ſeeing a compoſite Number may 
be divided by another Number (13 Ar.) than an Unit, let that 
be expreſſed by un; and if in ſuch a Series the 24 Term be 
mn, it will be 1, mn, m*u*, „n, m*u*, m*u*, &c. and 
therefore the firſt Numbers and u that meaſure the 21 

Term, 
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Term, will alſo meaſure all the reſt; and therefore, ex- 

cepting thoſe, no other Number will meaſure any of the 

reſt. Thence we have, 
THEOREM 3. D 

If in a Series of continued Proportionals, beginning at 
an Unit, the firſt Number that meaſures the laſt will mea- 
ſure the 2d, and all the reſt; 

In both the Series the Exponent of the 2d Term 
of the zd, 2 of the 4th, 3, &c. and therefore the Ex- 

nent in an odd place is even, and in an even place odd; 
and ſeeing in the 4th place the Exponent is 3, if you miſs 
2 Terms, the next will be diviſible by the 3d; and in the 
ſeventh place, the Exponent being 6, if you mils 5 places; 
the next will be diviſible by the 6th Number. This ap- 
pears by conſidering the Exponents which ariſe by a con- 
ſtant addition of 1. 

Thence we have 

THEOREM 4. 

If in a continued Geom. Progreſſion, beginning at an 
Unit, the 2d Term be a Square, or Cube, or any othet 
Power, the Series will be 

1 m* © m* m 278 11 m. ; &c. 
1 23 9 n m 12 21 mis 0 &c. 


„ „3 „ „Ju 3 os: 


Becauſe in each Series the Terms come out by a conſtant 
multiplying by the 2d, the Exponent of the 2d is ſtill to 
be added, (F. 54.) and ſeeing theſe Exponents are Multi- 
ples of the 2d, they may be divided by it, therefore all 
the Terms are Powers of the Power in che 2d. Therefore 

HEOREM 5. 

If in a continued Geom. Progreſſion, beginning at Unit, 
the zd Term be a Square, all the reſt will be Squares; 
and if a Cube, the reſt will be Cubes, &+c. 

PRO B. 34. 

128, To find the Ratio that Bodies and Superficies have 
to one another. | 

Ler the common Altitude of a Parallelogram or Tri- 
angle be a, and their Baſes 6 and c, their Areas will be ab 


and ac, (Prob. 19. Geom.) their half 220 and Zac, (Theor. . 


35. Cor. 3. Geom.) therefore they are to one another as 
ab to ac, or as b to c, (. 62. Arith.) 9 


THEOREM 
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THEOREM I. 

Parallelograms and Triangles of the ſame Heighth are to 
one another as their Baſes. 

The ſame way it will be found - 

THEOREM 2. 

That Parallelograms and Triangles of the ſame Bale, are 
to one another as their Heights: 

Ler the Diameter of a Circle be a, and its Periphery 
ma, (Theor. 56. Cor. 1. Geom.) (F. 114.) the Square of the 
Diameter will be a*, and the Area of the Circle ima?, 
therefore the former is to the latter as a* to m, (i. e.) 
25 4 to Ima, (62 Ar.) | 

THEOREM 3. 

The Square of the Diameter is to the Area, as the Dia- 

meter to the 4th part of the Periphery. 


Let the Baſes of ſimilar Parallelograms and Triangles be 


4 and 6, and their Altitudes a and mb, (F. 114.) their Area 
will be as ma* to mb?, (i. e.) as a* to b*, (Prob. 19. Geo. 
and Theor. 5 3. Cor. 3.) 

THEOREM 4s 

Similar Parallelograms and Triangles are to one another 
as the Squares of their Baſes, or [becauſe each fide may 
be taken for the Bale, (Def. 73. Gcom.)] as the Squares 
of their homologous Sides. 

Let the Baſes of Parallelopipedons, Priſms, Cylinders, Py- 
ramids, Cones be 4 and 6, and their common Altitude c, 
then theſe Bodies will be to one another as ac to bc, or as 
4 to b, (F. 113.) The ſame way e may expreſs their com- 
mon Baſe, and then a and & will be their Altitudes, (5 36, 
539. Geom.) / a a 

| . THEOREM 5. 

Parallelopipedons, Priſms, Cylinders, Pyramids, and 
Cones of the ſame Baſe, are to one another as their Heights. 
Other Theorems of the ſame kind may be inveſtigared 
the ſame way. | 

PROB. 35. 
129. To find how many ways any number of Quari- 
tities may be changed or put in a different Order. 

Let 2 Quantities be @ and , they may be wrir either 
ab or ba, which ſhows they may vary 2 ways; if there be 
3 Quantiries a, 6, c, their Order may be 


1 = cha 
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cab 
ach 
abc 


pd 


— — 


cba 
bea 
bac 


where c is firſt combined with ab, and then with ba each 
three times, then the number of Changes will be 3x 2 x 
t = 6. 

If there be 4 Quantities, each may be combined 4 ways 
with any order of the other 3, thence the Variations will 
be 6x4=4X ZX2X1==2,. Likewiſe, if there be 5 
Quantities, each of them combined with any order of the 
other 4, will give 5 Changes, which make the Changes 
24X 5 =FX4XZX2X1, and if the number of Quan- 
tities be , the Changes may be a x # —I X #—2X n— 3, 
&c. 

If the ſame Quantity occur twice, then the Change of 
two will be h, of 3, bab, abb, bba, and of 4, cbab, bcab, 
babe, &c. Thus there is one change in the firſt caſe, 


but 3 in the 2d, for LECT is 3, and 12 will be in the 


2X1 

X 3 X 
34 for 4 — = =12. And if a th Letter be added, 
then in each Order of the Quantities four will give 5 Va- 
riations, therefore the number of Variations will be 60 2 
r= £7 3.55 . If then the number of Quantities 


be , the number of all the Changes will be 
3 — — — 22 , Kc. If the fame 
Quantity occur thrice, there will be no Variation in 3, but in 
4 the Variations will be baaa, abaa, aaba, aaab, and ſo 
KK 


the number of Changes will be 4, for — TTL | Whoa. 


And if there come in a 5th then in any order of four 
Quantities it will make 5 Changes, and the number of 


them all will be 22 — 3 and if a 6th be taken, 


JX2X1 ; 
XeFX4XIXAXI 
the number of Changes will be 3K 2 1 5 


therefore 


. 
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therefore if the number of Quantities be , the number of 
X59 — Y— 2X —2&x 8— 
all the Changes will be — — TIT . 
If the ſame Quantity occur 4 times, there will be no va- 
riation in the 4; but if a 5th come in, then baaaa, abaan, 
aaaba, aaaab, therefore the number of Changes is 5 = 
11 If a 6th be taken in each order of 5 
Quantities there will be 6 Changes, and ſo the number of 
GX X4IAXZXZX I : ; 

Changes 39 = NZN Thus it appears, if 
the number of Quantities be 2, the number of Changes 

iu be 1 X —- IX - 2& 2—3 & 2—4 
my AX ZX2X1 

From theſe ſpecial Forms a general one ariſeth, if » be 
the number of Quantities, and * ſhow how oft the ſame 

„ . IXA—TXE—2X #—JX#%—4&cC. 

Quantity occurs, it will be = Im IR —3Xw—75&c. 
to be continued till the Subſtraction leave o. ä 

Thus we may go further, and at laſt find, that if the 
number of Quantities be », and /, , r ſhow how oft any 
of them are taken, there will be this more general Form 
XU — l - 2K —- 12 Xx 2 — 4, &c. : 
{x l—1 x HE] Xx {—3.&C. X mX IX M—2 X M—J,&c- 
XFXT—IXT—2Xr—}, &. Let n==6, [=3> 
m 3, r o, the number of Changes will be 
GOXFX4XZX2XI GOXFXA. 
ZX2XIXZX2XI  — 342 


=2X5X2= 20. 


130. If 13 Perſons fit at a Table, and it be asked how | 


oft they can change their Order? The number of Changes 
will be found to be 13 X 12X 11 X tOX9X 8X 7X 6X5 X 
4X 3X 2 X I = 6227020800. 
SCHOLIUM 2. | 
131. If a Word be made up of a few Letters, one may 
without much thought find how many ways it may be writ 


in all poſſible Languages. Ex. To find the Anagram of 
AMOR. | 


12 


ramo 


amor mora oram 

amro moar orma Yaom 
aomr mroa oarm Tmao 
form mr oamr rmoa 
arm  maor omra roam 
arom mare Omar roma 


; 
. ' ' 


_—  —— K ĩͤ 7 ua 
— — 
= »„ö—ͤ— 


. 


— * 


P22 
— Aa 


* 
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Therefore the Anagrams of the word Amor in the Latin 


Tongue, is roma, mora, maro, oram, ramo, armo. 


gone 


Fr 


ria . 
Of Algebra. 


CHAP, I. 
Of Algebra, applied to Arithmetic Problems 


that are determined. 


DEFINITION 5. 
132. A Lgebra is a Method of reſolving Problems by 
| Equations. 
| DEFINITION 6. 

132. An Equation is an Expreſſion of the ſame Quantity, 
by two different Values of it, but equal. Ex. 2x 3Z=4 
＋ 2. Stefellizs defines it in his Arith. Integra, Lib. cap. 
1. by a Ratio of Equality, between 2 Terms expreſſed 


differently. 
71985 DEFINITION 7. | 
134. The Root of an Equation is the Value of the un- 
known Quantity in the Equation. Ex. If a* + b2= x 
the Root will be 4/ «* + .. | 
DEFINITION S8. | 
135. If the Value of x be poſitive, as x == 3, it's ſaid 
to have a true Root; but if negative, as x =— 5, then 
it's a falſe Root 
DEFINITION 9. 
137. If the Value of x be the Root of à negative Quan- 
tity, as 55 then it's called imaginary, (F. 71.) 
DEFINITION 10. 
138. If the unknown Quantity be of one Dimenſion, 25 
42 lb 
* = ola „it's then called a ſimple Equation. 


Di 


— yi. = 


Ch. 1. determined Problems. 117 


DEFINITION 11. 

139. .If the unknown Quantity riſe to 2 Dimenſions, as 
** = a* + 6*, then it's called a ſimple Quadratic ; if to 
3 Dimenſions, it's a Cubic, as x a —b3 ; and if not only 
the Square or Cube, but alſo their Root be in the Equa- 
tion, it's an adfected Square or Cubic Equation. 

s SCHOLIUM. | 

140. In this Section we only treat of {imple and qua- 

dratic Equations. 
PRO B. 36. 

141. To reſolve a given Problem algebraically. 

| RESOLUTION. - 

1. Let the Quantities given be diſtinguiſhed from thoſe 
ſought and expreſſed, as in (F. 3.) | 

2, Let there be found as many Equations from the Pro- 
blem as there are unknown Letters, otherwiſe the Problem 
will not be determined, (i. e.) one or two of the unknown 
Quantities may be taken at pleaſure; if the Equations are 
not in the Problem, they may be taken from Theorems 
that ſhew what Quantitics are equal to others. 

z. Becauſe in an Equation the known and unknown 

Quantities are mix'd, it is to be reduced, and the Terms 
_ tranſpoſed, changing their Signs, ſo that on one fide there 
may be only the unknown Quantity, and on the other 
none but ſuch as are known ; and it's to be obſerved, that 
whatever Term is multiplied or divided by a Quantity, all 
the other Terms muſt be done ſo, as when you would ex- 
terminate a Fraction, multiplying each Term by its Deno- 
minator, and if the ſame Letter be found in each Term, 
it may be taken away. 


SCHOLIUM. 


142. Theſe Rules may ſuffice for ſimple Equations, but 


for higher Equations there will be need of more; here we 
ſhall only give a Rule for quadratic Equations. 
| PRoB. 37. | 

143. To extract the Root of a quadratic Equation. 

If the Equation be a ſimple Quadratic, as x* Sab, 
here it's plain x = V. | 

But if the Quadratic be affected, as x* Has = 4b, 
let x be taken for one part of the Root, and à for double 
the other, (Theor. 36. Ar.) therefore 34 will be the other 
part; and if za be added to both ſides, it will make 2 


compleat Squares, as x* * + 44a = 4b* + ,; = 
| 3 * 1 


P 
: 
* 
I) 
z \ 
$ 
: 
[3 
1 
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if the Root of both be extracted, ir will be x + 42 


— m— 


4 + 44% and fo x=y/ 4b* ＋ 4.2 — 14; and if the 
Equation were x* — ax = 6?, then taking the Square of 
à the Coefficient a, and adding it to both ſides you have x* 
— ax + A =b* + 3aa, and ſo x y/b* ＋ 44 + 1a, 
If it happen that / . be greater than 32, and it ſhould 
come out 22 — y/ 344 S+6* x, its Value would be ne- 
gative, and the Root falſe, (F 136.) therefore the true 
Value would be 22 + 274 - 65, 

Again, if x* — gx =— b*, then x* — ax + Jag = — 
5 ＋ 4445 and * — 44 N — b*, and * — a, and 
34 — * having the ſame Square, the Root may be 14 — K 
= 4/xaa — b*, and changing the Signs x — 44 =— 
aa —b*, and x ia - N= — b*®, 

ROB. 38. 

To find a Number, whoſe x, and 3, and 4 part ſhall 
exceed the whole Number by 1. | 
| Let the Number ſought be x, then by the Problem 

2x Fax tax=x+1 


12x ＋ 8x ＋L 6x 


6. e.) 24 =x—+1 


or = = x1, or 26x=24x + 24, or 2x==24, and 


7 eaſily proved in Numbers, for 6, and 4, and 3 
— I2-5 I. bi 
| Pros. 39. 

To find a Number, whoſe aliquot Parts whatever, or 
how many ſoever they be, being taken together, exceed 
the ſought Number by a Number given. 

Let the Number ſought be x, and the Exceſs f, and ti 


aliquot Parts x + —x + x = * +f 
,  \ 4agx + bgex + bdex i 
(i. e.) my bde 4 K +}, ($. 87. Arith.) 


and adgx Ele + bdex = + fbag, and ta- 
"INE" 2 
king bagx from both ſides x FR wy ry 


This laſt Equation gives this Rule: Firſt, let the given 


Fractions be reduced to one Denomination ; 2dly, from 
the Sum of the Numerators, take away the common De- 
R | | r " nomjngear; 
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nominator, and by it multiply the other ſide of the Equa- 
tion, and reducing the unknown Quantities to one ſide, 
and dividing by the Coefficients of x, you will have its 
Value. 

PRO B. 40. 


146. To reduce irrational Quantities of different Deno- 
minations to the ſame. 


Let as in (§. 59.) the Quantities 7 * and 7 , and let 


71 2 
91 yy =v 
17 
* = ＋ 1 — 
$22 s 71m 
„ 2 g =o 


ms m $ 

Thus we have VV = Vx , and 77 mzy/ „„ as a- 
bove, whence appears what might ſeem doubtful, (F. 60.) 
that in Exponents of irrational Quantities, the reducing them 
to the ſame Denomination is uſeful. 8 

SCHOLIUM. 

This Artifice of ReduCtion may be. uſed in other the like 
caſes, as when we would find the Multiplication and Di- 
viſion of broken and irrational Numbers. 

PRoB. 41. | 

Having the Sum of 2 Quantities, and their Product, 
to find the Quantities. 

Let the Sum be 4, and their 2 Difference x, and their 
Product 5, the greater Quantity will be Za ＋L x, and the 
leſſer 424 — x, (F. 6.) then 4 — xX = b. (. 33.) and 
4a =bJ-xx, and 222 —b=xx, and / x; 
let a 14, and b 8, then / 4a - t- 48 t, 
then za + x = /I = 8, and za — x= 7 —1==6, which 
are. the 2 Numbers. 

THEOREM. 

149. If the whole be divided into 2 equal parts, and 2 
unequal, the Square of the equal part is equal to the Pro- 
duct of the unequal, together with the Square of the à Dif- 
ference of the unequal Parts. 

SCHOLIUM. | 

150. Hence it appears, that ſometimes by chance we 
may find out Theorems while we reſolve algebraic Pro- 
blems, as we ſhall hereafter take notice. 


I 4 PRroB. 


1 
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PRO B. 42. 


151. Having the Sum ot 2 equal Powers, and their Diffe- 
rence, to find the 2 Roots. 


Let the Sum be = a, the greater , 
the Difference =, the leſſer = x, 


then by the Problem K + y® = a, and = x" =, 
and taking y from both, and tranſpoſing a - . 


m 7 72 2 — 6 
x „ and = ax „ and a—b=2x , and —— 


m 
— — 
— — 


x", and V —— = x, let mr 2, a=97, b=65, 


then x=+/ 18. 5 — 32. 5= y/ 10=4, andy y/ b + x* 
=+49/65 +16 =4/Þ1 =9, 
The laſt Equation except one is reſolved into this pro- 


portion a—6: X:: 2: 1, (101. Arith.) which gives 


this Theorem, 


The Exceſs of the Sum of 2 ſimilar Powers above their 
Difference, is to the leſſer Power as 2 to 1. 
| PRO B. 43. 

152. Knowing how many Miles one travels in a given 
time, and how many another travels in that time, to find 
in hat time the one will overtake the other, it he begin to 
travel in a given time after him. 

Let the Miles the one goes be = 4 

the other goes 6 
the given time e 
the time ſought x 

Then the one will go ac m the time given, and the 

ſame will go in the time ſought ax; and the Miles the 2d 


that follows goes will be == bx, (F. 103. Arith.) there- 
fore by the Problem, 


ac + ax = bx 
then ac = bx — ax 
and ac = Xx 


„ x 

Let a=6, b=8, c=4,.then x = = 12. 

The laſt Equation but one gives this Analogy “ — @ : 
@ :: c: x, (F. 101. Arith ) 

SCHOLIUM. | 

153. Seeing we have not determined what the Travellers 
are, the Problem is more univerſal, and may be applied 
to the Moon following the Sun, Cc. PRO B. 
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PROB. 44- 

154. Having the Miles one goes in a day, with the Time 
ſince he began, to find how many Miles another muſt go 
in a day that he may overtake him in a given time. 

Let the Miles in a day the firſt goes be = 


and the time ſince he began == b 
and the given time | = Cc 
the Days the other muſt go =x 


ab ＋ ac 
Then ab ac cx, and —. =x, 

The laſt Equation but one gives this Analogy, (5. 101. 
Ar.) c: b e:: @ ; x, which will furniſh a Theorem. 
PRO B. 45. 

155. Knowing the Diſtance of 2 Places, from which 2 
Travellers are by Eres to go at the ſame time, with the Miles 


each travel in a day, to find when they will meet. 
Let the Diſtance be = 4 


the Miles the firſt goes = b 
thoſe the 2d goes = Cc 
the time of meeting = x 


The firſt will gol in the time x, bx, and the 2d in that 
time c x5 (§. 103. Arith.) then bx + x =a, and x = 

a 
be 

Let a be =120, b=6, c then x= 2 = 12. 

| SCHOLIUM. | 

156. Theſe Problems that are attended with particular 
Circumſtances, are more difficult than thoſe chat are more 
abſtractedly conſidered, in which the Equations are more 
expreſs; whereas in the other, they are to be got from the 
ſeveral Circumſtances. It will then be better for Learners 
to uſe themſelves to thoſe firſt; and yet it's eaſier to bring 
general Problems from ſpecial ones, than to apply general 
ones to particular Inſtances, wherein the ſeveral Circum- 
ſtances make a conſiderable Variation. Ex. To turn the 
preſent Problem to an abſtracted one, it will be thus; to 
find a Number, which being multiplied in:o the Sum of 
other 2 Numbers, will produce a given Number, and that 

in (§. 152.) is thus; having 3 Quantities, to find a 4th, ſo 
that the Product of the 4th into the 2d, may = the firſt 
into the Sum of the 3d and 4th. Thus we ſee why the 
Uſe of Theorems is not immediately perceived ; and the 
are in an Error that would not have them learned here. 


PRO n, 


„cc 3 
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. PRO B. 46. 
157. Having the Sum of 2 23 and the Diffe- 
rence of their Squares, to find what they are. 


Let their Sum be 222 
Differ. of Squares = þ 
z Differ. of Quantities = 
the greater Quantity will be 2424 + 
and the leſſer 42 —y 
and the Square of the greater will be 24. , + yy 
and of the leſſer 4a*—ay + y 


y 
their CT by (F. 30.) ==2ay==b by the Problem 
Ja . Let b 40, and a=1o, then y= 48 =2, 


and Ja py =5+2=7, and Ja —y=5—2=3, then 
6 
PRO B. 47. 

158. Having the Sum of 2 Quantities, with the Sum of 
their Squares, to find the Quantities. 

Let their Surn be = 4 
Sum of their Squares 3 
2 Difference == 
thenthegreater | = 42 
„aan 
the Square of the greater 44 ＋E ay + y* 

of the leſſer 14a*— ay þ+ y* 
their Sum 22 ＋ 2) τ 
and 2y* 4, and y* = 1b — 423 
and / S Vi e- 4a?, Fog 

Let a=10, 6=58, then y=4y/29—25=y/4=2, 
then za + y=5 p2=7, and 4a —y =5 — 23. 
Thus 7 + 3= 10, and 49 + 9 = 58. D 

PRO B. 48. 

159. To find 2 ſuch Numbers, that the Product of each 
into the ſquare Root of the other, may be equal to a given 
Number, 

Let one Product be = &, and the other b, and one 
Number x, and the other y, then by the Problem 

* y == 4, and y = b, their Squares are 
x*y = a”, and yyx = 'F 


a 
a = 72900. x 


4 
E = - its Square. 
9 0 

ä then 


Cl 


{c 
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2 4 | | 
then 5 = ” „and multiply both by) 
a9 =b*, and y* = of and y =,} — 
. 


Let a=18, b=12, then y / =3= = y/64= 4, there- 
fore = 29. 


Thus 9/4=2 Xx 9, and 499 D 12. 
PRO B. 49. | 
160. To find 2 Numbers, whoſe Product may be equal 
to a given Number, and the Square of their Sum have a 
given Ratio ro the Square of their Difference. 
Let the Product be = their Sum ==2x 


a 

n b and Differ. —2y 
and the Ratio _ thenthegreater= x —- y 
and leſſer Dx - 
then by the Problem x — y* =a, and x*= a+ , and 


by (F. 297.) as6 : * 4x* , (100 Ar.) and 4c 
= 4by*, and x* = — „therefore, (17 Arith.) a +y* = 


Ly* 
— „ and ac + cy* =by*, and ac = by* — %, and 


ac ac 
2 7 . and r 2. 


b FOR 1 00 
Let 2 = 96 > ==> 2 =) and 
1 N a+)y*=y/ 96 = loo, therefore x + y= 
10+2, and x — y=10—2=8. 

Thus 7 = 96, and *2$2== 25, 

PRO B. 50, 

161. Having the Price of one Meaſure of Wine, to 
find how muck Water is to be mixed with it, ſo as it may 
be ſold for a given Price. 

Let the greater Price be 4 
the leſſer — 6 
Quantity of Water =x 
ſeeing the Price of Water is o, as 1X : 1 :: a 3; 4, 
then * (500 Arith.) and bx b, and x = 
— = > 1 if 4a = 16, b;= 1o, then x = 17 


OY ==}. 


THEOREM. 


124 De Solution of Part 1. Sect. 2. 
THEOREM. „ 
If Water is to be mix'd with better as Wine, then the 
Quantity of the Water will be to the Quantity of the Wine, 
as the Difference of the Prices is to the leſſer Price, for 
as above x: 1: 2-6 6. 
PROOF. 

If a Meaſure of Wine be ſold for 10 Groſs, + of it will 
coft 6, (103 Ar.) which if you add to the Price of one 
Meaſure, which is 10 Groß, you'll have 16, the Price of 
the better Wine. 

PROB, 51. 

162. Having the Price of dear Wine and cheap Wine, 
to find how much cheap is to be mixed with the dear, 
that the Mixture may be ſold for a mean Price given. 

Let the Price of the dear = a © 

of the cheap b 
of the mean== c 
the Quantity of one Meaſure = 1 
and of the cheap to be mixed = x 


its Price will be - == bx 
and the Qu of dear to be mixed = x —- x 
and 1ts' Price = 4 — ax 
theretore by the Problem a—ax + bx=6; 
adding ax apbx=c Tax 
ſubſt. bx a=c Nax —bs 
ſubſt. c : : A —C = 4 — bx 
4 . — e 
and / | XxX = away 
| 6 — 12 
Let 2 16, 6=10, (= a—_ : == 
: EY 105 Bk I2, then x : 1610 
6 Or "zo 
\ PRooOE. 


\ z of the cheaper = 63, and 3 of the dearer = 54, and 
ſo of the next, 65 + 55 = 12. | 
PRoOB. 52. 

163. To find 2 Numbers that their Product ſhall be 
equal both to their Sum, and Difference of their Squares. 

Let the greater be = x, and leſſer = y, then by the 
Problem x —y* = xy, and x T X/ 

x NY - 


= y, whicl. being found, 
1 4 


821 
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let — be ſubſtituted for y in the other Equation K 2 


R * R * 


| 1 — ; 1 


by x*—2x + 1, and x* — 2x3 ＋ * — x* =x3 — 2x2 
and x* — 2x3 = x3 — x*, and 4+ — zx = — x2, 
and dividing by &“, x* — 3x =— 1 and (by F. 143.) 
then compleating the Square, it is x*— 3x + $=2 —1=3, 
_ . * vVi=iys5, and x25, but the 
Binomial is the true Root, for ;— 4/5 is not leſs than , 
for then, as above, y is found =x z, where x — 
5 is a falſe Root, becauſe 42 %5 is more than 1. | 

PROOF. | 

x+y=2+y5, and 2y=2+y/5, and x* —y = 

2+ VS: 

Pros. 


3. 

164. Having the firſt and laſt Tem in Arith. Progreſſion, 
and the Difference of the Terms, to find the number af 
Terms, and the Sum of the whole. | 

Let the firſt Term be 2 4 * 


\ 


the laſt . = 5 
the Difference e 4A 
number of Terms =%X 
their Sum Dy then by (F. 170, and 104 Ar.) 
| | bx + ax 
b ==a + dx —d, and) = X X 0 r—— 
b 4-d=a þ dx 
b +d— a= dx 
bb d— a=: 
—— ; and if the Value of x be ſubſtituted 


— —— De CS 


XC" a X b+-da-—a 
for ir in the other Equation, we have y = EL 5 


3 b* +14 — ab + ab b- ad — a* 2 b* +14 + ad — a* 
1255 Aa OO 
2% La＋ h — 422 | 

7, 


2 1 == 65 andy =42 1 2 +239 =4 — 


= 9; +47" r. Pac. 
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Pros. 54. 
165. 5 the firſt Term, and the Difference of 


Terms in Arith. Progreſſion, and the Sum of all, to 500 
the number of Terms, and the laſt Term. 
Let the firſt Term 4 


the Difference = 4 
the Sum 2 
the laſt 


= 
the number of Terms = x, then by (F. 170.) 
IxXa+y=c, and a+dx—d=y 
x by 2, and ax + xy = 2c 
XY = 20 — ax 
y== 2 = a+dx—4(Y.17.Ar.) 
and 2c — ax = ax + dx* — dx 
20 = _ ＋ dx* — dx 
2C — 4 242 —4 


— = x* + = x. Let , 
then = = x* —o mx, and compleating the Square = 
of , P 3 9 4 


＋ = * mx ＋ A2 Vun: =* mm, and 
ſubſt. n W 
a 

Let a=2,d=3,c=57, and m= 4, then x = Ir NT 
— 3 = D b, and 5 2＋ 83224 


— zu r. 


PRO B. 55. 

166. Having the firſt and laſt Term in Arith. Progr 
ſion, with the Sum of all the Terms, to find the "_ 
of Terms, and their Difference. 

Let the firſt Term be = 4 
the laſt . = b 
the Sum OD =Cc_ 
the Difference =) 
the number of Terms ae then by (F. 107.) 


zx X a+b= c, and a+xy—y=b 


XX @oeb =2C xy —y =b—8a 
"26 f 5 b—a 
we +6 | Xx —I 
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x — 1 2 — 1, and by ſub. the Value of x 
b —ax ba 2r—a—b 
J= I—— a +b * 
Let a=2z b = 17, c 2 57: then * = 6, and y 
E 
114— 19 . 


THEOREM: 

As the Difference between the Sum of the firſt and laſt 
in Arith. Progreſſion, and twice the Sum of the Progreſ- 
ſion, is to the Difference of the firſt and laſt, ſo is the 
Sum of the firſt and laſt to the Difference. 

PRoB. 56. 
167. Having the Difference, and number of Terms, 


with the Sum in Arith. Progreſſion, to find the firſt and 
laſt. | 


Let the number of Terms = » 


Difference = d 
the Sum = 
firſt Term D * 
and laſt = yy 
By G 1%) = and == 4 =», (e 


nx + 22d — ind = c, and dividing by 43», it is 2x 4 
nd— d = - „and ſub. ud — d, 2x = - — nd + d, 


and x = = — Ind + 21d. 


Let »=6, d 3, c=57, then x =943 15 —9g=2, 
and) =2+18—3=17. 

PRoB. 57. 

168. Having the laſt Term, and Difference of the Terms, 
and the Sum of the Progreſſion, to find the firſt Term, 
and number of Terms. | 

Let the laſt Term = b and Differ. of Terms = 4 
the Sum = © the firſt Term = x 
Then b | 6 * or 2 + * b 

en by (Y- 107.) Y XA =c, and b=x _ 
IX x = 8 — =dy F 

2c 64144 — 2c 
3 and = —_— 


a 6 + x 
A- Xx = 7 
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Id — bx +-bx + dx — x* cad | 

x* EP EASE and compl. the Square 
x* dx +1d* = Ad + b* + bd — 2d 

1 Dr 


A MK Ib P Ac. 

If za be more than x, it is z4— x; if leſs, x — 44. 

Let 1 = 17, 4=2, and c= z, then x 4. 
V +289+51 e Wh ET 2 

17+ 2— Eh 
+ + L=$=2, and y= 2 6. 
; 3 
PRO B. 58. 

169. Having the Sum of Terms in Arith. Progreſlic jon, 
and the number of Terms, and Product of the firſt into 
the laſt, to find each Term. 

Let the Product 4 
the number of Terms x 


the Sum == 
the firſt Term =X ; 
the laſt ==y 
then ($. 107.) zu Xx x + c, and xy =@ 
28 VE a 
/ * = y=2 
a ac 
(. e.) r = 
. 
r 4 _ 
2x 


42 — ＋ = adding = 2 to both 


2Cx „ 
| 2 1 * 12 


— the Sign + be- 
ing for the laſt Term, nd — for the firſt. 

Let 6 e = 6,4 = 30 then x = 52 — A= 
N i VNV 55 
— 25 and y = 9 7422. PRoB. 


2 


* FA. * " by * N 
* — * #T,.. ” 
: * * . A 
8 * * 1 0 


Ch. 1. determined Problems. 129 
PRO. 59. 
170. To find the number of Terms in a Series of odd 


Numbers, to be ſurntned up ſo that there may come out 
2 given Power of a given Number, 


Let the Number given be =, its Power »” „che 
frſt Term I; and Difference of the Terms = 2, and 
Number of Terms = x. 

The Sum of the Progreſſion will be = x*, (F. 108.) 


and by the Problem x* =" 
7M 


4 == 2 


Thus it appears the Problem is not poſſible, except 
when the Exponent of the Power is an even Number, 
that it may be divided by 2. 

Let n ==2, then x u, that is, the number of Terms 
is equal to the ſquare Root, as (F. 110.) if m==4, then 
= (i. e.) the number of Terms to be ſumm'd up is 
the Square of the Root, if a Power of the 4th Dimen- 
ſion ve delired, as if # 2, then 2+ =x + 3 + 5 + 

= 10. 

PRO B. 60. 

171. To find ſo many odd Numbers as a given Num- 
ber hath Units, by the Addition of which there may come 
out a given Power of the given Number. 


Let the Number given be =» 
its Power 22 
che firſt Term S 1 


Now becauſe in a Series of odd Numbers the Diffe- 
rence of the Terms = 2, and the Number of Terms =# 
by Hypoth. the Sum of the Progreſſion will be =zx + 
* — 2, (F. 108.) therefore by the Problem 


2 m 
nx + n* — n= 
and A - 1 „ and ſubſtracting a —1 
12 —1— ＋ 1 | 
Thus it will appear the Problem is poſſible in every caſe. 
Ex. Let m=2, then x=»— = + 1==1, as (F 110.) 
Let mz; then x ==#* — » + 1, and z being 2, then x 
will be =4—1==3, ſo 2 =3 +5 =8. Let 23, 
Jhen x 9— 2 =7; then 3 =7 +9 +11=27. 


K Ir 
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It appears thus how Cubes ariſe from the Addition of 
odd Numbers. Let m=4, then ͤ = n —- 1 ＋ 1, and 
x» being = 2, x=8—1=7, and ſo 2 227 ＋9 =16. 
Let n=3, then x==27 - 2 2 25, then 3*=25 + 27. 
29 2 81. Letm=5, then ͤ n - +1, and ” being 
==2, then x=16—1==15, and fo 25 = 15 ＋17 == 32. 
Let » = 3, then x=81 —2==79, and ſo 3 =79 +81 


+ $3 =243- 
SCHOLIUM. 


172. Thus we ſhow (by a wonderful facility) young 
Beginners, how the Powers of any Dimenſion may be had, 
by the Addition of odd Numbers, which is propoſed more 
imperfectly, and with more intricacy in Bernoulli's Miſcel- 
lanies, p. 327, & ſeq. 

PRO B. 61. 

173. To find 3 Numbers in a continued Proportion, 
there being given the Product of the Square of the 3d into 
the firſt, with the Denominator of the Ratio. 

Let the Product be S a, the Denominator =, the 1ſt 
Term = X1 the 2d will be ux d ) D 

and the 3d m*x 10 8 | 
then by the Problem 


= m*x3 


— 


Let a= 648 =m=23, then * 7 = = 2: ad 


8 
ſeeing = is a quadruplicate Ratio, (F. 46. Arith.) there 


comes out this 
| THEOREM. 8 

The Cube of the iſt Term in a continued Geometric 
Progreſſion, is to the Product of the Square of the third 
into the firſt, in a quadruplicate Ratio of the firſt to the 
ſecond. | 

PRO B. 62. 

To divide a given Number into 3 other in a conti- 
nued Proportion, there being given the Dcnominator of 
the Ratio. 

Let the Number given be = a 
Denominator = 6 , 

ths 


9 N ele . .. 
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the firſt of the 3 =» 

the 2d —= bx 

the 3d —b*x ; 
by the Problem b*x + bx + x =a 


— > Ry 
and 4X — þ* Ib +1 0 
Let b=4, and a=42, then x = 2 1 


2 2. 
PRO B. 63. 
175. To reſolve a given Number into any number of 
Proportionals, having the Denominator of the Ratio. 
Let the Number given be = a 


the Demoninator 2 m 
the firſt Term 1 
the 2d = mr 
the 3d = m*x 
the 4th = w x 


By the Problem x m mx þ mix + m*x, &c, = 4; 
a 


yn IT J-m* + m3 + m*, &c. 
Let a= 364, 2 3; and the Terms = 6, then x = 


304 
i+3+9+27+81+ 243 © 3,54 = 1, therefore 1, 
Þ 17> 81,24 is the deſired Series. 

PRO B. 64. 


176. To find any number of mean Proportionals be- 
tween 2 Numbers given. 


Let the firſt be = 4 the firſt of the Means = x 
the laſt ar Þ and number of Means = 1 

Then by the Problem, (F. 103. Arith.) -: 4. 7 : 
„„ xm m1 


: A and r: -b, and (by 5. 118.) ——=b,and 
a 


multip. by a FE = a, and extracting 


HL. 
the Root x = 4/ a”. | 
Let a=1, b= 243, M== 4, then » + 1==5, and ſo 
5 


22 = 3; therefore the middle Terms are 3, 9, 
181. * 


K 2 SCHOLIUM 


* * 
4 

ms 
* > 
I. 
v7? 
by - 
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1 
he 
% 
o® 
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SCHOLIUM. 

One ſhould have at hand a Table of the higher Powers 
for each Number under 10, ſuch as there is for Squares 
and Cubes. 

Coo. 


178. If the Number that expreſſes the deſired Term be 


7 
1, the Mean proportional will be = =; wherefore if 
42 


m -I 
for x there be ſubſtituted, the Value before found, am = 
2 I 


r there will come out the Number 


NUY—1 5 FER In 
Gught = 4 x b=To += by a 1 
3 n- u- 1 8933 
makes *r x b——— 
mi n m I * 
dee T 


179. Let 4 mean Proportionals come between 1 and 
243, to on the 2d, 4= Ts b= 243, = 2==2, then 
$09 nm 


! — and = = 75 the Number ſought 


will be ab = = 59049 = = 9s 
PRO B. 6 
180. Having the Sum of the lt and laſt Term, and 
the Sum of the 2d and 3d, either in continued or diſcrete 
Proportion, with the Denominator of the Ratio, to find 
each Term. 
Let the 1ſt Sum = & 


the 2d Sum 2 6 

Denominator = M 

the firſt Term = Xx 

the 4th is =4—X 

the 2d = mx 

the 2d = þ — Mx 

by the Problem x : M:: B U: a—x 
then ax — x* = mbx — m*x* © 


a — x = mb -n 
m — x nb - 4, and 1 by w* — 1 
mb — a 


* — 1 Let 


* r ACTS 
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Let 4 2 13; b—11, M=2, Xx will be = — 


3 35 the laſt Equation but one gives this Analogy m— 1 
* —1 :: x: b—a, Which gives this 
THEOREM. 

The Ratio — 1 is to its Square — 1, as the 1ſt Term is 
to the Differ. of the Sum of the 2d and 3d from that of the 
iſt and laſt. 

PRO B. 66. 


180. To find 3 Numbers in a continued Proportion, ſo 
that the Difference of the 1ſt and 2d, and alſo of the 2d 
and zd, may both be equal to given Numbers. 

Let the iſt Difference be = a 


and the 2d => 

iſt Term 2 

and the 2d will be = x +a 
and 3d =x+ a+b 


by the Problem x: x +2 :: a:x+Sa+b 
x2 b ax + "kde, 2 
bx = ax ＋ a* 
bx — 2 — a* 


N 


Let 4 = 8, b=24, then x = - — =34 =4- 
The laſt Equation but one may be reſolved into this Ana- 


logy b—a: a :: 4: x. 
THEOREM. 

In 3 Numbers in continued Proportion, the Difference 
of the 1ſt and 2d is a mean Proportional between the 
Difference of the iſt and 2d, from that of the 2d and 3d, 
and the 3d. | 

PRoB. 67, 
181. Having the firſt and laſt Term in Geom. Progreſ- 


ſion, and the number of Terms, to find the Denom. of 
the Ratio. | 


Let the iſt Term = 4 
the 2d . =b 
and number of Terms x 
and Denominator =— x 


by (. 21.) S , and divided by 4 
: et 


Kl 


. 


— 


VV 


—— * 
f I Ty 
— — 


— 
r 


2 
1 


4. * 
ES. — 2 


— 


. 
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EE 
1 0 . I 
or ＋ divided by 15 1 * 


Let 4 =2, b== 486, »==6, then & = 


1 7 PRO B. 68. 

182. Having the Denominator of the Ratio, the Num- 
ber of Terms, and the Sum of a Geom. Progreſſion, to 
find the firſt Term. | 

Let the Denom, = m 


number of Terms == 
the Sum c 
iſt Term == | 
the laſt will be =m" , therefore by (F. 121.) 
mPx — x : 
C and mc —cmmm x — x 


. 
and —=T == x. 


Let = 3 =, c== 728, then x = — = 2, 


the laſt Equation but one may be reſolved into this Ana- 


logy c: x : m'—1 : m—1, which gives this 
THEOREM. 

The Sum of a Geom. Progreſſion is to the 1ſt Term, 
as the Power of the Ratio, (whoſe Exponent is = to num- 
ber of Terms) — 1, to the Denominator — 1. 

PRoB. 69. 

183. Having the firſt and laſt Term in Geom. Progreſ- 
ſion, with the —— of the Ratio, to find the num- 
ber of Terms. 

Let the firſt Term = 4 
the 2d - 2 
the Denominator S . 
and numberof Terms S x 


then by (§. 121) * 1 = b, (i. e.) if the Logarithm of 
a be made la, and of m, im, then xlm — Im + la lb, 
(F. 111, Arith.) 
by lm — 2 im, and divided by Im 5 
—_ 
= 7-1: 


Let 


Let a=2, b==486, m= 23}, then 
lþ = 2, 6866363 
la = o, 3010300 
lb — la = 2, 3856063 = 5 
Im = 4771213 + 1 
x== 6 
PRoB. 70. 


Denom. of the Ratio. 
Let the Sum Se 
the firſt Term S 4 
the laſt = 6 
Denom. = . 
numberof Terms = x, by (F. 121.) 
— 4 


q 
3 
cy —by=c _— and J= 
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== — 4 


4620 
— 


b 


I 


4 


135 


184. Having the Sum of a Geom. Progreſſion, the firſt 
and laſt Term, to find the number of Terms, and the 


This other Equation, uſing the Logarithms, becomes 


(§. 103. Arith. 
2 52. — Fi la 


Ib + ly— fa=xly 
16 — 3 by mos J 
tb — ta 2 / 


—— -þ1=x; and if the Val. of H, found as 
a little before, be ſubſtituted, viz. I — a -c — b, we have 


— la 
li—a—lc—b n 
Let c= 728, a=2, b= 486, then 
Ib = 2. 6866363 c 


la = o. 3010300 b 
Ih— ia = 2, 3856063 t—b 
c— 2 = 2. 8609366 6 
e = = 2. 3838154. 5 4 


Differ, = O. 4771212 
2, 3856063 {5 
4771212 
* 86 


728 
486 


242 
728 
2 


726 
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PO PROB. 71. 
135. Having in a Geom. Progreſſion the Product of 
the iſt imo the laſt, the number of Terms, and the De- 


nominator of the Ratio, to find the firſt and laſt Term. 
Let the Product == 


the number of Terms == 2: 


the Denominator == 
the rt Term = x 
and laſt Dr, by the Problem 
X 9 — 1 , = 
3 "Wy" 
7 „ ** 
"4 
= x* 
— 
WR. 
** | 
— — any 
Let m=2%, #=6, f=972, then x VNN = 


2471 2 
— 2. 1 
DEFINITION 13. | 
186. Three or four Quantities are ſaid to be in harmonic 


Proportion, if in the firſt caſe the Difference of the 1 and 


ad be to the Difference of 24 and 3d, as the 1ſt to the 


third. 


And in the 2d caſe, as the Difference of the firſt and 
ſecond is to the Difference of the 3d and 4th, as the iſt 
to the 4th. 

Ex. 10, 16, 40 are in harmonic Proportion, for 51 = 
315. Tf the proportional Terms in the firſt caſe be con- 
tinued, there ariſeth a harmonic Proportion. 

PROB. 72. 

187. Having 2 Quantities, to find a third in harmonic 
Proportion. | 

Let the 1ſt = 4 

the 2d = © 


the zd = x, then by ($. 186.) 
— 3 a 
* — 


7 = 7» and ax — 4b = bx — ax, (F. 100. Arith.) 


. 
x4 
4 
8 
—_ 
# 


5 
7 
0 
5 


30, (. 188.) 
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160 
20 — 16 
10. The laſt Equation but one may be reſolved into this 
Equation 22 —b : a::b:x, whence we have the following 

THEOREM. 

In 3 Numbers in harmonic Proportion, the Difference 
of the 2d from the double of the 1ſt, is to the 1ſt as the 
2d to the 3d. 


Ex. Let a=10, b== 16, then x = 


21864 co. 
4+ —— — 


Co ROL. I. 
188. If 24=b, then x = ab, and fo 1= 2 ,($. 38. 


Arith.) and ſeeing 1 is not So, neither is » ab; in 
which caſe no Number can be found in harmonic Propor- 
tion to à and 6, 


12 X 24 


Ex. If 2 12, b=24, according to the Rule * 
12 X 24 


but we cannot take 12 X 24, or 288 for the 


34 Term, otherwiſe 2 = 2 8 35 (C. 186.) which is abſurd, 
and much leſs could it be found if þ were greater than 24. 


CoROL. 2. 
189. If in 3 ſuch Proportionals 6,8, 12, the ad Term 
be taken for a, the 3d for 6, the 4th in continued propor- 


: ; 8 12 8X 12 
tion will be found 16 — 12 


— =X 3 — 24. 

4 
CO RO. 3. 

190. If the 3d be taken for a, and the 4th for b, the 
5th may be found, and ſo infinitely ; if 2 Terms be given, 


the Progreſſion may be continued, if poſſible, (F. 188.) by 
the Rule found. | 


Ex. If 4=10, 6= 12, the 3d will be . 
12 X 1 | 
24— 5 == 20, and the 5th 122 


20 X 30 3 
—— 305 and the th 40 — 30 == 60, but no further, for 


and thence the 4th 


| PRoB. 73. 
191. Having 2 Quantities, to find a Mean in harmonic 
Proportion. | 
Let the 1ſt 4, the 2d = x, the 3d b, 


then 3 = © » (186) 


bx 
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bx me ab — ab — aX, (100. Ar.) 
ax + bx = 2ab 
2ab 

a+ 4 

Let a= 10, b=40, then x =22== 16; the laſt Equa- 
tion but one may be reſolved into this Analogy a+ 6 : 
24 :: b: x, which gives this 

THEOREM. 

If there be 3 Numbers in harmonic Proportion, the Sum 
of the 1ſt and laſt is to double the iſt, as the 3d to the 2d. 
PROB. 74. 

192. Having 3 Quantities, to find a 4th in harmonic 

9 Proportion. 
. N Let the 1ſt 22 
4 the 2d =b 
* the 3d 5 
the 4 x, then by (F. 186.) 

5 : — :: 4: * 

bx — ax =ax — ca, (F. 100. Ar.) 

ac = 2ax — bx 

ac 


& — 


— * 3 - — = 


>, n - — 
— = — "1 *„% < wa * 
1 2 — ; —_ 
24 = 
3 —— — —— — 1 3 — a m 
— — - — 
— * - - 
— — 
9 ———— 


.  < .-.-- 
— * 


X. 


5 
: 12—8 
— =18. Thelaſt Equation but one gives this Analogy 

4 242 — 6: 4 :: c: x. 


bt THEOREM. 
f If there be 4 Quantities in harmonic Proportion, as the 
" difference of the 2d from the double of the 1ſt is to the 
1ſt, ſo is the 3d Term to the 4th, 
DEFINITION 14. 
192. A contra-harmonic Proportion is that relation be- 
tween 3 Terms, in which the difference of the 1ſt and 2d 


Ex. Let . 3, C== 12, then x = 


a | is to the difference of the 2d and 3d, as the 3d to the 1ſt. 
W | Ex. 3, 5 6, are Numbers in contra-harmonic Propor- 
1 tion for 1 =5- 
. PRO B3. 75. 
1 194. Having 2 Quantities, to find a 3d in harmonic 
## Proportion. 
WM Let the 1ſt = 2 

the 2d 56 

the 3d = 


then 


Cb. 1. determined Preis. 139 
then: BF (F 193.) „ :: *: 4 
„ — aa =x* —xb, (F. 100. Arith.) 
x* — bx EA =ab —a* +56*, and x being 
greater x — 4b Vab— 42 + 5b*. EY 
Ex. Let a=3, b=5, then x=5+y/Z +15—9 
=$+/ PS4TIST=6. 
PRO B. 76. | 
195. Having 2 Quantities, to find a Mean in contra- 
harmonic Proportion. 
Let the firſt = a the Mean = x 
the 3d = b then by (F. 193.) 
X—4: P—X 2; 4 2-8 
ax — 4 = bb — bx, (F. 100. Ar.) 


ax + bx = a* + bz 
3 
24474 
. 
Ex. Let a=3, b=6, then x = 3 6 == 25. 


THEOREM. 

If the Sum of 2 Squares be divided by the Sum of their 
war the Quotient is a contra-harmonic mean Propor- 
tional, 
| DEFINITION 15. 

196. A pronic Number is that which is equal to the 
Square, and its Root. 

Conor, 1. 

55 If the firſt Term in Arith. Progreſſion be 2, and 

the Differ. of the Terms alſo 2, and the Number of Terms 


2 
NJ 2_— Jy 


= 7x, the Sum will be = 2» + X 2, (F. 108.) =_ 


zu -A — n= u; therefore a pronic Number is 
that whoſe Root is equal to the number of Terms. 
CoROL. 2. 
198. Hence it appears that pronic Numbers come out 
by adding up even Numbers in the Progreſſion, 


Suppoſe it were 2, 4» 6, 8, 10, &c. 
the pronic Numbers will be 2, 6, 12, 20, 30, &c. 
PRoB. 77. 


I99. To extract the pronic Root from a given Number. 


Let the Number given be , and the pronic Root 
Dx, then by (§. 196.) l 


x * 


K 2 9 * m 2 . 2 = ti > — — — - 
| 2 2 I 28 ” ——_— >» ESTER” — — 
3 a a, 8 + N ps — = — =. - = — I > , = > ; — — 4 2 bs 


a . _— 
6 * 
D 


p + _ 8 ** 


2 
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x? = & 


x AT i= EE = f Ti, 


and x I. 
THEOREM. 
If an Unit be added to 4 times the Number, and from 
the Root of the Sum an Unit be ſubſtracted, then half 
the Minuend and Subſtrahend will he the pronic Root. 
Let 4=72, then x=iy/4X 72+ 1—i=y/ 259 — 


_ — — — 
— 3 cm qo» CC * 


6 8 == 72. 
* PRO B3. 78. 


200. To find the Sum of Squares and Cubes, whoſe 
Roots are in a Series of natural Numbers. 


Let o +1 +1+ 1 + 1+ I, CCC, fo 
o-pI+2+ 3+ 4 5 &c. = ſa" 
o+1+4+ 9+16+ 25, &c. = a 
o+1+8+27--64þ+ 125, &c. = ſus 

&. &c. 
1 +1i+1+1+1+7r, &. Ie 
1+2T3+4+5-+6, &. = Al- 
1 +4+9 +16 + 25 + 36, &c. = ſn—+1 
1 +8 + 27 * T 125 + 216, &c. = ſu 1 
c. &c. 


That is, / denotes the Sum of as many Units as you 
pleaſe, in a Series beginning at o, and ſz 1® as many 
in a Series beginning at 1; and becauſe o is the Exponent 
of an Unit, (§. FF.] and z repreſents every Unit in the 
firſt Series, and #—- x in the other, if therefore the num- 
ben of Terms in both the Series be the ſame, then 
u 1 — ſa® =2+1®*=1. Likewiſe ſ#* denotes the 
Sam of natural Numbers beginning with a Cypher, and 
7 denotes any of its Terms, and ſn 1* the Sum of a 
Series of the ſame Number beginning at an Unit, and 
72+ 1 any of its Terms 1,2, 3; and becauſe 1 is the Ex- 
ponent of the firſt Power, (S. 55.) therefore if there be 
the fame number of Terms in both the Series, then 
I- =# +1", where » + 1 denotes hs 

erm 


PRO Op. 
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Term of the Series beginning at an Unit, by which it 
differs from the other Series beginning at o. Likewiſe 


P =001%, fir — fi? =Fv, foFi*— 
ſu⸗ = 2-1*, &c. and univerſally 2 — fp ＋ 1 


== YÞ —+— mT 


Now Z 1 =»* 2»-+1, ($. 81.) I . 
2% + ſn* + 1, therefore by tranſpoſing u + 1* — — 
fa*—1 =2/n* ; and becauſe ſu + 1* — ſu* was =» +15, 

then » + 1* — e — 1= 2ſn", and dividing by 2, 3n1+* 
ie —2 = ſw. 

Ex. 25, then 22 1*==E == 189, Z =5=22, 
and /n is the Sum of all the Roots from o to 5 = 18 


—3==15. Likewiſe, let 2 = 35 then 2 TCI =8, 4½ 
wo | E 3 5 > + > uf 


Moreover, 


» +15 = ＋ 33 + 3u+1, ($.84.) 


fr e + 36 + 3ſt L +1 
ſfnb+15 — 3ſn* — ſu? — 1 = 3/#*, and becauſe 
LI - = n+ 1*, then 
» +1 — 3/% — /e — 1 = 3ſn*, and dividing by 3 
ay e e 1 = 216 5 

x. Let 2 5, then 3 135 = = 72 ** =I5, 
2% = 15» thus ; u? rg 72 — 17 =55. Likewiſe, let 
1 3, Ju 1* =214, ſu==6, % = 1, and ſo ſa* = 
215 — 7414. | 

Apain, 


u + 1* = ＋ 4 + 6 + 4n +1 
fois fi. + 4% -CH + 4%: + ſo? Er 
ſn+1* — .. — 6ſn* — 4ſ — ſfu*—1==4/n*, and becauſe 
AI — “ = I f 
2 + 1* —6ſn* — 4ſn* — ſu? — 1 =4ſ#3, and divid. by 4 
255i. — 1% —ſu* — 4 —2 us. 

Ex. Let 2 = 55 then 3» +1 *= 324, 3/u* = 824, ſu" 
= 15, z/#* =1*", and thus /½ = 324 — 99 = 225. 

SCHOLIUM I. 

201. In the ſumming up which we have uſed in reſolv- 
ing the Problem, an Unity is always to be added, as the 
particular 


4 


_ # 
„ — _—S 
— —_ = = 


r 
TIC A 


a ey, ue ES Ee 


2 
2 _- 


2 


* 


5 * as 


= — 
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particular Examples plainly ſhew; for if in the Equation 


e + ſnu* þ+ 1, » be = 4, then 


O I — I I + 1 
O 1 2 3 4 
EZ 1 {it 

1 ＋ i 1 4 9 +16 ＋253 and ſeeing the 
difference between ſu f 1* and ſ#* be 25, and 2ſn" + ſ#® 
uy 4s it appears, that to keep the Equality, x muſt be 
added. 


D 
[NWI 


SCHOLIUM 2. | 

202. The ſame way we have ſhewn that the Squares and 
Cubes are to be ſummed up, the Sums of other Powers 
may be had; and becauſe the Powers riſe infinitely, a 
general Problem muſt be found for infinite Caſes. 

PRoB. 40. 

203. To ſum up any Powers of natural Numbers. 

> 11 1 VE EI * 7 7 n ＋ =D: 1 
TE 14 75 X M—I m—2 22 — 3 

3 2K 3X* 4 


&c. infinitely, (F. 95.) Then A — ſu” I + 
22 * ah, f —— => 2 3 — a 
EINE IND "3, &c. infinitely +7. 


ons 2 — 7 — 
m I XMXM—I, m—2 2 
"RY Fe "2X3X4 


be, bin fr rH F 


(F. 200.) therefore Pr K * - =} 

mL XX 2 Ann 2 
2X 3 2X3X4 

— 1= a „therefore fu” = = n r 

m m—_ TTXM—I, my xr — 4 M2 


GRE” 2a _— * ee ICS - 
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Ex. Let m 3, m1 = A, —I=2, m—2=1, 
”m 3 So, then 3 + 1 — 4ſ½ — — 4ſ% — 1 = 
/z*, as before, (F. 200.) 
SCHOLIUM. 

204. A general Theorem is indeed made up of infinite 
Terms ; yet in particular Caſes the Terms become finite, 
the others vaniſhing when the Number to be ſubſtracted 
from M becomes equal to it, as appears in the Caſe above. 
Thus we have by a true analytic way ſummed up the 
Powers in an eaſy Method, yet there muſt always be added 


to the laſt Term =X7 » the reaſon of which we have 
given, (F. 201.) 


Coo. 

205. Seeing the ſumming up of the higher Powers de- 
pends on that of the lower, if the Values in the in- 
ferior be ſubſtituted in the Forms for the higher Powers, 
3 1 3, there will , come out Forms 
tor the Sum of the Powers by » only, without ſuppoſing 
the Sums of the former. 0 


ſu® = n, (F. 200.) 8 


270 _ = 8 1 (§. 200.) 


Al. 


„ 
— 
— 1 


e, 

Then ſs* = _ IE un LL 

4ſn3 = 2. 1126 1 29 I, ( 200.) 
J \c Wh. 196 / 6 


— 


„ _— 2 * 22 18 


— n — - ——_— _ —_ * 32 
ccc 


— 


— ASE 4 
— | Gan 


— 
1 
Su : = 


— 


OE + it 
— 


e 
* * - ag . — — 
by > > ks * 


VV. . — 10% — 1oſu* — 5/1" —ſa® —2 


=w* + 51% + 109% I 1 +50 þ 1 
4 o + 
6 


= m" 225 T Toms — i 
=6725 +152* + 1013 — 7 
Sy 6 
615 +151n* + 1025 —» 
Then a =— X 70 „ &c. 
DEFINITION 16. 

206. Polygonal Numbers are the Sums of Numbers 
in Arithmetic Progreſſion beginning from Unity; they 
are called Triangular, when the difference of the Terms 
is 1, when 2, Square, when 3, Pentagonal, when 4, Hex- 
agonal, when 5, Heptagonal, when 6, Octogonal, Cc. 


Prog. Arithmetic 1,2, 3, 4» 5» 6, 7, 8. 
Num. Triangular 1, 3, 6, 10, 15,21, 28, 36. 
Prog. Arithmetic 1, 3, 5, 77 9; 11,13, 15. 
Square Numbers 1,4, 9, 16, 25, 36, 49, 64. 
Prog. Arithmetic 1, 4 7, 10, Iz, 16, 19, 22. 
Pentag. Numbers 1, 5, 12, 22, 35, 5 1 70, 92. 
Prog. Arithmetic 1, 5, 9, 12, 17 21, 25; 29. 
Hexagonal Numb. 1, 6, 15, 28, 45, 66,91, 120. 


SCHOLIUM. 
207. Polygonal Numbers are called ſo from Geome- 
trical Figures, into which Points, anſwering the Units, 
may be diſpoſed. Ex. 3 Points anſwering 3 Units may 


be diſpoſed into a Triangle, and fo of the other triangu- 
lar Numbers, | 
PE- 
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. DEFINITION 17. 

208. The Side of a polygonal Number is the number 
of the Terms in Arithmetical Progreſſion added up, and 
the number of the Angles is that which ſhews how many 
Angles the Figure hath, whence the polygonal Number 
hath its Name. | 

| CoR0OL. | 

209. The number of Angles in Triangular, 3, in 
Square, 4, in Pentagonal, 5, Cc. conſequently the Bitte. 
rence of the Terms that are added is exceeded by 2, 


206. | 
(F ) PRoB. 80. 


210. Having the Side of a polygonal Number, and the 
number of Angles, to find the pblygonal Number. 

Let the Side = 7 
number of Angles = 4 
the firſt Term in Prog. =1, (S. 206.) 
the differ. of Terms =@a— 2, (C 209.) 
the laſt Term =1T1+a—2 Xu—L 
1ſt Term == 1, (F. 104. Arith.) 


—— — 


The Sum of the 1t and laſt Term =2+- 3—=2xz—1 
(i. e.) 4 na—2n—a 
1 the Number of Term Zu 
Product 22 + 2 - — 4an, (C. 106, 107.) 
1 — 22 — au + 4% ** 2 —2—#X2—4, 
2 25 2 8 
| THEOREM: 

A polygonal Number is the f difference of the Pro- 

ducts ariſing from the Square of the Side into the num- 


ber of Angles — 2, and of the ſame Side into the number 
of Angles — 4. | 


dw. 


| CoOR0OL. 1. 
211. Let z, the triangular Number will be = 
I 2 2 2 — * 
. Ie 4, the Square will be = 
207 — 17 
2 * 
Let a=6, the Hexagonal will be = 2 — S2 — 7, 
L Let 


n. Let4=5, the Pentagonal will be = 


_ p ” 122 * 
— 2x , 
— 8 


IS 


ME ER Ns 
— % % —_» 


” ad 25 
= — 


vo 


9 
vVy 
70 
Cx 
"= 
3 
4 
= 
£ 
1 
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2 — . 
2 


Let 2 = 7; the Heptagon = 
— 


Let a = 8, 


the Octogon = = Jn* — 27, &c. 


"ama. ; 
212. . Seeing the polygonal N amber, (Section 210.) is 


2 1 — 
— COS „the Sum of any Series of po- 


2 


lygonal Numbers will be — AE DL . be- 


cauſe a—2, 4 — 4 are conſtant Numbers, which being 
determined in particular Caſes are * ſummed up, bur 


fu — i — = * — 2 


(F. 205. 205. ke. the Sum of the £ che Polygons 
a — 2 — 2X 285 + 33* + 2 — a — 4 X 3”* + 3n 
I 


3 
cnt eee ———— 
5 12 
RIES a—2X #3 +31" —na—5# 
= ——— 2 


from whence ſpecial Theorems ariſe, a, the number of 
Angles being determined, 


ot 
The Sum of Triangular — = =D 


of Pentagonal + 2 
4 +31” — 1 
of Hexagonal — 


of N EIESS 


13 —T: "5 JO 
of Octogonal = 2, _ (ſee F.208.) 
For Triang. a=3 


Pentag. a= 

4 1—5 

Heptag. a = 

Octag. a=h, &c. ( 208.) 


P ROB. 
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PRO B. 81. 


213. Having the polygonal Number, and the number 
of Angles, to find the Side. 

Let the number of Angles = 4 
let the polygonal Number ==p 


and the Side * 

the difference of Terms 24 — 2, (F. 209.) 

the firſt Term = 15 (8.206, 104 Arith.) 
and ſo the laſt 21 7 1 71 


(i. e.) 3 ＋ ax — 2x — 4. 
The Sum of the firſt and laſt = 4 ＋ ax — 2x — 4, 
x by + number of Terms = Ex | 


2x ＋ qax* — x* — Tax 


by = 2, and & + 174 


= 


. — a TALE c— 
(i. e.) if —4 m, then x*— mx — Soong and comp. 


the Squ, x*—mx- =. —=— 


a — 2 
* Im B "= 
2 — & a — 2 
x An + y/am* + 2p 
a—2 


828 — 


2a — 4 44a* —16a 16 24 — 4 — 
| Bap — 169 + 22 — 8a + 16 
En" < CY LE — = 
©—4 + 8X a—2pba—47 
| 242 — 0 N 
The Sign I takes place, becauſe the Root is more than 
2 — 4. Let a==3, the fide of a triangular Number a— 


8 ＋ 1 2 Ix 
os yo =. Let 2 5, of a Pentagonal — — 


Let a=6 of a Hexagonal *. 22 L >, &c. 


F 


L 2 D- 


- 


— —_—— = 


* 


6⅛kk„ͤ ð v ²˙ — 
' 2 — — Sk 5 — 


n 


„ 


O 


a 1 2 * 4 Wu 
1 — — — 3 os 2 
2 2% hs —_—- 
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DEFINITION 18. 

214. The Sums of polygonal Numbers being found the 
ſame way that the Polygons themſelves are tound from 
the Arith. Progreſſion, they are called firſt Pyramidals, and 
the Sum of theſe, ſecond Pyramidals, and the Sum of theſe 
third Pyramidals, and fo on; and if they ariſe from Tri- 
angulars, they are called in particular, firſt triangular Pyra- 
midals, and if from Pentagons, firſt pentagonal Pyramidals. 

Ex. Numb. triang. =1,3, 6,10, 15, 21 
firſt Pyramid. triang. == 1,4, 10, 20, 35, 56 


the ſecond = 1,5, 15, 35, 70,126 
the third 213 6,21, 56, 126, 252 
COoOROL. 


215. Having ſhown how to ſum up polygonal Num- 
bers, (F. 212.) it's evident how firſt pyramidal Numbers 
are found ; vis. 


a — 2X #* + zur —@—5 Xu 
8 — 


„ ſee (F. 212.) 


PR OR. 82. 

216. To find the Sum of pyramidal Numbers of a ſu- 
perior Order, or the one which is next fuperior to any 
given inferior one. 

We need only ſum up the pyramidal Numbers of the 
next inferior Order, as ſhown in (F. 200.) and we ſhall 
have their Sums ; and ſeeing the pyramidal Number of 


the firſt Order wa ED IIs . 1 6. 


215.) the Sum of Pyramidals of the firſt Order will be 
a — 2/m + . — — * = 
1 2 | 

and ſu = = * =? and ſu" = ==, (8 205.) 
therefore the Sum of the Pyramidals of the firſt Order, or 
the pyramidal Number of the ſecond Order = @ 2 x 
47 T＋ 20 TA 2x20 37 3 —a—z5 x 2n*Þ2n 
all divided by 24 = an* + 222 — an* — 2an — 2n* 
IJ. + 122, all divided by 24 = EDS 5 

a—2X#* +2an3 — a +14 X u* — 24+ 12Xs# 


24 


72 


Ex. 


— 14 4. 1 a das Harte : 
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Ex. Let a==3, the —_— triangular Pyramidals of the 

4+ 3 2 6 
Er Order will be . — „ for the 


general Form for the Sum being found, it expreſſes any 
pyramidal Number of the 2d Order, (S 214.) and if that 
be ſumm'd, you have the Sum of Pyramidals of the 2d 


Order, or the pyramidal Number of the 3d Order, (& 214.) 
and ſo as far as you pleaſe, | 
CoOROL. 1. 
217. The Sum of Units being , the Sum of the Sides 
n* E nxn+l 


will be _— - „ (F. 205.) and the Sum 


3 2 
of the Triangular - T3 — = — * 


n +2 „ ($- 215.) the Sum of the Pyramidals of the firſt 


+ 13 n* + 61 
Order n* + 6 — 2 41 - —_ 
7 
1 3 „ (F. 216.) Thus the Rule is plain by which 
ramidal Numbers ariſing from triangular infinitely may 
0 ſummed up, viz. the number of Fractions to be mul- 
tiplied into one another, exceeds the Number of the Order 
by 3 Units, and their Numerators are in the natural Order, 
and the firſt Term is the Side of the red Number; 
the Denominators likewiſe are in natural Order, the Pro- 
greſſion beginning at an Unit. Thus having the Side , 
the undetermined triangular pyramidal Number will be 


uo „LI „ ＋2 n+23 144 1 ＋ 5 
F 
Co Rol. 2. 


218. Hence it appears what kind of Numbers the Un- 

ciæ of the Powers are, (F. 95.) 
PRO B. 83. 

21 55 Having a number of Quantities, and the Num- 
ber ſhowing how many of them are to be combined, to 
find the number of Combinations. 

One Quantity admits of no Combination, and 2 admits 
but one, ab; and of 3 there may be 3 Combinations, as 
ab, ac, bc; and of 4 there may be 6, ab, ac, ad, be, bd, 
cd; and of 5 there may be * ab, ac, be, ad, bd, cd, ae, 


3 be, 


&c. 


* A £4 2 xo * 


. 


I Ee 
. 5 
= EX F 


* 
* 
. 
: 
* 
5 
Ly 
P 
+ 
1 
PP 
I 
ET 
. 
. 
1 
5 


*y 
+»*J 
4 
«+ Y 

7 

4 


— 


— >» 


2 * * as 4 » * 
. 


— 


—  —  - 
= * * - > A 
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be, ce, de, and ſo on; hence it appears, that the num- 
ber of Combinations are as 1, 3,6, 10, &c. (i. e.) they are 
triangular Numbers, (S. 206.) whoſe Side differs by an 
Unit from the number of given Quantities ; and it that 
were 94, the Side of the number of Combinations would 


TY —1 Xx 40 
be q — 1, and ſo the number of Combinations 2 . * 


($.217.) If three Quantities were to be combined together, 
and three in Number, they admit but one Combina- 
tion, as abc, or bea; but if a 4th be added, as d, then you 
will find 4 Combinations, as abc, abd, bed, acd ; if a 5th, 
then 10, as abc, abd, bed, acd, abe, bde, bce, ace, ade, dee; if 
a 6th, then 20, and ſo on. The number of Combinations 
are 1, 4 10, 20, (i. e.) they are firſt triangular Pyrami- 
dals, (S. 214.) whoſe Side differs from the number of Quan- 
tities given by 2 Units, or by the Exponent — 1. Hence, 
if the number of given Quantities be q, he Side will be 
—2XqJ— IX 

2, and ſo the number of Combinations — —— r — 
1 BEE 

If 4 Quantities are to be combined among themſelves, 
the number of Combinations will go on as triangular py- 
ramidal Numbers of the ad Order 1, 5, 15, 35, &c. ($.214.) 
whoſe Side differs from the number of Quantities by 3 
Quantities, or by the Exponent — 1 ; if then the number 
ot Quantities be 1, the Side will be 1 — 3, and fo the 


3 I —Z3XI— 2X I— IX Io 
number of Combinations r 
(§. 217.) 


o 


Hence we may draw a general Rule for determining 
the number of Combinations in any caſe. Let the Num- 


ber to be combined be G5 the Exponent of the Combina- 
tion 1, the number of Combinations will be 
rr nn 
rere. 123475 r 7 
and ſo on, till the number to be added be equal to 2. 
Ex. Let the number of Quantities to be combined be 
6, and the Exponent of the Combination == 4, the 
number of Combinations will be 
. +2x6—4 + 3x6—4T4 
3 23 4 — — PERIOD. 


„„ „ . Fama, TW Py 


'V 
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6—2X6—2X6—IX6+to_ 2x4 K 6 
FD 72 


1X2 Xx 3X4 
Co Rol. 


220. If you deſire to know all the poſſible Combinations 
of given Quantities beginning at that of each Couple, 


— 1 * o qQ—2 „7 —1 X 
you muſt add 1 , £ 2 , 


IX 2X 3 

—3*x 7 —2 K 7— | 
—2 25 "FF" 1 7 4 whence the number of . 
ene „ TAG I 1 422-22 

all poſſible Combinations is 7 1. * 
qXq—=IXq-2Xq—-3 : qXKqGQ—IXG—2Xq—JXxq—4 

+ IX2X3X4 T 
&c. which is the Sum of the Unciæ of a Binomial raiſed „ 
to the 4 Power, wanting the Exponent of the Power en- | 
creaſed by q + 17 (§. 95.) and ſeeing theſe Unciæ come 
out 1+ 1, raiſfig it to the Power 4 by Prob, 29. (§. 95.) 


1 +1 being =2, then 24 —q — 1, is the number of all 
the poſſible Combinations. | 


Ex. If the number of Quantities be 5, the number of 
poſſible Combinations will be 2* — 6= 32 - 626. 


SCHOLIUM. 

221, Seeing the Unciæ for a Binomial x ＋ x muſt come 5 
out by railing to that Power to which 4 ＋ is raiſed, it 1 
appears thence, that the Unciz of the Part a and b is 1 ; 
and therefore, as the literal Products from a and b, ſo the f 
Unciz from 1 and 1 muſt come both out, by being myl- ; 
tiplied into another. Vid. Calcul. | 

1 + 1 Unc. Rad. 3 
1 1 | 1 
14 1 4 
1 —— 1 a . 1 
i +2 1 x Unc. of the Square, | 
I +I 


'I+2 +1 
AIRED. 

1+3 73 1 Unciz of the Cube: 
L 4 | PRoB 


: 
( 
; 
"| 
f 
\ 
1 
ö 
| 
k 
f 
. 
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PRO B. 84. 

222, Having the number of Quantities, to find the 
number of all the Changes which the Quantities combined 
all the poſſible ways, can undergo. ; 

Let there be 2 Quantities, # and b, the Variation of their 
Changes is 2, (F. 129.) therefore, ſeeing any of them may 
be combined with itſelf, to theſe there are yet to be added 
2 Alterations, ſo the Number of all is 2 +2=4; and if 
there be 3, and the Exponent of the Variation 2, the Com- 
binations will be 3, and Permutations 3, viz. ab, ac, be, and 
ba, ca, cb, (F. 129.) to which if you add 3 Combinations 
of each Quantity with itſelf aa, bb, cc, you'll have the num- 
ber of Changes 3+ 2 +3 =9. ' 

Likewiſe, if there be 4 Quantities, and the Exponent 2, 
the number of Combinations will be 6, and the Permu- 
tations 6, and the number of Combinations with it- 
ſelf 4, and fo the number of Variations 16 ; if the Expo- 
nent continue, and there be 5 Quantities, the number of 
Changes will be 25; and univerſally, if the number of 
Quantities be 2, the number of Changes will be »*. 

Le the Quantities be 3, and the Exponent of the Changes 
3» the number of Changes will be 27 =33 ; wiz. aaa, 
dab, aba, baa, aac, aca, caa, abb, bab, bba, abc, bac, bea, 
ach, cab, cla, acc, cac, cca, bbb, ble, bb, beb, bir, che, 
ccb, LID | | ; | 

The fame way it will appear if there be 4 Quantities, 
and the Exponent 3, the number of Changes will be 
64 =4*, and univerſally, if the number of Quantities be 
82 and che Exponent 3, the number of Changes will 

e n3, END 4 x EEE. 

And if you pleaſe to go further, it will be found, that 
if the number of Quantities be », and the Exponent u, the 
number of Changes will be z*, | 

If therefore you add all the Antecedents where the Ex- 
ponent is the leſſer, the number of all poſſible Changes 
wil bes” + Eb bo eee 
ps &c. till the Number taken from » leave 1, 
becauſe the beginning is at each Quantity ſer down once. 

Seeing the number of all poſſible Changes is in a Geom. 
Progreſſion, whoſe leaſt Term is 2*, and the greateſt 


»”, and the Denominator u, (F. 314, 109 Ar.) it will be 


8 4 


= (9: 425) Ex, 
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Ex. Let » = 4, the number of all poſſible Variations 
will be 2 = = = = = 340. Let »z=24, the num- 


ber of all poſſible Variations will be 24% — 24 


23 — 
3200965 86444068 18986777955348250600 4 


23 
139172428 8887252999425 128493402200, ſo many ways 
the 24 Letters may be put together among thernſelyes. 


200000099909000099900900 


CHAF. 


Of Algebra, apph ed to undetermined Problems 
in Arithmetic. 


Pros. 85. 
223. T O find 2 Numbers, whoſe Sum and Product 
together is equal to a given Number a, 
Let one =x 
the other ), then xy + x + y =a 
op ES. am P 
x = a —y 


5 1. | 
Ee * = =94 
2 20 —2 2 
Let a= 20, y=2, x= ITT EE 6. 


Let a= 19 9, Y 2 X == 19 — 4—4＋ = z. "= 
And if the given Number be 2, 5 one of thoſe ſought 
=*, the other x -, (F. 6. ) by the Problem 
of — 9 + 23 = 4 
2X = a + 2 and comp. the Square 
2z +1 =a 409 +1 
e IEP AI 
where it appears, that a+ 1 muſt be the difference of 2 


Squares, of which one is y*, that fo the Root may be 
extracted from * ＋4＋ 1. 


Ex. 


1 
1 
i 
" 
* 


Th 
| 
\ 
1! 
* 
i 
1. 
j 
ſl 
W! 
7 
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Ex. Let a —= 195 Y=5z * =; + 19+ 1— 1 
* — 1 = 12 1 2 = 345 therefore x + y 2 3x + 
42 = 45 and oF my 2 32 — = 4 

' PRos. 86. 

224. To find 4 Numbers, ſo that the Sum of the iſt 
and 2d may == the 3d, and their difference == the 4th, 

Let the iſt Number be == x 


the 2d = y 
the 3d — 2 
the 4th t, then 
== A X —y =? 


— x=# + y, then (F. 17. Arith.) 


ö 


2 — 


z +2y= z, and 2y=z—#, and y = 


2+? 2 
Hence it appears, that if whole Numbers are wanted, 
there muſt be taken for æ and 2, 2 even or 2 odd Num- 
bers, (§. 72,74) 


Let 2 8, 1 = 2, then y= und 
Dr —1 


257 or let 2 25, =I, & 


2. 


2 —ͤ— 32 2 


oer, . 
225. To find 2 ſuch Numbers, that each of them, with 
its aliquot Parts, may make one Sum. 
Let one = mx 


the other , by the Problem 
1+ m-bmxþ x=1 +2» ny +) 
mx+x=1+npu+lxy—1+m 

x = 1+z ＋ 2 „ 
— . 
Hence it appears, that 1 denotes the Sum of the ali- 
quot Parts of the Denominator of its Multiple y, and 
1 ＋E of the Denom. of its Multiple x, and not only y, 
but boch the Denominators, may be taken at pleaſure; but 
muſt be an odd Number, and a Prime. 
Ex. Let m=1 

1 =2 


. 
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the aliquot parts of » are 1 and 2, and of m only 1 ; then 


—=2+1T + 2Þ1x35—1=2+3y=2+9=11. 
Re 1 38, 13 then 1＋ 2 21 2+4+ 
8==15, and 1+m=1+2+4=7, therefore x = 


SEMAEEI a e 


7 7 
PRoB, 88. | 
226. To find 2 Numbers, whoſe Sum may be equal to 
the Square of the leaſt. 
Let the greater = x 
the leſſer — 9 
then x + y=)* 
Xp = = -I, 
whence it appears, that the greater 
of the leſſer into itſelf — 1. 
Let y 3, X==2X 3, let y=5, X==4X 5=20, 
let y=9, then x 8X9. | 
PRO B. 89. 
227. To find 2 Numbers, that the Sum of their Squares 
may be equal to the Cube of the leſſer. 
t the greater = x 
the leſſer = 
then & + y* = y3 
* => - =» Rn 


Number is a Product 


1 2 N 1 | 

where it appears, that for y muſt be taken a Number that 

exceeds a Square by 1, or any Square +1. 
Let 55 then x=54/5 —I = FY/ 4=F X2=10. 
— EI =17, then S D —I=17y/ 1088 17 X 4 

3 PROB3. 90. | 
228, To find 2 ſuch Numbers, whoſe Product may be 
equal to a Cube, whoſe Root is equal to the Producꝶ of 
the firſt into the Square of the ad. | 


Let the firſt Number be = x 
the 2d = 


=y 1 8 

the Cubic Root S, by the Problem 
Va xy* Xy = <3 

V as 

7 * x XxX =— 

| V 2 


7 7 and v v, and divid. by v 


oy 


q 
af 
ö 
1 
ö 
| 
1 
4 


+ 
1 
'f 
U 


12 v*y 
1 — 
W 
95 
Thus & 1 = v5 
2 


Let v=2, then x=32, == or let v=3, then 

* 243, =. 
PRO B. 91. 

229. To find 2 Numbers, whoſe Squares differ by a 
ſquare Number. 

Let one =x + * 
the other * -, then by the Problem 

x* + 2xy + }* 


where it appears, that for y there muſt be taken a Num: 
ber, whoſe Quadruple will divide a ſquare Number. | 

Ex. Let v*=16, y= I, x = 3 = 4, then x 
＋ y=4 +1, and x — y=4—1, or let v*= 36, 


Y = 3, then * = 3.5 =) and x y=6, and * — ) =0z 


let hy ty )}=9, then x 43 == 1, and # + y== 10, and 
x—y=8. | 
5 PRoB. 92. 
230. To divide the Sum of 2 Squares into 2 other 
Squares. 
Let the Side of the greater Square == 4 
of the leſſer =b 
and the Side of one of the Squares ſought be leſs than a, 
then 4a—z will be the Side of the other Square, and 
reater than b, and may be called y—b; and to avoid 
Surds, it may be better called yz — b, then by Problem 
42 — 2422 +2? TH — 2byz + b* = a* + b* 
and ſubſt. a + . X + y*z2* — 242 — 2byz =0 
and — by z. 2 ＋ K —24 — 2by = o 
and ad. 24 + 2by. y*z + z = 24+ 2by, and - by y*+1 
2a ＋ 2by | 
- I * 
FF _ 


Ex, Let 4 = 3, 6 = 2, and y= 2, ten 3= Fi 
— 


2 
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= 22, then a —- x - 22 2 ⏑⏑— - A, and yz—b 
— — 2 = 33. 2 
SCHOLIUM. 

When the Sides of the given Squares are expreſſed, the 
Quantities à and b muſt be in their Values, that à* and 5 
may be in both Sides of the Equation; and for the Value 
of the other Side, y muſt be multiplied by z, that a* and 
ba being taken from both Sides, the Remainder may be 
divided by z. Thus z is reduced to one Dimenſion, and 
ſo the Equation may be reduced in rational Terms. | 

PRoB. 93. 

232. To find 2 ſquare Numbers that ſhall differ by a 
given Number. 

Let the Side of the leſſer Square = x 
of the greater =y+x 
and their Difference 2 A 
the greater Square will be =x* ＋ 2xy +yj3 |! 
and leſſer = x* 
then by the Problem 2xy + y* = 

2xy = 4— ** 


where it appears, that for y muſt be taken a Number leſs 


than /d. 
Ex. d= 10, y==3, then 1 2 —— ==z, and x} 


6 
= 3＋ e =. Let d=11, 5 =I, then x= — 


225 and e Let 4 = 48, = 42 
—1 
then x = ST = 4 and x + y=4 +4 =8. 


PRO B. 94. | 
233. To divide a given Number into 2 other, whoſe 
Product may be a Square. 
Let the Number given = 24 


their Difference == 
the greater will be =8a—+y 
and leſſer 24 —5, (F. 


| Jo 
their Product = aa -; and to avoid Surds, aValue muſt 
be aſſumed for the Side of the Square that hath y in it, 
— which hath different Signs, ſuch as xy — 4, then by 
em wy 


4 
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a4 — yy = aa — 2axy T* * 
e =— 2axy ＋ 9 
— 9 =— 2ax + x*y 
2ax = x*y + y 


FINE 1 1 8 


then a+y =5 +4=9.4—yz=5—4, or let 24= 10, 
x= 3, then) = 18 = 3. 
W l 
234. To divide a given Number into 2 Numbers, whoſe 
Des ſhall be a Square. 
Let the Number given 22 
the greater of the 2 — 
and the leſſer =y 
by the Problem x + y=42 * — e u 
x=4—) x=wv* +y 
then &—y . +7 
a=0v* + 2y 
a— v* =2y 
Son Of” 
2 
Thus for v* a voce muſt be taken, which being taken 
from the given Number a, there may remain an even 
Number. 


Ex. Let a= 40, v*==16, then y = — — = = 
= 12, then x==40 — 12 28. | | 
Let a==40, v* 4 then 5 —.— 18, 
then x=40— 18 2 22. Let a=35, v* 9, then y= 


eee ee 


2 - 


2. 


213, and x= 35 — 13 2 22. 


PRO B. 96. 

235. To find two Numbers, ſo that the one being added 
to the Square of the other, they may make a ſquare Num- 
ber, whoſe Root ſhall be equal to the Sum of the two 
Numbers. | 

Let the one = x 
the other = », then by Problem 


x2 + = x* + 2x 
7 Hy 7 +1) 
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i=2x ＋ 5 | | 
1 —y S 2x, and — = *. 


Thus the Numbers ſought may be leſs than an Unit, and 
and y may be any broken Number. 
Let y =+» then x = — 12 2. Lt = 2 
1 — x 


2 
then x = =—* = I = 7- 


PRO B. 97. 
236. To find two ſuch Numbers, that their Difference 


may have a given Ratio to the differ. of their Squares, 
Let the greater = x 


the leſſer = y, and the Ratio à to b, 
by the Problem x—y : * - :: 4: 6, 
(. e.) 1: x+y :: @ : 5, (. 124.) 
ax Tay = 
x+y => 
* ==> —=y, 
b 1 3 
Let = =9, y=4, then x= 55 or let y = 3, then 


x = 6. 


PRO B. 98. 
237. To find a Number, which being multiplied by two 
given Numbers, there may be produced two Squares. 


Let one given Number = 4 | 
the other — 6 
the ſought Number == x | q 
by the Problem ax =y* bx = v a 

2 2— ! 
XxX _ 3 and — f 1 
2 2 
then — = - 
av* FT. 


If a rational Number be deſired, then 7 muſt be 4 
Square. | 7 


Let 4 = 32, b=8, 77 = | 
Let 
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Let v=5, then y= 10, and & 2. 

„ ä 

238. To find two ſuch Numbers, that if the one be 
added to the Square of the other, the Sum may de the 
Side of a Square, and equal to the two Numbers. 

Let one number be = x 
the other 1 
then x* Y V » theſe ſquared 

Y =x +1), and &“ and y ſubſt. 


2x% — y + y* = x — x+ 


— — 


A- 

* 2 x 4 — * I — Xx, 
. and if a rational Number be deſired, then 4442 — x2 
1 muſt be a ſquare Number. WE 3-73 

Let then the Side of it, by Prob. 92. (F. 231.) be 
xx - then 2*x* — 2x + 1 = + x — x* 
F and 2*x* — xX -K, and by — x 
2 X — 2 I— 


z Xx ＋ NI, and — by 2 ＋ 1 


: T 2 
Wi 
2 


a | Let zg 2, then muy 


— — 60 4 25 — 36 
r + y - 1 5 


— F N 1 

= e = = EE = = 75+ 
PRoB. 100. | 
239. To find two ſuch ſquare Numbers, that if the one 
be added to their Product, they may make up a ſquare 


Number. 

Let one ſquare Number be = x* 
the other = y* 
their Product 3, 


|| then x%*+x?, and x** + y* are 2 ſquare Numbers, 

L and therefore y* + 1, and x* T I are alſo ſquare Num- 
80 for a ſquare Number multiplied by a Square, makes 
a Square. | 


| mM Le 


- ws. . << At — —- + 4 


2. 
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Let the Side of the iſt Square =z — y 
of the ſecond t — 
then y* + 1 = 2* 22 + }* 

1 = &* — 220 
22 — 1 
2Z 
and the Square K* þ 1 =?* 2 + xx 
1 =t* — 2tx 


azj=2* — 1, and 7 


BO nd. 
as | 
& — I ? ö 
Let x 2, 3, then 2 7 = +2, and + = 
— = - 24. Let & 2 3 t= 4? then y= — 


PRO B. 101. 

240. To find 2 ſuch Squares, that their Sum added to 
their Product may make à Square. 

Let one Square be = x? 
the other = y® 


then x* + y* + x*y* will be a Square; and becauſe 
* v +x* = x* x y* + 1. Let firſt y* +1 be = to 
a Square, Whoſe Side is 2 —y, that y* being taken from 
both ſides of the Equation, eve may be but one Dimen- 
ſion of ) when a rational Value is deſired. 

r 

* 220 1 

12 — 1 215 


1 — 1 8 
2 y. Likewiſe 
7 : nnn 6 —1 ZE T - v4 
Let Y* +1=t—y=t— = 5 = Oz 


2x 27 
then &) + x* + D U a, thus the preſent 
Problems is 12 * the bb, Let then the Side of 
a Square (ro which v*x* + y* ſhould be equal) = Xx — 
vx, then v*x* + y* =22 —2zvx + , and 
— by v, y* = 2* — 2zvVx 
22VxX = 2 — y* 
x 22 &* — * 
2⁊ 


4 M Here 
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Here the Values of z and : may be determined ar 
pleaſure. 


— 1 b 


| 0 
Ex. Let a , .= z, then y = —— = 5 or 4; 


thus v — =} —J= 7 = 5, then 
6— 16 
x = — b 
9 * 
1 
3 Or 77 
4288. 


PRO B. 102. | 
241. To find 2 ſuch Numbers, that if their Produ& 
be added to the Sum of their Squares, they make 2 
ſquare Nuraber. 
Let the Sum of the ſought Numbers be = 2x 


their Difference = 37 
the greater will be =x—y 
the leſſer =x—»,(F.5.) 


Let the Side of the Square equal to 3x* + y* be =? 
+ y, then by the Problem * 


x* 2xy = y* 
„ WT 1 
K > — y* 


z +)? = it + 2 by 
Jx tt —— 2ty 
3x 1 = 2 
n 
7. 
48 — 36 12 


Let x= 4 fs, then y ππ ].. = 43 n and 


x +) = 4+ IE=5, x—y = 4123. 
RO B. 103. | 

242. To find 2 ſquare Numbers, whoſe Sum is a ſquare 
Number. 

Let the 2 Squares ſought be x* + y?, and the fide of 
the Square equal to their Sum = vx — y, then x* ++ 5* 
= v — 2vxy ＋ y* 

* = v*x*® — 2vxy 

X == v*i% — 2vy 

2vy = vx — x 
2vy 


—ͤ l mä—¼ — N. 


UB — 
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12 
4—1 

PROB. 104. 
243. To find 2 ſuch Numbers, that if one be multi- 
plied into the Cube of the other, the Product may be a 
Square. 
1 the 2 Numbers be x and y, then by the Problem 
55 and therefore xy is a ſquare Number, ſo we have 
| Xy = 2* + 


41 4. 
— 


2 4. 


Let v == 2, y= 3, then x = 


Y 8 
and if whole Numbers be deſired, let a Square that can 
be divided by y, be taken for z. 

Ex. Let z=6, y=23, then x= == 12. 

PROB. 105. 

244. To find 2 ſuch Numbers, that if the Product of 
their Squares be added to the Product of the Cube of the 
one number into the other, the Sum may be a Square. 

x = one number, and y the other, it will be x) + x*y*, 
therefore xy + x* a ſquare Number. 

Let the Side of the Square be = yv — , then 

xy + x* = y*0v* — 2% + x? 
xy = y*v*— 2xyv and x=yv* — 2xY 
ind Add. 2xv 2xV + x = yv* 
x = yu* 
21 
Ex. Let y=6, v==1, then x=$=2. 


245. To find 2 Numbers, of which the one being 
taken from their Product, leaves a Cube. 
Let one Number be =x 
the other ==, by the Problem 
WY —_ y -— © 2 
| 4 


== » ſoa Cube is to be taken that 
will — by x — 1. 
Ex. Let x==6, vr 10, then y = = 200. 


Let x== 3, v==6, then y === == 108. 
PROB. 107. — 


246. To find 2 Numbers, of which the one 
into the Square of the a makes a Cub 
2 
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Let one be = x 
the other Sy, then by the Problem 
2.3 x3 
<3 
23 x 7 
y= -; and ν = 23x, and 2 ==X, 


QI 


* — 


If Integers are deſired to come out, ſuch Value of ) is 
to be taken, that it may be divided by ſome Cube, or 
other z3, or that may be a Multiple of the Cube. 

16 * 27 


Ex. ket y= 16, v=3, 2 2, then x = 7 
% 


=2X 27254. 
PRO B. 108. 

247. To divide a given Number into 2 parts, that their 
Product may be equal to a Cube — its Root. 

Let the Number given be =a, the one part x, other 
a— x, and the Side of the Cube to which the Product of 
the Parts ax — x* is to be equal yx — 1, the Cube will 
be y3x3 — 3y*x* + 3) * — 1; and ſubſt. )* — 1 remains 


7 — 3 * 2 = ax — K 2 
„* — 3) A S - x, and ad. * — 2) 
„ — 3y*x x S4 — 27. 


Thus it ealily appears, if the Value of x be deſired in ra- 
tional Numbers, 2) muſt 4. 


a * — 6a*x +8x = o 

a2 x — 62 +8 = © | 

| 6a® — 8 
| a = 6a* — $8, and x = _—— 

Thus it appears, that if rational Numbers be delired, 

the Problem undetermined becomes determined. 


; 276 —2_ 8 
Let'a=6, then x = er 2, and 42 


27 5 ; 
PRO B. 109. | 
248. To find a perfect Number, (i. e.) one equal to all 
its aliquot Parts. | 
Let the Number ſought be "x, that it may be reſolved 
we its aliquot Parts or Factors, the aliquot Parts of it 
+ „ , +)*, till the Exponent be 7 


— 


Ch. 2. undetermined Problems. 16g 
to 1 and x + x & ͤ +)*x; till the Exponent become 


J's I= = Nc. 

Now that x may be an Integer, and the Number of 
aliquot Parts in a particular Caſe, when y is expreſſed by 
ſme Number, not different from their Number in the 
general Form, it is neceſſary that 3“ — 1 — 9 — 13, 
&c, = 1, which ſeeing it does not happen in a caſe but 
when y 2, ( 121.) then x =1+ 2+2* + 23, &c. 
—=1+2+4+8, &c. and the perfect Number 2” ; 
and becauſe x is a prime Number, it's neceflary that 1 
+2, + 2* +23, &c, be in every caſe a Prime, and fo 
the Series will end near a Term, which being leſſened by 
a Unit will be a Prime, and » will denote the number of 
Terms that go before, wherefore the Problem becomes 
determined which was before undetermined. There alſo 
appears, | 

| THEOREM I. 

If a Series of Numbers in a double Ratio be continued 
from an Unit, till their Sum be a Prime, the Sum multi- 
plied into the greateſt makes a perfect Number. 

THEOREM 2, 

If in the ſame Series there be a Term, which being 
leſſened by one becomes a Prime, that Prime multiplied 
into the next foregoing makes a perfect Number. | 

Let the Series of ſuch Numbers be 1, 2, 4, 8, 16, 32, 
64,128,256,512,10242048,4096, Then 4— 123, $—71 
=7,32—1I= 31, 128 — 1 127, 512 — 12 511, 2048 
— 1 2047, &c. are prime Numbers; therefore 2 x 
=6, 4X 7 =28, 31 X 16, = 496, 127 X 64 = 8128, 
511 X 256, = 1308165 2047 X 1024 = 2096128, &c. &c. 
are perfect Numbers. 

SCHOLIUM. 

249. Undetermined Problems, of which Diophantus 
ſolves a great many, are more difficult than determined 
ones, except they be ſimple ones; therefore young Be- 
ginners may go on omitting ſuch as have great diffi- 
culty in them, though they are not to be quite neglected, 
tor there is oft- times great uſe for them in ſolving Pro- 


M 3 blems 


—— — - 
— lg, 
— — —— — v 0 

og —_—_ Lc, — 
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166 Of the Uje of Part 1. Sect. 2. 


blems in ſublime Geometry; The Art of ſolving ſuch 
undetermined numerical Prohiems, is afcribed particularly 
to Diophantus, and called his analytic Art. 


FFC 


CH AT: ML 
Of Algebra, applied to the Elements of 
| Geometry, 


PRO B. 110. 

250. 12 ſolve a Geomerrical Problem algebraically. 
_ Iſt; Let thoſe things be done which we pre- 
ſcribed in Prob. 36, (H. 141.) | 

2. Seeing it's but ſeldom we come to an Equation in 
Geom. Prob. the fame way as we did in numerical ones, 
there are ſome things furihcr to be obſerved. 

«+ Let us ſuppoſe the thirg done, which is propoſed to 
be done. | 

g. Let the relation which all the Lines drawn in the 
Scheme have to one another, be looked into, making no 
difference between the known and unknown, that it may 
appear how ſome depcr.d on others, or what Lines being 
given, will give other Lines, whether by ſimilar Triangles, 
or rig -angled Triangles, or by ſome other Theorem, 
which laſt indeed ſelaom happens. | 
F. And that you may obtain ſimilar Triangles, or right- 
angied Triangics, let the Lines be oft produced, till either 
tney be equal to ſome given Line, or cut ſome other Line. 
Parallel; and Perpendiculars are oft-tirnes to be drawn, 
and Points joined, and Angles conſtructed equal to others 
given, all which may be done from the Elements of Geo- 
metry ; and for that end, the Theorems about Equality of 
1 and the Similitude of Triangles, muſt be remem- 

red. 
| J. And if you a3 a to get an Equation that is too 
long, you muſt conſider again the relation the Lines have 
to one another; and ſometimes it will be better not 10 
lock directly for that which is wanted, but another b) 
which che other wanted may be known. * 
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3. Having reduced the Equations, you may from the 
laſt make a Geom. Conſtruct. of it ſeveral ways, according 
to the difference of the Equations, ; 

SCHOLIUM. 

251. Becauſe we are now to exhibit only the moſt ſim- 
ple Examples of algebraic Rules, we ſhall here only ſhow 
how ſimple and quadratic Equations are conſtructed. 

| PROB. III. 

252. To conſtruct a ſimple Equation. 

All the Art in this conſiſts in reſolving the Fractions, 
to which the unknown Quantity is que into proportional 
Terms, which is better taught by a few Examples, than by 
many Rules. 


b b | 
I. Let x = > „then : 4 :: : x, thus x may be 
had, (§. 103. Arith. 271. Geom.) 


5 
2. Let . Letd:a::b: 7, which fourth 


Term call g, then == » Which is had, as before, in 


the firſt caſe. 
aa—bb : 
3. Let x= ——— » becauſe aa—bb is the Pro- 


duct of , into a—b, (F. 86.) then : 2 ＋ :: 4 


— : x, 


25 —6 b 
4. Let x== _— „ then by the 1ſt caſe g = 7 


2b b 60 1 
=— and let þ = 1 » that ſo _ may = — then by 


the 1ſt caſe, ; == „then x =g —#, which is the difference 
of the Lines g and i. | 


b adc BY 
5. Let x == + . Letit be found, as before, g = 


b 
- „ and f=, then x = g , the Sum of the 


Lines g and f. 5 4b 1 
6. Let x [ea ts. IO, > 6 FEY ad 


+4 TS = 


Find = and make = ==h, then f+hb:iabd::6b: x, 
M-4--: then 
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b + db 
then x = 1 „and ſo it's brought to the firſt 


caſe. 


2h — had 
7. Let & = _ nl firſt find 7 5 which make 
4X 4 — 4 
= h, then x = r then He: 2 — d:: a: x 
a? +. þ* 


8, Let x = W Make the Triangle ABC, 


whoſe Leg AB=a, BC =b, then AC= V +Þ, by 
47 Eucl. Lib. 1. Let AC n, then a* + = m?, and 


yam „ then : :: : x, (Tab. 1. Fig. z.) 
9. Let æ = > upon AB = 2a deſcribe a Semi- 
circle, in which apply AC , then ACB being rectan- 


gular, CR = A- . Let Cg; = n, then 2 
and ſo e: 21 : * * (Tab. I- Fig. 4.) | 
a* ＋ UC a* ＋ 

10. Let x = aj + be —— re 5 and let b: 2 :: 


& 


a* + cd 


7 - 15 and let 5 equal &, then x = then find 


2 
a mean Proportional between AC c, and CB d, as 


CD= Vi. Let CE =a, then DE = y/ N cd, which 
calm, then pH, and b+c:. , (Tab, 
1. Fig. 5.) | 

Pros. 112. 


253. To conſtruct quadratic Equations, 

Seeing they may be brought to limple ones, (S. 143.) 
they ney be conſtructed by the preceding Problem. 

Let there be a pure Quadratic x*== ab, then a: x :: 
*: b, (101. Arith.) thus x = 4/4, if between AC 
and BC==b, a mean proportional be found, as DC, will 
be = x, (327, Geom. Tab. 1. Fig, 5.) 

If the Equation be affected, as x* ＋ ax , then x 
= ga- Va + b*, or x = A ＋＋- — za, Or & 
ra ＋ VA +67, or * = ga- V 5. All the Art 
vt conſtructing theſe Equations comes to this, to 5 2 

: ; ; he 
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lue of Vaa +6* and of / 12 — 4, both which we 
ng 4 4 in the preceding Problem, vix. (Tab. 1. 
Fig, the right-ingled Triangle AB z, and BC — 6, 
then AC V + b*, (417. Geom.) but if on AB 24 
a Semi- circle be deſcribed, and in it be applied AC= 6, 


then CB = V , as in the preceding Problem, 


(Fig: 4. 
SCHOLIUM. 

Tho? all Equations, ſimple and quadratic, may thus be 
conſtructed, yet it need not always be done, elſe we 
ſhall ſometimes fall into ſuch as are of little advantage, 
and the particular Circumſtance of ſome Problems ma 
ſuggeſt a much ſhorter Method; and it's to be obſerved 
that it's hard to make an eaſy Conſtruction from ſome ana- 
lytic Calculations, tho' indeed in theſe there appears moſt 
Art, it will then be enough for practice to reſt on an 
Arithm. Solution, and the reaſon may be this, that in an 
Algebraic Solution the Problem is conſidered as what is 
poſſible and independent on all others; whereas by the 
Method of the Ancients, the Solution of one depends on 
that of another. 

PRO B. 113. 


255. Having the Perimeter AB BC + CA, and the 


Area of the right-angled Triangle, to find the Hypo- 
thenuſe, (Tab. 1. Fig. hs 3 


Let AB+ BC+ 32 a, AC x, the Area = b*, 
then BC + BA =a— x, and ſeeing ACꝗ = ABq + BCg, 
(417. Geom.) and theſe = AB + BCq — 2AB x BC, 
(Theor, 36. Arith.) then AC = AB + BCq — 2AB x BC, 
(19. Arith.) but AC x, and AB + BCq= a*— 24x + 
* 2AB Xx BC = 46*, (392. Geom.) therefore 

* 4 — 2ax ＋ x* — 4b* 


— 


5 0 

And to conſtruct the Triangle, let the Altitude BD, 
(i. e.) the Perpendicular on the Hypothenuſe be = y, 
(227. Geom.) then 3xy = BY (392. Geom.) 


g 


/ 
4 


£2 4. ol Bo. ELSE 2 


he” 
— —— 
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i EN r 
alle on BD the Perpendicular AB = 26, and! 
= , and find a 4th Proportional, (271. Geo.) BH= 
2 oy 
oF” Let CB = 445 and CI BH, then BI = 
44 — 20% vp 
* — =x, Let BI be divided equally in O, and 
find a third Proportional to BO = Ex, and BE or BG 
= b, viz. BK, which will be the Altitude ſought = ©; 
and if a Semi-circle be deſcribed on BI, from K draw 
the Parallel KL, cutting the Semicircle in L, then draw- 
ins Bi, and LI, you'll have BLI, the Triangle ſought, 
(Tab. 12 Fig 113.) 
The 24 Equation may be reſolved into this Analogy 
2a: a + 2b:: a — 26: x, or 
4 221 + :: 44 — b : x, (F. 65. Ar.) 
which gives this Theorem. 

In very right-angled Triangle, as the Perimeter is to its 
half, and the Sid- of the Square, which is = the Tri- 
angle, fo is the ditterence of the Side from the 4 Perime- 
ter to the Hypothenuſe. 

SCHOLIUM. 

256 Seeing we meaſure the Areas of Figures in Geo- 
metry, by finding out the Ratio they have to ſome given 
Square, (118 Geom.) they are likewiſe found in Algebra 
by the Side of tome Square that is equal to them, 

PROB. 114. 

257. Having the Area of a right-angled Triangle, whoſe 
Sides AC, AB, BC are in a continued Geom. Progreſſion, 
to find the Sides, (Tab.1. Fig. 3.) 


Let the Area == a K 
AB= y 
ac = 
| E::.- — G 
therefore 2 =* +)? (5417. Geo.) "= = 6.395 e.) 
| * = x* + x*y® x == 24? 
by ſub- ee 104.5 © oP 
Mrurion $7* = r- + 468 —_— 


* — 10a +. 449 
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429 = 164 x+* = 164® 
add. 44% y* — 44% + 44 =204" NS 
L- Reps" = ef. ee 
* = 24 þ2a*%Y5 =4*X 2+2y/5 
y= ay2 — 275 


and becauſe 24“ is leſs than 24/5, the Root 24+ —91 
is falſe. 
6 The Value of x is alſo thus found, for by the Equa- 
. ; 2 24* 164® 
tion above xy = 247, and y = — >» then = —— 
and becauſe above, y* = x*y* + x+, then 

16a 


2045 =44*® -|. * + x8 
2a*\/ 5 = 24* 4+ x+ 
& 242 575 — 22“ 
«#4 
x 2 e ./ - 2. 
CoNSs TRUcrroN. 

Join AB=a, and AC = 24 at right Angles, then BC 
—=ay/5, Let BD = AB, then DC=ay/5 —a, and let 
CE = CD, and having drawn NL through C, perpendi- 
cular to AK, deſcribe a Semicircle on AE, then G = 
y/ ra 5/2 =ay/2y/5—2, and having made CH 
== 4, and CG = CN, and deſcribed a Semicircle on HO, 
then CI 2y/ 5—2=ay/ / 2 5—2=4ay/2y/ 5—2. 
Likewiſe, let CK —= CB + CH =a +a ys5, then having 
deſcribed a Semicircle on AK, CL will be =4/ 2a*+2a*/5 
=ay/2+2y5, and let CO = CL, and a Semicircle 
deſcribed on HO, thenCM=y/ a* / 2+y/ 5=ay 2-+2y 5, 
(Tab. 12. Fig. 114.) 

And if CF be made = Cl, having drawn FM, then 
CMF will be the Triangle ſought. 

And if the ny 45 of the Ratio be = y, and BC x, 
then AB = xy, AC == xy*, and fo x*y* = 
| | Wy 44.7 54. 
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J=VETiVS | 

Thus it appears there is a fixed Ratio between the 
Sides. 

PRO B. 115. | 

258. To cut a given right Line AB into extreme and 
m_ es ain (. e.) AB: AC :: AC: CB, (Tab. 1. 
Fig. 6. 

Let AB==a, AC=x, then CB=a— x, and by the 
Prob. a: :: x: a—x. 

** 4 — 4 „ (F. 100. Arith) 

x? ＋ ax 4, and comp. the Square 

* * + ax + a = a* + 44 a 

Xx ＋- IA = Va 

* = V4. 
CONSTRUCTION, 

Join AB a, and BB a at right Angles, then AD 
=4/5a*. Again, let DF = za, and AF = AC, then 
AC=x. Another Conſtruction from the 3d Equation. 
Deſcribe a Circle on the Radius AC= 2a, and raiſe a 
Perpendicular in A = 4; and if BD be drawn through 
the Center C, then ED =a, and BE &; and if BF be 
made = BE, AB will be cut into extreme and mean Pro- 
portion for BD = ax, and fo BEXBD=a+xx x, 
then ax EN =a?, (379. Geom. Tab. 1. Fig.7.) 

PRoB. 116. 

259. The right Line AC being cut _— as in B, 
to cut it again in D, ſo that AD: DC:: DC: BD. 

Let AB =a BD = x, (Tab.1. Fig.8.) 

BC =6b then DC= 6b — x 
AD=a+x, by the Prob. 
a + x:b—x::b—x: x 
ax + x* = b* — 2bx + x* 


b 
ax + ab be, and x= —T—— (272 Geo.) 


The firſt Analogy, from which the Equation comes, 
may, by the Rules of Proportion, be reduced to that on 
which the Conitruction depends; for becauſe 

a LE : -& :: b—x ; x, (69 Ar.) 
then «a ＋ : b6—x:':: :* 
and 2 ＋ : :: b—x: x, (57 Ar.) 
and 2 +26 : 6 :: b: x, (69 Ar.) 
5 PRoB, 
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260. The right Line AC being divided in B, to cut it 
again, ſuppoſe in D, ſo that CB : DB :: DA: BA, (Tab. 1. 


= 4 DB = x 
BA = b then DA x, and by the Prob. 
4:X:: bx: 6 | 
ab —= bx 2 
ab + 3b* = x* bx + ib? 
Vab ALA 


Find a Mean between EG=b= GF =a, as HG 
7, and let GI be = z, and draw HI, then HI = 
1þ* +ab; and let KI=Gl, then KH = V ab} 
— tb; which Rooty/ 46* + ab | will be found, if a Mean | 
be 8 between 26 +a and 6, (327, 330. Geo. Tab. | 
1. Fig. o. | 

Likewiſe, becauſe 3b* + ab is the difference of the f 
Squares 4bb ＋ ab + a*,and aa. Deſcribe a Semi-circle on 
AB A + a, and in it apply AC Da, then CB=y/ £b*-ab 
(Y. 317 875 Geom. Tabor, Fig. 4) Va 

E FINITION I9. 
261. If 4 Lines are proportional, the Extremes are ſaid 


to be reciprocal to the Means, and the Means to the — 
Extremes. . 


PRO B. 118. 
262. To cut a right Line AB in C, ſo that the Parts 


AC and CB may be reciprocal to 2 given Lines DE and 
FG, (ab. t. Fig. 10.) 


Let ABS AC= x 
DE = | CB = a— x 
FG =c 
then by (F. 261.) K: b:: : 42 — 4 EM 


ax—x* —bc 
— bc == x* — ax 
Jo” — be = x* — 4% þ x48 
Vr. — ch * — x 
X —x# 
* = ja +y/44a—6b. 


— — 
— — - - 
— — — 


Con® 


alan aca <.._u tf Pe Bot 


gt <-> 
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CONSTRUCTION, 

Find a Mean between HI=6, and IK c, as MI — 
cb, (§. 327. Geom:) with the Radius IL 24 deſeri 
: 2005 _ draw PM parallel to IK, ($. 258, Gn 
then MN = and MP=a— x; for letting fall the Per- 
pendicular LO from the Center L, NO will be = OP, 
($. 211. Geom.) and OL = MI = 4/7, but NL LI 
A, therefore NO la - cb, (417. Geom.) and 
becauſe MO =IL, (238. Geom.) = 42 MN . 2 
| Via —<b = x, and PM 2a + y 54a — =a— x; 
(Tab. 1. Fig. 11.) | 

CoRoL. 

263. To conſtruct then a quadratic adfected Equation, 
as ax * cb is the ſame as having 2 right Lines c and 
5, or if c==b, to find two, as x and @ — &, reciprocal to 
the ſame b. 
| PROB. 119. 

264. Having two right Lines DE and FG, to find Re- 
ciprocals, whole difference ſhall be equal to a given right 
Line AC, (Tab. 1. Fig. 10.) 

Let DE = 4 the leſſer Reciprocal =Xx 

FG = 6b and greater =c+x 
AC=c | 
then by (&. 261.) x: 4 :: b: c 
| | ab = cx ng 
ab + 4c = ox +þ+ x* - cc 
. 
y ab + zi —36= x. 
CONSTRUCTION. 
Find a Mean between AC == and CB , as DC, 


and let CE = 5c, then DE Vcc + ab, from which 
take 2c = EF, and it leaves DF = x, (Tab. 1. Fig. 5.) 
Another more ingenious comes from ab = cx + *. 
Deſcribe a Circle from the Center C, with a Radius at 
pleaſure, yet greater than c and a— b, in which apply the 
Chords IQ =c and IPS A-; draw out PI to O till 
PO = b, then through O draw a Circle concentric to the 
former, then HI x; for having let fall the Perpendicu- 
lar CL from C, LI will be =LQ, and LH = LM, 
(211. Geom.) and ſo QM — IH, * 19. Arith.) Thus it 
may be ſhown that NI PO, then NI x IO= ab, 


therefore AB = HI x IMzHI x c + HI, (3 32, 378. 
Geom.) 


2 
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Geom.) and ab is alſo =xX c + x, then HIS x, (Tab. 
1. Fig. 12. | 

Things his as before, and the greater part = x, and 

the leſſer = x — , then by (F. 2615 
* : 4 :: 6: 4 
* — xc =ab 

The Conſtruction is the ſame as before, only here MI 
x, and HI being = QM = c - c, then NI x NO = 
ab, and HI x IM =x* — cx. 

CoRoL. 

265. Thus to conſtruct a quadratic Equation, as x* 
* S ab, and xx —cx ab is the ſame as having two 
right Lines à and b; or if a=b, to find Reciprocals, in 
the one caſe æ and x , in the other x and x -c to the 
fame right Line 6. 

PROB. 120. 

266, To cut a given right Line AB in C, fo that 
the Rectangle under the whole AB, and the lefler Seg- 
ment AC may = the Rectangle under the greater CB, 
and their difference CB — AC, (Tab. 1. Fig. 10.) 

Let AB 4 AC=x 

then CB = a—x 
CB — AC SA — 2x 
then by Prob. ax = a* — 3ax ＋ 2x* 
— 4 ==— 4ax + 2x* 
— 4a 24x TAN , add ＋ 4 
2 — ** — 2a%x ＋ a? 
or” Rh 
& ＋ NV ===@ 
X= 2 — 2. 
CONSTRUCTION. 

Find a Mean between za and @, which will be the 

eater part 4— x, Which being taken from a, leaves the 


eller x. 
Otherwiſe, 
Becauſe by the Problem ax = a—x x a — 2x 
then by (§. 104.) 2: 2 — 2x :: a—x: x 
24 — 2x : 4 :: 4: 2 — * 
a — * : 44 :: 4: a—X 
za : a — & :: 4—x: 8. 
SchoLIU Mu. 
There is need of ſuch Reſolutions by Analogies, and 
Reductions of quadratic Equations to Roche, to 
under- 
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underſtand the Geometrical Demonſtration of the An. 
cients. 


5 PRO B. 121. 
268. Having the Radius of a Circle ED, to find the 
_— of an * Triangle to be an inſcribed, (Tab. 1. 
K 13. it, 1. 
raw the Side of an Hexagon EB, and let BD BE 
Sa, (§ 356. Geo.) AB x, then BF Ax, (211. Geo.) 
and becauſe the Angles at F are right, then BE = BD, and 
BF = AF, then EF =FD, (235. Geom.) = 4a, then (417. 
Geom.) BDq — DF = FB, (i. e.) 4aa = £x* 
JaS=2 Xx* 
| Ja = K 
Then x is a Mean between 34 and a, and if 4 be made 
==1, then it will S / 3. 
 ConsTRUCTION 
In a ſhorter way is this, make an equilateral 'Triangle 
AFB on the Diameter AB, and join CF, then that CF 
will be the Side of the Triangle ; for FCB being a right- 
angled Triangle, and BF 24, and CB = a, FC will be 
== V 3aa= x, (Tab. 1. Fig. 13. n. 2.) 
THEOREM. 
The Square of the Side of an equilateral Triangle, in- 
ſcribed in a Circle,, is to the Square of the Radius as 


1 : 1. 258 ; 
Otherwiſe, 
aa = {(x* 
4: A* :: &: 4 
34% 53.33 8 
| CoROL. 1. | 

269. If having the Side of an equilateral Triangle b; 
the Radius of the circumſcribing Circle were to be found, 
as y, then 3y* , then y= V, which is a Geom. 
Mam — 3b and 6. hs 

CoROL. 2. 

270. The half of the Side of an equilateral Triangle, is 
the Sine of 60%, (F. 2. Trigon.) which is found by this 
Problem. 

SCHOLIUM. | 

271 The Solution of this Problem may be done Arith- 
metically as well, (tho' the Geometrical Conſtruction 1s 
more elegant) for if AB aa, then AD a, and 55. 


* 
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DB, the Angle at D being tight, ABq — ADZ = DBg, 
then DB= Za, (Tab. 1. Fig. 13. n. 2.) 
PRO B. 122. | 92 
272. Having the Radius of a Circle AE, to find the 
Side of a regular Octogon to be inſcribed, (Tab. 1. Fig. 
17. 6 
Let AE r, AE y, the Side of the Square, (21 Trig.) 
AB will be 2 and AG=y/;-*, (211 Geom.) and 
and ſeeing AEF = 45?, (342 Geom.) and the Angle at G 
right, (211 Geom.) EAG will be allo = 45®, (241 Geom.) 
then EG = AG, (184 Geom.) = V,, and FG =r— 
E, wherefore, (417 Geom.) 
i 
(ie) yy = 207 —r/ 277 3 
7 = y 2r* —ry/ 2r*, and if r, then y=y/ 2—4/2. 
CoROL. 


273. Seeing the half of the Side of an Octogon, is the 


Sine of 22%, 30“, (§. 2. Trigo.) the Sine is found by this 
Problem; 


| PRosB. 123. | 
274. Having the Side of an Octogon, as AF, to find 
the Radius of the Circle circumſcribed AE, (Tab. 1. 
Fig. 17.) 
Leb Ar =b, AE=y, then by, ($. 272.) 
— — /2* 
21+ = 2y* — 62 
2 9 * 0 
O = 29+ + b* — y 2 | 
o = y4 — 2y*6* + 4, by (F. 36. Ar.) 
4 .* — 2y*6* +. þ* | 
by 50 = y* — þ3 


A2 + by 46+ ='y* 


y/ 6* eV =), then b: I:: 
therefore 3b: ):: : 2b +2y/ e, whence we have this 
Geometrical Conſtruction. 

On the Side of the Octogon AB= 6b deſcribe a Semi- 
Circle, and on the Center C erect. a Perpendicular inde- 
finicely, as CF, then DB = N. Let AE = 2b + 
2y/ 4b, (417. Geom ) and having deſcribed the Semi- 


circle AFE, AF nll ba + 7, (347. 9 
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the Radius of the Circle, which may be conſtructed on 
AB, if with the Radius AF a Circle be deſcribed paſſing 
through A and B, (Tab. 12. Fig. 115.) 

PROB. 124. | 

275. Having the Radius of a Circle AC, to find the 
Side of a Decagon to be inſcribed, as AB, (Tab. 1. Fig. 14.) 

Seeing AB is the . of the Periphery, the Angle AG 
is = 36®, (57, 59 Geom.) then AC being = BC, (40 
Geom.) ABC is = CAB = 7, (248 Geom ) and ſo 
DAC = 108, (F. 149 Geom.) 

Let AD= AC, then ADC = ACD = 36e, and 6 
DCB = 72% Thus the Triangles ABC and BDC are 
equiangular, and BD: BC :: BC : AB, (267 Geom.) 

Let then AC= BCD, AB x, then BD=a+x, 
therefore a KEN: 42 :: 2: x 

ax ＋ x* = aa, therefore à is to be cut into ex- 
treme and mean Proportion, whoſe greater part is x, ($, 
258.) or Reciprocals muſt be found, as a + x, and x to 
the Radius a, (F. 265.) | 
THEOREM. 

The Side of a regular Decagon inſcribed, is the greater 
part of the Radius cut into extreme and mean Proportion. 

 _CoNSTRUCTION. 

Beczuſe x = 4/34 — 2a, (FS. 258.) deſcribe a Circle with 
the Radius a, and on the Center E raiſe a Perpendicular 
IE= a, and let EF = £1, then FI = /$a*; wherefore 
if with the Radius IF an Arch be deſcribed on F, as Kl, 
then KES VIA — La, (Tab. 1. Fig. 15.) 

SCHOLIUM. 
276, This Conſtruction is given by Ptolemy in his Al- 
mageſt. 
Sonett, 
277. Thus is found the Sine of 18“, (§. 2. Trig.) 
PRO. 125 

278. Having the Side of a regular Decagon AB, that is 
to be inſcribed in a Circle, to find the Radius AC, (Fig 14.) 

Let AB a, AC==x, then BD =@ + x, and by Prob. 
preced. a4-X:X::x:4 

x ax + a* = x? 

a? = x* — ax 
Taz ＋ 22 — ** — ax ＋ 44 | 
24> = 4% — ax + ia* © 


. =x — £4, x being, (F. 275.) greater than 53, 
then Ja -V = a 


* 


CoN- 
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CONSTRUCTION. 

Let the right-angled Triingle MEN he made, in which 
ML = 4, and MN = 4a, then LN = y/ 4a?, (17 Geom.) 
Let MN be drawn to O, that NO may = LN, then 
MO =#, and from O, as a Center, a Circle may be 
drawn through M, (Tab. 1. Fig. 16.) 

| Otherwiſe thus : 
8+ * * 11 * : 4 
4 1 X 33 X —&4 > & | 
wherefore the Reciprocals to a, viz. x, and x — 4, are to 
be found. 
; PRO B. 126. 

279. Having the Radius of a Circle AE, and the Side 
of the Decagon AF, to find AB the Side of a Pentagon; 
(Tab. 1. Fig. 17.) pan 

== & K 

Let an 1 22 161 1. Geom.) 

GE = y a* * 2 
FG =a— ya* — , then (417. Geom. 
. g. +8? — 20/7 — pt bf at 
b* = 24* — 224 — 7x* 
WE ee e . 
4 — a*x* = 44% — 4a*®b* + 
— 2 * = — 45105 + 2 + 
44*b* — b* = a*x* | 
54 


4b% — x=, but b y $a* — 44, by (F. 258.) and 


b* Aa — ay La, and b = Za* — 4? D. there- 


T5 + + 23277 > ; 
| 2. — 24.2 * EEA — 2 
MY ＋ jay = — ay jaf = at 
+22 N $46.” = a" 4. 5. 
CONSTRUCTION. 


Find the Side of a Decagon EK 275.) then KI will 
be the Side of a Penta on, (Tab. . . 25 
HE OR EM. 


The Side of a regular Pentagon, inſcribed in a Cirele;.. 
is = the Root of the 2 Squares of a Hexagon and Deca- 


gon, in the ſame Circle. 
eto. 
280. Ptolemy gave the ſame Conſtruction. 
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CoROL. | 
287. The Sine of 35? may be found by this Problem 


($ 2. Trig.) 
PRO B. 127. 


282. Having the Sum of the Legs of a right - angled 
Triangle AB + BC, with the Perpendicular BD from the 
right Angle to the Hypo. to find the Sides, (Tab. 1. Fig. 3.) 

Let AB + BC =a, BDS, AB—BC=y, ACD = x, 
then AB = 1a +y, BC= 24 —9, then x* 22 + 2 
(417. Geom.) and BA: BD :: AC : BC, (339. Aol s, 
(i. e.) 2a +y: b:: x: 42 — 9. and by the laſt Equation 
2x* = aa+yy. Es 

2x —4* , and by the laſt Analogy 44 —) bx, 
and a* — y* =4bx, and a* — 4bx==)?, and having the 
Value of y* twice 
2x* — a* = 2 — 4bx, (F. 17. Arith.) 
2x> a4bx 22 

** 20x = a 
* + 2bx E b*==a* b-b*, and x = 5. 

The Conſtruction is eaſy; for to conſtruct the Triangle 
raiſe a Perpendicular on AB=# at C, as AC=b, (249 
Geom.) then BC = y/ , wherefore if CD SAC, 
then DB=y/a* +56* . Moreover, let BE = BD, 
and having drawn a Semicircle on EB from C, draw CH 
parallel to AB, (258 Geom.) cutting the Semicircle in E, 
and having drawn EF and FB, you'll have EFB the Tri- 
angle ſougat; (Tab. 12. Fig. 116.) 

PRO B. 123. 

283. Having in a right-angled Triangle BAC, the Hy- 
pothenuſe BC, and the Difference of the Legs DC, to find 
the Legs, (Tab. 1. Fig. 18.) 

Let BC c, DC=f, 2AB NTC, then AC= x 
af, AB== x— 2, therefore (417. Geom.) 2x* ＋ #f* 


=c*, and ax c - , and x* S — xf*, and æ 


. 

CONSTRUCTION, N 
Let the right- angled Triangle AFE be made, in which 
AF = FE ac, then AE = Vcc, and on AE deſcribe a 
Semicucle that ſhall paſs through F, becauſe AF == FE, 
and in it apply EG = 2f, then AG = x, then if DG be 
___ = Ge SGE, the greater Leg is AC, the leſs AB 

== AD. | : | ' 
PROB- 
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PROB. 129. 

284. To place a given right Line, as KL, in a Circle 
by way of a Chord, which produced, ſhall paſs through a 
given Point H of the Tangent HI, (Tab. 1. Fig.19.) 

Let LK = mn 

HI = 8 
LH = y, then (379. Geom.) 
y* + my = n*, (Eucl. pag. 36. lin. z.) 
r 
Mrs 
„Vn ＋— Im, 
CONSTRUCTION. 

Erect a Perpendicular MI_on the Point I, which will 

— zm, then HM == Van - Let NM = MI — 
zn, then HN =y ; wherefore it on the Center, with the 
Radius HN, an Arch be deſcribed, as LN, L will be the 
Point through which HK is to be drawn, that LK may 
be the Chord inſcribed. 

| PRoB. 130. 

285, Having 2 Squares, to find 2 other Reciprocal, 
whoſe Sum ſhall be = a given Square. 

Let the Squares given be bb, cc, dd, and the R 
cals yy and ad — yy, then | 

yy: bb :: cc: dd y 

day* — y* =bbce 

= day* + 4d* = 1d* — bbee 

x4 — * =y/4:* — bvce 

j* =fdd— {Tee 

)J = Vi — „ia —b*2, 
CONSTRUCTION. 

For AB = d, and AC =6b, and BD c, find a fourth 


Proportional, as CE = A and on CF — 24 deſcribe a 


Semicircle, and in it apply CG = CE, then FG will = 
y * — bbcec | | = — — 

7 Let HC d, and CI =zd —y/ -=, 
the mean Proportional will be CK = y, and on CH 4 
deſcribe a Semicircle, and in it apply CL = CK, then 


LH =y/4* -, Which is the Side of the other Square 
ſought, (Tab. 1. Fig. 20.) 
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PROB. 131. 
286. Having 2 Squares, to find 2 other Reciprocals, 
whole Difference ſhall = a piven Square. 
Let the Squares given be ff, gz, hh, and the Reciprocal 
ſought yy and 5% + yy, hed? 8 POT 
* 5% 82 , To +)» 
9 u 
x” I bby) + a+ =ffre + 46% 
y' Þytb = ite + 46 
„ = wvfreg +4 * — 1hh 
z=y VI L — 4b 
b ** Conſtruction is almoſt the ſame as in the preceding 
roblem. 4 


PROB. 132. 

287. Having the 3 Sides of any Triangle, as HL, LI, 
IH, to find its Altitude ML, (Tab. 2, Fig. 21. n. 1.) 

Let HL =c, Ll =4, HI=g, HM=z, then (417. 
Geom.) Ml =g—=z, | 

Then finding by Prop. 47. Eucl. lib. 1. the Value of 
ML twice. 

7 : cc — 22 = dd — gg ＋＋ 222 — zz 
cc = d — 2g ＋L 23% 
cc — dd — 282 — 2g 
. cc ＋ 8g — dd = 23% 
Kz ce + ga — dd 
25 

There is no need of Conſtruction here, being evident 
from the Elements of Geometry. 
| CoROL. 

4 288. By the 3d Equation, dd — ce g= — 282, bu: x 
f — 232 is the Difference between zz and gg — 222 + 22, 
therefore in every Triangle the Difference of the Squares 
of the Legs HL and LI, is = the Diffeience of the 
Squares of the Segments of the Baſe HM, MI. 

| PRO B. 133. 

289. To make a Triangle equal to another given, 28 
4 HLI, * ſimilar to the given NO, (Tab. 2. Fig. 21. 
| n. 1,2. 

Let HI=f, LM==e, NP —m, QO =», the Baſe of 
the ſought Triangle = y, and the Altitude = z, (175: 
Seom.) then : *:: : z,and fe==zy, (Th. 392. Geom.) 

A 


*¹ = 7} —= &3 


3 


= 2; 


2 
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mx, and ny = * » and 2) = mfe 


CONSTRUCTION. 
Let the Altitude OQ, of the Triangle NOP, be pro- 
duced to M, till it be = the Altitude of the other LM, 
and draw out the Sides of the Triangle to R and 8, and 


through M draw a Parallel to NP, vis. RS = —, 
then find a Mean between RS and SI , as TS = 


vr „ on which the Triangle TSV may be conſtructed, 
the Angles N and P being given, ($. 264. Geom.) 
Or thus : 
4 2 Si 225 fe = xy. 
Let 1: m:: e: 7, then, (§. 52. Arith.) = :y :: c: r, 
and (§. 101. Arith.) F: ::): e, then from theſe two, 
(§. 71. Arich.) F:) :: : r, where y is a Mean between 


F and 7, or between F and ＋ „as before. 


PRO R. 134. 

290. Having drawn a given Rhombus AB DC, to draw 
from the Angle C a right Line, meeting AB, fo that EG 
may = a given Line, (Tab. 11. Fig. 22.) . ; 

Let the Diagonal be drawn CB, and at E make the 
Angle CEF = CBG, (F. 208. Geom.) whole Side EF is 
to be produced, till it meet rhe Diagonal cont'nied in F. 

Let AB =b, CBS Dc, EG= d, BG ==>. CF== y, 
then BF = y—c, and BG: GE :: AB: EC, (§ 268, 


Geom.) whence EC =, and becauſe CEF — CBG, 


and the Angle at C common, ($. 267. Geom.) CB: BG 
:: CE : EF, whence EF or zbd : & :: bd: c. : 


Moreover, the Angle o = x, (156. Geom.) and x =», 
(99, 204. Geom.) then o =, (17. Arith.) therefore CBG 
= EBF = CEF, and becauſe the Angle F is common, 
{y. 267, Geom.) - 


CF : FE :: FE: BE, (i. e.) 
bd bd 
): _ 22 7 3726 
cy: d:: 3 — co 
ce wn (3 y = 
7 """N 2 
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: bbdd 
bes Gnas 
:  bbdd 


1 1 ts 
= INE Tac: = cc pe 
J == Acc bbad, and y=y I" a = 777 = ae. 
cc ö 
From the firſt Equation it appears, that the 2 Recipro- 


bad 
Cals to , viz. ) and y- e muſt be found, and from 


the laſt there is this 
CONSTRUCTION. 


Let BU=EG= 4, draw LM parallel to AC, then 
LM = = , (258 Geom.) Let BC be biſected in N, 


and on C raiſe a Perpend. CO LM, then (417 Geom.) 


* 


1 6 * 
ON == * EE 2 „and transferring ON from N 


to F, then CF ); and ſceing Er 2 = LM, the 


Point E will bFderermined by ſetting EF from F to E, 
and drav ing from C through E, you'll cut the Line AB 
continued in G, then EG is = the given Line. | 
PROB. 135. | 

291; To draw a Line from a given Point E, that ſhall 
touch a given Circle, (Tab. 1. Fig. 23) | 
Becauſe the Poſntion of the Point and Circle is given, 
and the Magnitude of the Circle, there is alſo given EG 
and GC. Let EGS, GC=b, ED x, then EF 
42 ＋ 26, and (379. Geom) | MA 


an + 2h — xx 


Vaa + 2uv = *. 
| CONSTRUCTION. 

Join the Points E and C by a Line, on which draw the 
Semicircle CDE, and draw the Chords CD and DE. 
Then D will be a rizht Angle, (317 Geom.) and CEq = 
aa ＋ 2ab + bb, and CD =, therefore DE == VA +a 
==, ($417. Gem) . 

X PRO B. 136. 

292. To examine the Rule of Charles Renaldine, for 
inſcribing any regular Polygon, (Tab. 11. Fig. 24) 

His Rule is this: Divide the Diameter AE into as many 
parts as the Sides of the Polygon, and on AB make an 
* s -# : 25 e gqur 
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equilateral Triangle AFB, and through D, the 2d Point 
ot Diviſion, draw FG ; then, according to him, BG will 
pe the Side of the Polygon. 
It will be enough to ſhow, that the Rule is falſe, by one 
ſtance. | 
” Let BG be the Side of an Octogon, and BH = BG, 
then HG will be the Side of a Square. Let CB = 1, EG 
x, then by the Rule CD =. and FC = 1/3, (4 268,) 
and the Triangles CFD, and DEG, being ſimilar, (267. 
Geom.) FC : CD 22 EG : DE, (i. e.) 3 T 4 o- 


= „ therefore CE = LAK „and CE + EGq = 


25 4 
CG, (417. Geom. ) then — —— + 3 =1. 
3+2x/3 + 13x* =12 
2x 1 
res, 3 T* r 
1 3 | 
13 13 13 73 , add to both 


an N = n = = 
n 


=77Ty 120— 7 3Z=r/ 390 - 93 
ſo that the half Side of the Square, if his Rule were 4 


e but it's found to be rather 4% 2, (S. 21. 
Trigo.) = VA, Which may be proved different from his 


by the Extraction of the Root, ſo it's wrong in the Octo- 
gon, and ſo not a general Rule. 


SCHOLIUM. 
And thus it may be ſhown to err in other Polygons. 
FROM 137, 


Having the Diagonal of a regular Pentagon AD, to fin 
its Side AE, (Tab. 2, Fig A*; 0 : : 
Let AE = x, AD==a, and ſeeing AB is the meaſure 
of the Angle AEC, (314. Geom.) and the f Sum of the 
Arches, (316 Geom.) AE and CD, (i. e.) the Arch AE, 
(342. Geom.) and AB being = AE, then AEF = APE, 
(142. Geom.) therefore AF = AE, (184. Geom.) = x, 
and fo FU =a —x, and AB+3BC, (314. Geo.) is 
the meaſure of the Angle AED, and likewiſe of F, (316. 
Geom.) and Angle AED common to both Triangles AED 
and EFD, (267. Geom.) therefore 


AD 


— * eo 0 * 
x 3 * nk 
. _ 
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AD: ED :: ED: FD | 
4! * :: ͤ : a—x 
4 — ax = x*, and a =x* þ ax, ; 
ſo x is the greater part of a, cut into extreme and mean 
Proportion, ($. 258.) | 
| OR OL. 

And ſubſtituting @ for &, and x for a, then a= x 
„ thus it appears, how having the Side, the Diago- 
nal may be found. 

| PRoB. 138. 
; 1 To find a Circle equal to the Superfice of a Cy. 
inder. . | 
Let the Ratio of the Radius to the Periphery. be r: p, 
the Periphery of the Cylinder =p, the Altitude = a, the 
Superfice will be ap, (516. Geom) Let the Radius of the 


Circle x, then r: :: &: = » which is its Periphery, 
(425. Geom. ) then we have, (429. Geom.) 


The Superfice of 2 Cylinder is equal to a Circle, whoſe 
Radius is a mean Proportion between the Diameter and 
Altitude of the Cylinder. 

PRO B. 139. 

297. To find a Cylinder, whoſe Superfice is equal to a 
given Circle. 

Let the Radius of the Circle = r, the Periphery =p, 
the Altitude of the Cylinder = x, and Radius of the Baſe 


==}, the Periphery will be 2 » then (5 16. Geom.) 


yx r 
— u 
pyx = apr” : 
yr Y, and * 2 


Thus the Problem is undetermined, ſo that the Radius 
my be taken at pleaſure, or which is the ſame, the A- 


Prob, 
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PRO B. 140. 
298. Haying the Diameter of a Sphere, and the Alti- 
tude of a Cylinder equal to it, to find the Diameter of 
the Cylinder. 
Let the Diameter of the Sphere = d, the Altitude of 
the Cylinder Sa, the Diameter = x, it's Solidiry will be 


55 of 2 „ (552. Geom. ) then by the Problem 


1524 314 
300 40 

d3 
; 2.05 Fa ee 314 
6284 243 
XK — Jc— x 
94-4 34 


Analogy 32 : 2d :: d* : &, which gives this 
THEOREM. | 
The Square of the Diameter. of 'a Sphere, is to the 
Square of the Diameter of a Cylinder nearly equal to it, 
as thrice the Altitude of the Cylinder to twice the Diame- 
ter of the Sphere, 
PRO B. 141. 
299. Having the Diameter of a Sphere AB, to find the 
3 of — to be inſcribed in it, as AD, (Tab. 
2. Fig, 26 | 
Let the Diameter of the Sphere AB= a, and the Side 
of the Tetrahedron Sæ, then the Radius of the Circle 
in which one of the Triangles of the Tetrahedron can be 


inſcribed will be = =, (F. 269.) Let AC, then 
CB = @ — y, therefore A : CD a CO CHF 


122 72 | 
Yar © au 5- amy. | 
ADq == AC + CDg, (417. Geom.) ay —)* =4x* 
4 * * Jy? + * ay AIX AK 
Ra 2 | Jy = x 
9 = 4.4. e 

; 34 x* = x+ 
2 2 * —— RK * 
1 = xp 


then as x* : 0 2: 2: 3. 
THEOREM. 
The Square of the Side of a Tetrahedron, is to the 
Square of the Diameter of the Sphere in which it's in- 
ſcribed, in a ſubſeſquialteral Ratio. CoRoL. 
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CoROL. I. 

300. The Side of Tetrahedron is to the Diameter of 
the Sphere in which it's inſcribed, as y/2 : 4/3, and fo 
they are incommenſurable, 

CoROL. 2, 

301. Becauſe )* i = ay, then y= 3a, and fo a 
Tetrahedron may be inſcribed, if the Diameter of the 
Sphere be divided into 3 equal parts, and AC made = 
3AB, (Tab. 2. Fig. 27.) 

| PROB3. 142. 

302. Having the Diameter of a Sphere, to find the Side 
of a Cube or Hexahedron inſcribed, (Tab. 2. Fig. 28.) 

Let the Diameter of a Sphere be equal to the Diagonal 
of Cube FH , and the Side of the Cube = x, then 
(417. Geom.) Flq=—2x* + FH = zx, therefare 
| 3 2am ah | 

* = 4a, and x==4/ 74, 
THEOREM. 

The Square of the Side of a Cube is to the Square of 
the Diameter of the circumſcribed Sphere, in a ſubtriple 
Ratio. | 

COROL. 1. 

303. The Side of a Cube inſcribed, is to the Diameter 

of the Sphere, as 1 to / 3, and ſo incommenſurable. 
COR OL. 2. 

304. Let in the Diameter of the Sphere AC = Za, and 
CB= 44, then AD = Ja, conſequently DB = Va, 
or the Side of the Cube, (Tab. 2. Fig. 27.) 

PROB3. 143. 

Having the Diameter of a Sphere, to find the Side of 
an Octahedron to be inſcribed, as ML, (Tab. 2, Fig. 29.) 

Let LM y, and the Diameter of the circumſcribed 
Sphere HL = 6, becauſe ML ſubtends a Quadrant, (342. 
Geom.) 

3bb or Zb x*, (417. Geom.) 
x. 
| THEOREM. | 

The Square of the Side of an Octahedron is to the 

Square of the Diameter of the circumſcribed Sphere, in a 


ſubduple Ratio. | 
CoRoOL. 1. 


306. The Side of an Octabedron ML is to the Diame- 
ter of the circumſcribed Sphere, as 1 to 4/2, and ſo in:. 
commenſurable with it, | 

Cool. 
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Keul EP be raiſed 

If the Perpendicular e raiſed on the Center 

of 1 Sphere, FA will be = V, and fo the Side of the 

Octahedron to be inſcribed, which we ſuppoſed in the 

Calculation, but to be particularly mentioned for further 


b,2. Fig. 27. 
uſe, (Tab.. Fig-27-) PROB. 1 


zog. Having the Diameter 47 Sphere, to find the 
Side of a Dodecahedron AB. | 

Seeing the Points A, C, F, H, are in the Sphere, the 
Plain paſſing through them is a Circle, as may be demon- 
Pane? - and becauſe the Angles B, M, G, and L, and the 
Sides AB, BC, CM, MF, FG, GH, HL, LA are equal 
among themſelves, (106, 475 Geom.) then AC CE = 
HF = HA, (204. Geom.) and fo AHFC is a Square, 
(3:2, 98. Geom.) and ſeeing 12 Pentagons may be re- 
{oived into 36 Triangles by diagonal Lines, and the Square 
AFC ſubrends but 6, all theſe 3 muſt be ſub- 
tended by 6 Squares, conſequently the Diagonal AC is == 
to the Side of a Cube inſcribed, (Tab. 2. Fig. 30.) 

If the Side of a Dodecahedron AB , and the Dia- 
meter Sphere d, then AC A,, (5. 302.) therefore 

L*: 2 , (C 294.) 
34 — KX X NV = x* 
id 7 + * 
ee. 
S = + 174 
n, —- Va = * 
(i. e.) VI — Z = x. 
The other Equation gives this 
| THEOREM. 

The Square of the Diameter of a Sphere is equal the 
Product of the Sum of the Sides of an Hexahedron and 
Dodecahedron inſcribed, by triple the Side of the Dode- 
cahedron. | 

CoRoOL. 1. 

309. If the Diameter of a Sphere be = 1, the Side of 
the inſcribed Dodecahedron will be = - {y/ and 
ſo the one to the other is as 2 ro - V; and ſo the 
Diameter is incommenſurable with the Side, both in itſelf, 
and in its Powers. 3 | 
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CoROL. 2. 
310. If the Side of an Hexahedron be cut into extreme 
and mean Proportion, the greater part BG will be the Side 
of a Dodecahedron, (S. 258. Tab. 1. Fig. 27.) 
""PROB. 145; 
311. Having the Diameter of a Sphere HM, to find 
the Side of an inſcribed Icoſahedron, (Tab. 2. Fig. 31.) 
Let ABCDEA be a Circle ſubtending a folid Angle of 
the Icoſahedron H, the Side of an Icoſahedron will be = 
the Side of a Pentagon AB inſcribed in that Circle, (475, 
Geom.) and let a regular Decagon DKEFA, &c. be alſo con- 
ceived inſcribed, and another Decagon in another Circle 
that ſhall be parallel to the former, and diſtant from it by 
the Radius GC, then DN = DC, (F. 279.) and if the 
Angles of the Pentagon be joined by tranſverſe Lines, as 
DN, Dl, EI, &c. there will come out 10 equilateral Tri- 
angles, joined to 10 others, of which 5 are ſubtended by 
the Circle above, and 5 by that below. | 
Let HM , HC=x, GC=y. Now GC being 
the Side of an Hexagon, HG will be the Side of a Deca- 


gon, (F. 279.) and ſo s. — iy, we have then 27 9 
7 =b, and x* =y* Y 


quation but 1. by laſt Equation 
27 n = x* = i - . 
9 9598 | * — £þ% * 7 
Fey” or $6* — 40 7 
EDT F= 7 x = Þ* —thy/J* 
CONSTRUCTION. 


Let AH = AB, then EH = /, (417. Geom.) 
and 3 EH : AH :: EK : IK, (i. e.) by/5:6:: 
20: * (268. Geom.) IK = = then IK is the Ra- 
dius of the Circle into which the Pentagon * an Icoſa- 
hedron may be inſcribed. Likewiſe El, = $6* 


Hence AI = $5 — 4/553, and ſo at laſt AK = 


y 39% — 2b6y/4b* = x, (330. Geom. Tab. 2. Fig. 27.) 

: CoROL. I. 
312. Becauſe 5y* = b*, the Square of the Diameter 
of che Sphere is in a quintuple Ratio to the Square io 
the 
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the Radius of the Circle, ſubtending the ſolid Angle of 
the Icoſahedron. 

Co Rol. 2. 

313. It appears alſo, that the Side of an Icoſahedron 
is incommenſurable with the Diameter of the circum- 
ſcribed Sphere, both in itſelf, and in its Powers. 

_ SCHOLIUM. | 

314. If the Diameter of a Sphere were 10.000, then 
by ($. 299, 305, 392, 311, 308.) the Side of an inſcribed 
Tunnels is 81149, and of an Octahedron 70710, of 
an Hexahedron 57736, of an Icoſahedron 52573, and of a 
Dodecahedron 35682, as in Herigonius's Math. Courſe, 


tom. 1. p. 779. 
ScHOLIUM 2. | 

315. Seeing from the Diameter of a Sphere circum- 
ſcribing regular Bodies, we can find their Sides, it will 
be eaſy from thence to find their Superficies and Solidities, 
and compare them between themſelves, and with the 
Square and Cube of the Diameter of the Sphere; but ſee- 
ing this is ſeldom of great uſe, we ſhall here paſs it by. 


W990 990900900800000000898989 


C. H A P. IV. 
Of Algebra, applied to Plain Trigonometry. 


PRoB. 146. 
316. HAving the Baſe HI, and Angles at the Baſe H 
and I of any Triangle, to find its Altitude, 
(Tab. 2. Fig. 21. n. 1) | 
Let HI =a, LM==x, and the Sine of the Angle MIL 
=5s, and Coſine Sc, and the Sine of the Angle HLM 
=, and its Coſine =9, (F. 33. Trig.) then : X:: : 


MI, and — = oF thence MI is found = = and HM 


= 2 » (103. Ar.) (17. Ar.) wherefore 5 - = 8 
| asp 


Pex ＋ & = a5p, and x _ 
| The 


The laſt Equatioh but one may be reſolved into this Anz- 
logy pc +5q : 5p i: a : x, which gives this 
THEOREM. | 
In every Triangle, the Baſe as HI, is to the Altitude 
ML, as the Sum of the Rectangles made by the Sine 
of each oblique Angle at the Baſe, into the Coſine of the 
other, to the Rectangle of the Sines of the Angles at the 


Baſe. 
| Or thus: 

Let ML be taken for the whole Sine, then HM and 
MI will be Tangents of the Angles HLM and MLI or Co- 
tangents of the given Angles H and I: Let the whole 
Sine t, and the Cotangents =m and u, LM =#, HI =, 


1 
then : :: *: HM, and — == 7 (F. 40. Trigo.) 
therefore HM = =, and MI = ah „ and ſo (17, Ar.) 


mx Luer 
MX + a 


m D © 
| THEOREM. | 

The Baſe of a Triangle is to the Altitude, as the Sutn 
of the Cotangents of the Angles at the Baſe, to the whole 
Sine. 

PRO B. 147. 

317. Having the Sum of the Legs HL and LI, with 
the Angles at the Baſe H and I, to find the Legs HL and 
LI, (Tab. 11. Fig. 21. n. J.) | 

Let HL+-LI==a, the Sine Hm, Sine I =», Lx, 
ILS x, wherefore (4. 33. Frig.) x : *:: 2X: 
n, and mx = na — x, mx ＋ as = #4, and «= 


NA 
ee — 


”m—o5— 3 
ma ＋ na — na 


4 
4 & mM + 1 == m 4-7 
THEOREM. ; 
The Sum of the Legs of the Triangle HL and LI is 
to one Leg HL, as the Sum of the Sines of the Angles 
at the Baſe H and I, to the Sine of the Angle I, oppolite 
to that Leg HI., (Fig: 21. n. 1.) 


PROB- 
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PRO B. 148. 


318. Having the Angles at the Baſe H and I, with one 


gegment of the Baſe HM, to find the other Segment MI, 


(Tab. 2. Fig. 21.) i 
Let HM a, MI'=x, the Sign of the Angle Hm, 


its Coſine =», the Sine of the Angle Ip, its Cofine 4, 


($. 33. Trig ) then = = Ni- „ thus ML is found = — 


Moreover, q : *:: P: ML, and ſo ML = „ then 
F. 15. Arith.) 
P 


4 ::: am: n, and pux =amq. 
x mr Se, nd 6. & — = 


THEOREM. 

If a Perpendicular fall from the top of the Triangle L, 
to the Baſe HI, the one Segment HM is to the other MI, 
as the Rectangle of the Sine of the Angle adjacent to the 
Segment MI, into the Coſine of the Angle next the Seg- 
ment HM, to the ReCtangle of the Sine of the Angle H, 
into the Coſine of the Angle I. | 

| PRO B. 149. f 

319. Having the Area of the right-angled Triangle ABC, 
with the Angle C, to find the Legs AB and BC, (Tab. 1. 
Fig. 3.) | 

2 the Area , the whole Sine = r, and BC = x, 


b 
then BA = — „and the Tangent of the Angle Ct, 
(394. Geom.) en 
x: 1 : f, and x*  00* 22 917 


* | 
27b% arb 
* — , and x 4/—7—- 


THEOREM. 

The Area of a r Triangle is to the Square 
of one of the Legs BC, as + the Tangent of the adjacent 
Angle to the whole Sine, 

CONSTRUCTION. 

Let the Perpendicular FE be raiſed between the Legs of 
the given Angle ADM, the Point E being taken at pleaz 
lure, then DE r, and FE t, ($. 7. Trig.) Let DG 
FE, and DH ==6, and oe HI be drawn parallel to 1 

en 


* 
* cc * 8 o 2 5 — — — — 2 Y A " - W — 
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6 
then DI = g, (271. Geom.) Let MI == 25, and find x 


Mean between MI and DJ, as IK, (327. Geom.) which 
will be one Leg biſect MI in L, and let IN LI, and 
NO be drawn parallel to MK, then IO = — » (271, 
Geom.) which is the other Side, and ſo KOI the Tri- 
angle ſought, (Tab. 2. Fig. 32.) 

Or thus: 

Ler EDA be the Angle given, and DA = 26, and let 
AE be raiſed perpendicular at DA, then DA ==r, and 
AE = ?,(Y-7-Trig.) and draw out EA indefinitely, and on D 
erect the Perpendicular DG, then AG = 2 (327. Geo.) 
Let AH = AG, and AI=3AD==6, then having drawn 


52 
a Semicircle on IH ; AL = . Laſtly, let AB = 


AL, and draw BC parallel to the Leg of the given Angle 
DE, then BAC will be the Triangle ſought, (Tab. 12. 


Fig. 117.) 
PRO B. 150. 
320. Having the Subtenſe of an Arch AB leſs than a 
Quadrant, with the Radius of the Circle CE, to find the 
Subtenſe CB of the Arch made up of the Arch AB, and 
Z its Complement, to a Semicircle, (Tab. 3. Fig. 33.) 
Let AB be applied parallel to the Diameter GD: and 
and let DF = AB, and draw the Lines EB, AD, and BF, 
becauſe x =o, (315. Geom.) and AD and BF being pa- 
rallel xy, (81, 233. Geom.) then o= y, (17. Arith.) 
and CE = EB, (40. Geom.) 2 = o, (184. Geom.) = », 
therefore CF : CB :: CB : CE, (267. Geom.) 
Let AB =a, CE =r, CB=x, | 
then CF =@ + 2r 
conſequently 
42 ＋ 21: * :: * 7 
ar ＋ 2T = x* 
Var ar = x. 
Co ROL. 1. 
321. Seeing the Angle CBD is a right one, (317. Geo.) 
BD = 4r* — ar — 2r* = 2r* — ar, (417. Geom.) then 
BD is the Subtenſe of 3 the Complement to a Semicircle 
of the Arch AB = 4y/ 2r* ax. | 


Cokol. 
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Coke. 2. 

322. The Square of the Chord DB ſubtending an Arch 

leſs than a Quadrant, is = to a Rectangle of the Radius 

CE, into the difference of the Chord AB, parallel! to the 


Diameter CD, drawn from B. 
Co Rol. 


3. 

323. The Square of the Chords CB and BD, both 
which ſubtend a Semicircle, are to one another as 2r* 4 
ar, to 2r* — ar, (i. e.) (5. 319.) as 2r +a to 2r—a; 
(62. Arith.) (i. e.) as CD and AB taken together, to the 

difference of the Chord AB from the Diameter. 

PRO B. 151. 

324. Having in a four- ſided Figure inſcribed in a Circle, 
the Sides AE, EB, BC, AC, with the Diagonal EC, to 
find the Diagonal AB, (Tab. 2. Fig. 34.) | 

Let AE 22, EB=b, BC=c, AC == a, EC==f, 
AB =. Draw EF ſo that o may = x, (208. Geom.) 
and becauſe ACE = ABE, (315. Geom.) being on the 
ſame Arch, then 


EC-:-AC ©: EB 2 BE, (4.0) f:d::;: 6: BE, 


(267. Geom.) thus BF is found = 5 and becauſe EAB 
is alſo = ECB, (315. Geom ) and AEF = CEB, (18. 
Arith.) then 
EC: CB :: EA: AF, (. e) F: 11 4 7 
bd + ac 
7 


(267. Geom. ) wherefore 


bd ＋ ac =. 
THEOREM. 


In a quadrilateral Figure inſcribed in a Circle, the 


Rectangle of the Diagonals EC and AB is equal to thoſe 
£8 oppolite Sides, (i. e.) EB into AC, and of EA into 


PRO B. t52. 
325. Having the Sine of an Angle, to find the Sine and 
ee of Angles that are Multiples thereof, (Tab. 3. 
8 35. 
Let there be any Angle, as A, and let AB 2 BDS DF 
=FH HLS LM= MPP = QT TV, then 
G= ADB, (184. Geom.) and EBD=A + ADB, (239. 


O2 


A, (16. Arith.) and 


Aeom.) = 2A; thus it may be ſhown, that FDH is + 


gl Of the Uſe of Partr. Seft 2 


A +— DFA = 3A, and HFL = A AHF = 
= 3 A+ ALH = 5A, and PUMA Ain. 
c. | 

Let fall the Perpendiculars BC, DE, FG, IH, LK, MN, 
then if AB be the whole Sine, BC will be the Sine, and 
AC the Coſine of the Angle A, and ED the Sine, and BE 
the Coſine of the double of the Angle A, and FG the Sine, 
11 18 the Coline of triple the Angle A, &c. (F. 2, 
x1 Trig. 

Let AB r, BC =b, AC=a, then the Angle A be- 
ing common to the Triangles BAC and EAD, and C and 
E right ones, (267. Geom.) AB : BC :: AD: DE. 

2ab 
r:b:: 2a ; —_ 
AB: AC:: AD: AE 


2a* 
EF? & % 


2a* 24% — 12 


therefore BE = AE — AB =— — = 


72 = a* , (417. Geom.) then BE = * 


= — „ and AF = AE T EF 3 
AB : BC :: AF: FG 
52 122 2 3—.—.— 

. . + 7 . 72 

AB: AC:: AF: AG, (268. Geom.) 

24* — 6 343 — ab* 

ft py 
345— ab* Za? — 2 2— 


therefore DG = AG - ADñD . — = oy 


r1* — 24 


7 24: 


= = (by ſubſtituting the Value of 7, viz. a* +6?) 


a3 — 2ab* 


7 2 mmm”. therefore AH = AG+GH 5 2 
AB: BC :: AH : HI | 


7 445 — 4ab* 252462 
7 R * _ 73 — 
AB : AC:: AH: Al 

3 G b 4 — 44h? 
4 a 74 8 * 7 
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— bf 222 — i XT. 

and becauſe FA = —— 8 _ — 

. OS 11 4 

—— 5 —ͤ— = 24 : „therefore FI 


The ſame way there is found 
XI. a. 54 — 104*%b3 + bs 


177 
5 10235 ² + 5ab* 
. 
6455 — 203 0 + 6a 
MN © *. 
4 IN 4 — 154*%6* + 154a*b* — 65 
an 36363 


175 


25 — 354 ˙ͤ 212255 — þ7 
3 35 * N 


7 
a7 — 214*%6* + 354% þ*— 7b 
QR — — N 


5 If _ the whole Sine Sr, the Sine of the Angle 
is 6, 


of its double — 

of W in ES 

of its quadruple = 
of its quintuple BD —— __ | 

of its FUR 6bas — — a* + 6b5a 

of its ſeptuple = 3563 a* + 9 &c. 


7 
Hence there is a Rule of Progreſſion infinitely, the 
Form whereof, for the Sine of an Angle Multiple, is made 
up of the 2d, 4th, 6th, and 8th Term of a Binomial, 
(compounded of the Cofine of 4, and the Sine of the 
imple Angle b) raiſed to a Power whoſe Exponent is = 
to that of the Multiple, changing the Signs > and — al- 


ternately. 
O 3 And 


2 


— 


* — —— comet 9 ——— 


— — — 


2 
o 
1 
6 
* 
A 
; 
* 
p 


W + 
' 4 
* 
5 1 
* 
* 
o 
4 
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And indefinitely 


3 34 —1 MXM—IXM—2 


bog 4 + 


Ef on, IX 2X X 
MXM—IXW—2X 3] 4, „ 
bf mY 4552 5 &c. 


of its triple 


I X 2X 3X AX Xx 
Likewiſe, if the whole Sine be r, the Coſine of the 
Angle A = 4. | 
2 62 
7 
e nA 
72 


: a* — 6a*h* | b+ 
of its quadruple — 


of its double 


of its quintuple — = 


of its ſextuple pony — 


a' — 214*b? + 354 — abe 

Whence we have another Rule of infinite Progreſſion, 
the Form whereof is compoſed of the 1ſt, 3d, 5th, 7th, 
and gth Terms of a Binomial, (made by the Coline 4, 
and the Sine of the lingle Angle b) raiſed to a Power whole 
Exponent is the ſame with that of the defired Angle Mul- 
tiple, changing the Terms + and — alternately. 

Aud indefinitely 


772 MXM-—7T FR m N MT X M—XM_ 
3 = £0. 9 2 
1 


of its ſeptuple 


WM — | 
Ra IX2X3X4Xr 


G * 544 3 m K in- IX M—2 X M—JX Mm —4Xm—5 


M1 IX2X3X4X5X6xe— 


. 
And becauſe b* 42, K. 16. Trigo.) and the 
Powers of 52 rational, by ſubſtituting that Value either in the 


the Angle Multiple, determined only by the Coſine of the 
the ſingle Angle, and the Radius, and thus the Coſine of 


4g — 52 39 72 + 22 24 * 


1 6 , 2 r | 7 
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a3 — Jar* + 343 4a? 
72 == 7 n 


a* — 6a*r* + bat +1r* — 227 ＋L 2+ 


73 


* of the triple 


of quadruple 


Rat 8a* ; 
3 + r, and its quintuple 
a5 — 1043r* ＋ 1045 ＋ 5ar* — 10a3r* + 54 1645 


77 . 


2043 


Likewiſe, if the Value of a = 4/r* - be ſubftituted, 
the Coſine will be excluded out of the Form, though it 
will not be quite rational. 

CoRoL. 

326. Seeing the Sine is : the Chord, (F. 2. Trigo.) if 
the Chord of a ſingle Arch be called b, and of the Comp. 
of it to a Quadrant a, and Diam. r, the Chords of the 
Arches Multiple may be determined by the ſame Forms; 
for having the Chord, the Arch is alſo given, the Arch 
may by the ſame Forms be multiplied by the given Num- 
ber, 

PROB. 152. 

327. Having the Tangent of a ſingle Arch, to find the 
Tangent of its Multiple. 

Seeing, as the Coline in Prob. 152, viz, 


m X MM — YT — P 
25 „ 


a — ee is to the Sine in the ſame Prob. 
IX AN 
mM — MX M—_TXM — 
vr — Bp” K - 41 _ 3 8 
r IX 2x X 


ſo is the Radius r to the Tangent, (F. 26. Trigo.) then for 
ſhortning the Calculation, put for the Coefficients of the 
Colines, A, B, C, D, E, and for thoſe of the Sines P, Q 


R,S, T, excluding in the Diviſors, the Tangent 
will be = Prba 1 QE b 3 4 8 BL 
Srbꝛa 7 | 

All divided by 

* Ab 2 4. BG. * Ch, &c. 


0 4 Let 
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Let the Tangent of a ſingle Angle be r, (F. 26. Trigo.) 


then a: b:: 1:7, conſequently 22 „and if this Va. 


lue be ſubſtituted for a, there comes out a Form for the 
Tangent. 


p 5 * Q „, — 2 4 R 1s tin, 8 6 


9 


721 2 —3 5 7 57 » &c. 
/ TT qr. 
* 72 224 m—6 


r 


and if it be divided by b”, and multiplied by , there 
comes out the indefinite Tangent 


B74 C 4 
And ſubſtituting at length the Values of P, Q. R. 8, 
and A, B, C, the Form for the Tangents will be 


— 3 
, 1273 F300 
mXMm—IXm—2Xm—JXm—4 


— -- 


; IX2X3X4X5 m4, &c. E by 
5 12, mm —I XM —- 2x1 —3 
LA : IX2X3 


WY me 


Thus it appears, if a Binomial conſiſt of the Radius and 
Tangent, as r 27, be raiſed to an undetermined Power, 
(F. 95.) of a Fraction, expreſſing an indefinite Tangent, 
the Denominator will conſiſt of odd Terms, and the 
Numerator of even; but multiplied by the Radius, and 
in both the Signs + and — changed alternately, 

| PRoB. 154. 

328. Having the Secant of a ſingle Arch, to find the 
Secant of its Multiple. 

Becauſe the Secant is a 3d Proportional to the Coſine 
and Radius, (F, 26. Trigo.) then by (F. 325.) taking for the 
Coefficients ot the Coſine A, B, C, D, and excluding from 
the Diviſors * , the undetermined Secant will be 


be 


* 42 + 80. — Ct” 


&c. 


and 
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andy :b :: 5: t, ($. 26. Trigo.) then r = = „which 
changes the Form to : 
bu x 

ang” 3 Ab 2 fn + BD 4 n 

Moreover, a : b:: r : , (§. cit. Trigo.) then @ = 
- , Which gives the following Form 

2 bn IT 
,n — „ B —4+ 
And if this Form be divided by rb, we have the Va- 


lue of the indefinite Secant, from the Tangent and Secant 
of the ſingle Angle 


&c. 


&c. 


mM 
$ 


2 — Ar 37 + B ,. 4c. 7. , 


& c. 


e e eee ee eee ee eee 


- 


CHA FP. V. 


Of the Extraction of the Roots of the higher 
Equations, | 


PRoB. 155. 
329. T O explain the Nature of Equations. 
1. Take as many Values of the unknown 
Quantity as you pleaſe, and let there be thence formed 
ſimple Equations So. | 
2. Multiply theſe Equations into one another, and thence 
there will be formed higher Equations, by the Conſidera- 


tion of which their Properties will be diſcovered. 
Let x = 2 x = & 


or X = — 3 x =—b 

or x = 4 K. 88 

then x — 2 20. 1 x — 4 =0 
x + 3=0.2 x + b=0 
* — 4223 X — c — 030 


+ % 
* 4 
Cs 
* 
17 
35 
A 
d 


= 4 #* a . —— 128 * * 5 a4 Ws 4. 8 2 „ A — 2 . mt in 
34A BREASTS ETA at, FC 
Is —_— * 882 - 1 — - 
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multiply the firſt Equation by the 2d, and the Product by 
the 3d. 


2 222 0 6 1 0 
*“ % 3 0 x ＋ 5 o 
K 2 — 2x ＋ 2x —6=0 x*— xa + bx — ab=g 
x — 4 | 2 = © 
—4x* + 8x —1 2x+ 24 x3 — * 4 + bx* — abx 
x3 —2x*J-3x*—6x — c + cxa — bx 
_ AT abc == 0 


x3 —2x*— 10x ＋ 24 3 


If you obſerve theſe Equations, which may be eaſily 
raiſed higher, there will appear, 

1ſt, That the known "nee of the 24 Term is the 
Sum of the Roots, but affected with a contrary Sign; 
and the known Quantity of the zd is the Sum of the Pro? 
ducts from the Roots combined by two and two, and the 
known Quantity of the 3d is the Product of them taken 
3 by 3, and the laſt Term is the Product of all the Roots. 

Ex. In the quadratic Equation, the known Quantity in 
the 2d Term is 1==3 — 2, the Roots being Th — 3, 
and in the Cubic is — 32 3Z—4—2, the Roots are 
4-3 ＋ 23 and the known Quantity in the 3d Term of 
the cubic Equation is — 10==— 6+ 8 — 12, the Roots 
are 2—3++4, and in the ſame the laſt Term ＋ 24 
=2X 3X <4« --- | 

24, Each Equation hath as many Roots as the Expo- 
nent of the 1ſt Term hath Units, as in the Quadratic 
there are 2, viz. ＋ 2, — 3, in the Cubic 3, viz, +2, 


5 . 
3d, 9 Equation there are as many true Roots, as 
there are Changes in the Signs, and as many falſe, as there 
are Succeſſions of the ſame Signs. 
Ex. In the Quadratic æ&* FT x — 6 =0, there is one 
Succeſſion +, +, and one Change + , and the Equa- 
tion hath 2 Roots, the one true P 2, the other falſe — 3. 
In the Cubic x3 — 3x* — 10x +24 =o, there are two 
Changes +, —, and —, +, and one Succeſſion —, —, 
and it hath 3 Roots, two true + 2+ 4, and one falſe 
SCHOLIUM. | 
330. The two firſt Theorems are eaſily demonſtrated 


from the Geneſis of the Equations; but the 3d, which 
Harriot 
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Harriot found by induction, no body hath yet demon- 


ſtrated. 
SCHOLIUM 2. 

1. We are not to wonder that one Equation ſhould 
have ſeveral Roots, for there may be ſeveral Caſes of the 
fame Problem, each of which will give the ſame Equa- 
tion, as we had Examples of it before in Quadratics, 
($. 169, 162.) and becauſe ſome Caſes are impoſſible, the 
Koots rauſt alſo be ſuch. 

CoR ol. 

True Roots are changed into falſe ones, and falſe into 
true ones, if the Signs of the alternate Terms be changed. 

Ex. x* — 3 — 10x + 24 ð o hath 2 true Roots, and 
one falſe; but if you write x* + 3x* — 10 — 24 = o, 
there are 2 Succeſhons of the Signs +, +, and —, —, 
and one Change ++, —, and ſo there will be 2 falſe and 
one true. 

PRO B. 156. 

333. To increaſe or diminiſh the Root of an Equation 
by a given Quantity, if the Equation x? — 6x* + 13x — 
10 So, another Equation is to be found, in which the 
Root is & ＋- 3. | 


e 

X = — 

ener 

#3 =y3 —99* + 27) — 27 
—6x* =— 6y* + 36y — 54 
+ 13X=+ 13) — 39 


— TO =z— IO 
0 e —15)*þ 763 — 130, which gives a 
new Equation, in which y x + 3! on : 
On the contrary, let the Root in the Equation, now 
found, be leſſened by 2. 
. 
then e 2, and y*= x 
* =x3 ＋ 6x2 + r 
— 10 ͤ =— 15x* — 60x — 60 


+ 769 = + 76x + 152. 
_ 130 = 10 


1 


— 


o == x3 — 9x* 18K — 30, wherein x is=y—21 


— 


> 


S 24 Ads 5c A 


ö D 
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CoR0OL. I. 
If you encreaſe the Root with a Quanti 

ha te ws falſe Root, then the falſe Roots 1 
true; for if y =— 4, and y 5 be made = x, then x 
=5—4=1. On the contrary, = 7 =3 and 7—4 be 
made x, then 3 — 4 = —1= x hen therefore 
we leſſen the Root with a given Quantity, the true Roots 
do eaſily become falſe ones. 

CoRol. 2. 

335. While the true Roots are increaſed, the falſe ones 
are diminiſhed ; for if y=3, and =—5,, and y + be- 
comes x, then x becomes =3+ = 7, an J=4 
—5=—T1; and ſo if y —2 be x, then x=3 —2= 
1, and y==—5 —2=—7. 

PROB. 157. 

336. To multiply the Root of the Equation by a given 
Cy 
Ex. Let the Root of the Equation be x3 +px* + 2 
— So be multiplied by «. 

Let ax = y | 


* + h + "7 — 4 So, which is a new Equation, 
in which y = ax 
| CoROL. 1. 

337. Hence it's manifeſt, that the given Equation is 
only to be multiplied by a Geom. Progreſſion, in which 
the firſt Term is 1, and the Quantity by which the Root 
is to be multiplied, is the Denominator of the Ratio. 


Ex. 
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Ex. In this Equation x*Þ4x*—19x*—106x—129 = 6 
1 & 8 16 
y* +87 —765* — 848 — 1920 = 0 
which is an 1 in which y 2K! 
Likewiſe, if the Root of the Equation 


x3 — 3x l- Iro were to be x b 

x3 * — 3x ＋ Io 2 
1 27 

yY**—27x+27=0, which is an Equation in 
which y = 3x. 


SCHOLIUM. 
338. The little Stars ſupply the place where a Term is 
deficient. | 
PRO B. 158. 
339. To divide the Root of an Equation by a given 


uantity. 
Let the Root of the Equation x* = px* + qr —r=0 
be divided by 4. 
* 
and let * = y 


then x = ay 
x*== 8 y* 


— = — v1 

42) — 4 + aqy —r=0 
| 1 
e 


hich is a new Equation in which y = =! 


CoROL, 
Thus it appears there is only need to divide the given 
Equation by a Geometric Progreſſion, wherein the firſt 
Term is 1, and the Quantity by which the Root is to be 
divided the Denominator of the Ratio, 
Ex. Let the Root of the Equation x* + 8x3 — 76x* 
— $43x — 1920 == © be divided by 2, proceed thus; 


x+ 


- © — 
=” — - 
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* ＋ 8x3 — 76x* — 848K — 19 2028 00 
* 4 8 16 
445 — 19) — 1060 — 1200 
in which Equation y = - a 
Likewiſe, if the Root of the Equation * — 36x — 
54=0, be divided by 3, then 
* * — 36x 74 =0 
T 3 SEE... 
r Sac. unde 


* 


in this Equation y= 7 a 


PROB. 159, 
341. To compleat an Equation, in which there are 
Terms deficient. 
The Root of the Equation is to be increafed by 2 
given Quantity. 5 
Ex. x3 — 23x — 70=0, Let x +1= y, then x 
=y—1, and x =* —2y +rx 


* =} — 3+ 3y —1 
— 235. — 29 23 
— 7 = = _— 


3 — 3) — 20% 48= o, which is 2 
compleat Equation, in which y = x + 1. 
SCHOLIUM. 

342. The fame Problem may be ſolved by leſſening 
the Root of the Equation by a given Quantity, in doing 
of which there is danger of turning true Roots to falſe ones, 
(Y. 333.) therefore it's better to encreaſe it. 

PRO B. 160. 
343. To take away the ſecond Term out of an Equa- 
tion. 

Let the Equation be x3 ＋ px* — gx +r =0. 

To take away the 2d Term px*. 

Let: x = * ̃ 

then x =y—#f 
x* ＋ tt — 2ty 
* = y3 - 317 —fr3 
+ px* = + py* + 2pty + pt 


— 2 * = — ＋ qt 
＋ * = 9 r 


then — 3* = , and #5 = 5 „and if it were + px?, 


then — 3t +p = o, and — 3f =— p, and — 5 


and univerſally, if it were x” T⁰⁵R I, &c. 

Let x=y —#, then = — tu , &c, + 
at = + 88 &cc. 

Conſequently in the firſt caſe — nt ＋ p= o 


— = — 


but in the other caſe — mt — o 


whence the Rule is plain. 

If the ſecond Term be poſitive, let the Root be in- 
creaſed ; if negative, diminiſhed by it's known Quantity, 
divided by the Exponent of the firſt Term. 

Example, In this Equation & — 8x* — ＋＋ 8 = o, 
to take away — gx *. 

Let x—4=y, then x=y + 4, 


and = =x* +$2+ 


— = — nas Þ 
- — 
e 7 — s, in which Equation y is = 
x —8 


| 'CoRoL. 1. 
344. If the ſecond Term be taken out of an affected 


yadratic, it's reduced to a pure Quadratic z and thus it 
may be reſolved another way. E 
x. 
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— — ‚—— ß 
Xa >, 05 n © ene. 5 0 


1 e rr 


— 
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Ex. x* — 8x 15 =0. 

Let x — 4 =), then x=y +4, and x* =»* | 1; 
+ 8», and — 8& = — 80 — 32, and 15==15, ſo that) 
—1==0, and y=1, conſequently x=1-+ 4 —5. 

| CORoOL. 2. 

345- If the ſecond Term be taken away in cubic Equa- 

tions, they are reduced to 3 Caſes. | | 
a3 * — px — 7 = 0 


x3 * X — 1 — © 
x * —px +7 = 0. 
PROB. 16r. 


246. To take away the 34 Term from an Equation, 
K* — 4x* + 4x —6 =0. 

Let x =y — n 
x* = y* + n — 2ym 
r 

e 

91 
—6== — 6, 

Seeing the Equation on the right is = to that on the 
left Side, to take away the 2 + ny ſuch a Value of » 
is to be aſſumed, that 39#*- 8m + 4 may be = o, then n 
+ 3m = 4, and adding *£ 

m* [3m 4 
mM — + i, an m = —4 


3 
| — 6 =—6, then) — 2y* — 22 o, in 
which Equation the third Term is wanting, and ) = x 
— 
SCHOLIUM. 

We uſe the ſame Method in other cafes, but the 4th, 
Sth, ec. cannot be taken 2 this way, for the higher 

oots would be to be extracted. 

| PRoB. 162. 

348. To take out of an Equation the laſt Term but 
one, if the ſecond be wanting. 

Subſtitute the laft Term, divided by y, . for the un- 
known Quantity, 

Ex. In x3 —23x+1= 0, the Term — 3+ may be 
taken away, thus 

x 
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73 — 3y* I= O. 


I 27 
oy — 00 == 0. 
In tais Equation x Zy. 
1 — Ir ＋ be — 64 = © 
I 12 144 1728 
y3 — 8y* +108y—110592 = 0; 
In this Equation y = 12x. 
| PROB. 164. 1 
350. To free a given Equation of irrational Numbers. 
Sometimes it may be done by Multiplication, ſometimes 
by Diviſion of the Root, but neither of them always. If 
the Root be of a Square, then to take it away, mul- 
tiply the Root by itſelf; but if it be the Root of a Cube, 
or higher Power, then by the Cube-Root of the Square 
of the Quantity to be taken 2 put under the radical 
Sign, or univerſally thus, by the Root of that Dimenſion 
which is to be taken away, but of the Quantity under the 
y/ brought to the next inferior Power; ſometimes it may 
be otherwiſe, in particular Caſes. | 
Ex. x* 2ax3y/2 + Babx*—a3xy/ 8— 24 
113 2 8 4 


* + 4ay* + 16aby* — 8a3y — 849 =0. 
In which Equation y =4y/ 2: 


Again, Let x3 —— 2 + abs 7 32 —aab =0 
3 3 | 
T . 
y* — 2ay* + Baby — 44a = 0. 
In this Equation jJ=xy/ 4. | 


P 45 The 


- 
"I 2 ä 22 — 8 W* 
2 4 * fl _* 


a4 
4q0=- 


at. ed 
— ® _ — — 


PIR” ka WR AX” in 4 
—— aw orgs. ny. >. Gimode—< EW or + cone * 5 
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The Diviſion is better underſtood by Examples than R 
x —3x*/3 * —6/3 =0 25 


r 921 v3 
r 
In this Equation y = — 
3 V 3 3 — 
x3 — 4 * + abxy/ 32 — a*b — 0 pF) 
3 
l v4 2 
S 2007 — 44 . 0 
In this Equation ) = 75 
2 
$3 — 4 72 34* — 372 =0 
1 72 = 24/2 


3 2 4 


-— — 1 0 


and to take away the Fractions further, multiply by 2. 
F 
1 2 +. 


4. 
23 — 22? + 72 — 12 =0, here z=2y = 7 
PRO B. 165. 


351. To know whether a given Equation hath rational 
Roots or not, and if they have, what they are. 

Seeing the laſt Term of the Equation is the Product 
of all the Roots, (F. 329.) let it be reſolved into its Fac- 
tors, and let them be ſubſtituted ſucceſſively for x in the 
Equation ; for when the poſitive and negative Numbers 
deſtroy one another, then the Value of x is ſubſtituted. 

Ex. x*— 6x ＋ 8 o, the laſt Term 8 hath 2 Factors 


2 and 4. Let x 2, then x* =4, and — 6x= — 12 
and + 8 = 8, then 


1 = 4 
— 0x = — 12 
+8 S8 

2 2 


then 2 is the true Root of the Equation. 
Let alſo 4 2 x, then | 


& = 16 
— 6x =— 24 
+8 =+8 

O O 


then 4 is another true Root of the Equation. Let 
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Let x3 — 3x* — 13x + 15 = o, the Factors of the 
laſt Term are 1, 3, 5. Let 1 be = x, then 


1 
— 3x * =— 3 
— 13x —— 13 
+15 = 15 

O 0 


thus 1 is one of the true Roots. 
Moreover, let 3.= x, then 


x3 =." 29 
— Jx* — 27 

_—_ x 29 - 
1 
: O = — 24 

thus 3 is none of the true Roots. Let then — 3 = K 

X* — — 27 
— 34 2 — 27 
— Ix = —+ 39 
I = IS 


1 

—— 20" => 75 
— 12% = - 65 
10 =, I} 
O O 


thus 5 is another true Root. 
Otherwiſe thus: NE. 

Seeing compound Equations ariſe from the Multiplica- 
tion of {imple ones, (F. 329.) if any Root be rational, the 
| Equation muſt be diviſible by a ſimple one made up of 
x, and ſome Factor of the laſt Term, wherefore Diviſion 
by them is to be tried. | 

Let the Equation be x? — 3* — 10x + 24 = o. The 
Factors of the laſt Term are 1, 2, 3, 4 6, 8, 12, whence the 
ſimple Equations are framed, x —1=0, x +1=0, x 
— 2== 0, x+2=0, * — } =0O, x + 3==0, X — 4 0, 
x +4=0, x —6==0,' x+6=0, x—8=0, #x+8 
=0, X—12==0, x ＋ Iz o. It's in vain to try the 
Diviſion by & —x or x + 1, for 1 is neither one of the. 
truer nor of the falſe Roots, but x — 2 may be tried. 


* 
P | | a 2 


| 


— 4 


2 2 
AT — 1 "> * 
- - 


45. Aer gh. Dank: ZIG — qr. e 


F <4 wa. abs eee WE Wort +0 — 


., "30. 2 


. 
n 


212 O the Solution Part 1. Sect. 2. 


* — 2) & —3x* — 10x ＋ 24 (x*— 12 
— 
— K* — 10x 
— x ＋L 2x 
— 12X 24 
— 12x24 
©:-0 


Thus 2 is one of the true Roots; and ſeeing 12 is the laſt 
Term in the Quotient, 8 and 12 are not among the true 
Roots. 

The Diviſion of x* — x — 12 by x — 3 need not be 
tried, but x ＋ 3 will do. 


443) * — x — 12 (x— 4 


x* + 2x 
— 4X — 12 
— 4K — T2 
O O 


therefore 3 is a falſe Root, and x — 4 o, fo 4 is an- 
other of the true Roots. 

Likewiſe, let x — 3x* — 13x + 15 =0, the Factors 
of the laſt Term are 1, 3,5, then the Diviſors to be tried 
are x - I =0, & Z==0, #Þ I==0, x — }==0, xÞ 
J == 05 X — 5 = Oz x + 5== 0. Let x - 1 be tried. 

K — 1) — 3 — T3X in 
3 2 


ee 
—2X* —I3x 
—2x* + 2x 
— I5x+15 
m_ FI 
— 2 


then 1 is a true Root, the Diviſion does not ſucceed by 
x— 3 in the Quadratic, but it will by x + 3. 


*Þ 3) * — 2x — I5 (#—5 


x2 + 2x | 
— ns 

w_ x 7 
N 0 


Thus 3 is a falſe Root, and 5 a true one, becauſe x —5 


— 0 
Cokol. 
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CoRoL. 
52. From theſe Examples it's plain, that this Problem 
admits alſo of this Solution. | 

1. The Number we judge to be the Root is to be 
taken from the Coefficient of the 2d Term. 

2. The Remainder is to be multiplied by that Num- 
ber, and the Product taken from the Coefficient of the 3d 
Term. 

3. What remains let it be multiplied by that Number, 
and the Product taken from the Coefficient of the third 
Term, and ſo on. 4 

x3 — gx* — Iox + 24 =0 

— 2 +2 ＋ 24 
— 11 — 12 o 
— 2 

+ 2 —+ 24. Here o remains, then 2 
is a true Root. | 
& — 3x — 834 47 20 

— I —+ 2 15 


— 


— _— 7 O 
SF" 4 15, thus 1 is another true Root. 
SCHOLIUM. 


253. Leſt the Inveſtigation of rational Roots ſhould be 
troubleſome, it will be better to change the Equation into 
another, in which the laſt Term will have fewer Divi- 
ſors, or find 2 Numbers between which the Root is found; 
tor this end we add the following 

PRO B. 166. 

354. Having an Equation, in which the laſt Term con- 
tains many Diviſors, to change it to another, in which it 
will have fewer. 

Let x=1, or x=— 1, or x =2, or x =—2, or 
* = 35 Of x==— 3, or x4 Or X=— 4, theſe Values 
being ſubſtirured ſucceſſively, let ir be obſerved when the 
Sum will give a Number that hath fewer Factors than the 
laſt Term had, and by that Number the Root of the 
Equation is to be encreaſed or diminiſhed, (§. 332) 

Ex. Let 4 3x* — I0x + 24 0. 

Let x=1, then #3 = 1 

—34* =— 
— IO = —1 0 


＋24 = +24 
Dum © —12 : 
P 3 which 
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which hath fewer Diviſors than 24, then let K + 1, 
| then x* = yy 2y +1 
r 


— 9223 Qp=:4 
— IO0x = — IO) — 10 
＋24 = 24 


Y* * — 1 + 12 = 0 


SCHOLIUM. 
355- The ſame Equation hath a falſe Root — 4; for if 
you ſubſtitute its Value for y, there will come out 
— C4 +52-þ12==0, therefore x =y +1=—3 
ſo that — 3 is a falſe Root of the propoſed Equation, 


(F- 350.) 
PRO B. 167. 
356. To find 2 Quantities, for Limits, between which 


the Root is contained. 
Let x* + px —q=0 
x* r i then px is leſsthan 4, and putting 7 


for greater, and L for leſs, x V. > (62Ar.) 


Likewiſe, becauſe x* ＋ px = 45 77 x3, and 47» 
(93: Arith.) and xy/q 7 *, add px to both, then xy/4 


+ px J + x, (. 94.) therefore /q + pXx#7Þ 
7 
dx 7 (ea Ar. 
7 5 ( 


Here y=x— 1. 


Thus the Limits are — and —=== ;(i.e.)cheRoot muſt 


WIFE 
be leſs than + „and greater than 77 
Let x* —px + q= o, then 2353 
x* L px, and x L p. 

Likewiſe, becauſe x* = px 4, and ſo the difference 
between px and q is poſitive, then px 7 4, and x 7 
— then the Limits are p and 2, (i e) it muſt be les 
than p, and greater than . 

Let x* —px —q= o. 


leg ang ad =" 7.6 en, 
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„then px 4-x4/q 7 pr+4, (i. e.) pr 4 

4d ws then 228 * 4, and x L p+ V- 
Likewiſe, x* 7 px, x 7 p, and px 7 p and px +4 7 
P +9 and x* 7 p* 4, then x 7 y/p* +9 ſo the 
Limits are p //, and /p +9, it muſt be leſs than 


p +49, and greater than p +9. 
Let * — 4 +r=0 
then x3 +r ==9qx 
then qx 77 
* 77 
Likewiſe, x3 & 7 
1 
7 
x L 4/49, ſo the Limits are 7 and 4/9 
Let x3 + qx — 7 =o, then x ＋ & = r, x fr, 
and x J. : . 
Likewiſe, r 7 x, and 73 7 x, and 1 x, vr 7 xt, 


and x17 ＋ qx 7 x3 + qx, and x 7 T5 Thus 


the Limits are — „ and —2 . 
7 rT+q 
Let x* — px* +- qx - T 
then x3 —px* r — 4x, if then r7 p, then r 7 4%, 


conſequently x £. 7 , and if p x, then 2 7 r, and 
ſo 7 = | | 
0 =, 

LET 


In both Caſes the Limits are þ and 7 
Let x* —px* — 4 CTO = | 
then x* + r =px* + qzx, and px* ＋ qx 7 r, + 
"Ga Beet, £ IL 
IS EE ar Dd ALLE” 
= + 2 en £ 
7 % +3 n Ne + - ; 


Likewiſe px* + qx 7 x*, and 4.4 17 = 
then 2 7 * — px | 
P 4 and 
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and f. g. 7 * r 
vo +437 — 25 
* Ly/qFan + 
mi ES = 
thus the Limits are 5 + 7 
and y/ 9 + 4 2. 
Let x*-—qx* — 1 —$==0 
then & .* — 4 — rx ＋ 7 


and ſo x* 7 qx*, and x* 7 4, and x 7 9. 
Likewiſe x4 — rx = gx* + 5 


5 
2p 


then x3 7 7, and x 7 Jr 
at length 9 — 12 qx* +. rx 
then & 7 5, and X 7 55 
and x3 —7 53, and & 4 7 s. 
Likewiſe x 7 9+ 8 7 4 
K 44 7 4 . 
x39; 7 4 R 74 7 r 


* 7 44 + 13 ＋ 4 


5 SCHOLIUM. 
257. In the Equation x3 — 3x* — 10 =o, the 
Factors of the laſt Term are 1, 2, 2, 4s * the 


2 o 8 — 0 
Limits are found / + - JN ==, | 
= 14 nearly, and y10+2+i=y2 428171 
. . 


= 5; ſo the greateſt of the Roots cannot be les 
than 14, but leſs than 5, ſo the Diviſion muſt be tried 
by x —2 ; which being done, * is found = 2, and the 
Equation is reduced to a Quadratic x* — x — 12 =9, 
(F 351.) hence the other true Root = 3 + 11/37, N. 
143-) and the falſe Root 2 — 44/37. e 
PRO B. 168. 
358. To extract the Root from a Cubic Equation. 


The ſecond Term being taken away, they are brought 
to theſe three Caſes, (F. 345.) TURED en | 


XT 2 px 7 
X3 — — Px 7 
&1 == 
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then a =97. + 21's pat guy 
px =py + pr, then as in the 1ſt caſe 
* ＋ EA. 32% + i =py + pz 2. 
Let 3y*z + 32*) =py Px, and — both by y + 2 


then 3) == þ> and z = 5. 


Likewiſe y* + 23 =9, and ſubſtituting - for z 
* + — = q*, and) +#yp3? = gy3 
3 = we 143 

add 14*, then „ = 913 + 79* = 442 — 78 

— „ andy == gdh TS 
%, — Vn — 27% » and -N £93 
2 — en nm____—_—_—__ RR — — 8 — — pb ö w 
Y MTI r Mi 
and 2=y/3q f =, both which are = x. 

The Root is found the fame way in the other caſe 


q | | 3 1 — 
Vir FN e F,. Laftl, 
2 — 
in the third caſe x = y— 29 + 71 — 255 + 
=: 4 
Ex. Let x* = 6x + 40, then p=6, q=40, and fo 
31 = 20, 4 = 400, 3% = 2, %% 8, conſequently 
1 — 2, = 392, and 7 — . = v392 = 
y/ 2X 196 = 14y/2, whence 34+ y/ 44* — 2 7 = 29 


+ 14y/2, and ſo /3q - V — . = 2 2, 
wherefore by the firſt Rule x = 2 7 ee 2 + Ad 


= 4 

Let x* = — 3x + 36, becauſe ,==1, and q== 36, 
lo 27 = 18, 3q4* =324» 3Þ= 1 =I conſequently 
Woof ng i, and ge In 20/2 
== y 3%» Whence iq + VA +i5p7 =18 +2 y/37, 
and fo VTV — 55Þ* = 4 + 4/35, wherefore 
by the ſecond Rule x 4+ ITT — F z. 
Let x? = 6x — 40, becauſe p=6, q=40, there is 
ound as before / 17 — 27 = —2 2, and 
ſo F HIER 3 TY 

SCHOLIUM. 

359. The Cube-Root may be extracted out of 20 + 

y 392, by the common Rules; yet that it may appear 
how 


— — 
2 


—_—— — word; — 


— 


— A " : Ju rn = 
S > Pee. ren. es 
. — 1 — - - - 


8 


— 2 — 


5 2 ö - Rs <4 . — —— 2 — 
22 A 4% all Wo 2 — . — 4 — . * - -— — 3 


1 
a 
* 


himſelf attributes the Honour of them to Scipio Ferreo. 


/3+y8=1+ V2. 
of 204/392 be extracted. Let us ſuppoſe the Root x + 
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how the Root may be found if the common Rules cannot 
be well applied, we ſhall add a general Rule that may be 
of uſe in that and the like Caſes. Carteſius calls theſe 
Forms of extracting cubic Roots Cardanus's Rules, becauſe 
he firſt publiſhed them in his Geom. lib. 11, but Cardanys 


PRoB. 169. 
360. To extract the deſired Root of a compound irrz. 
tional Quantity. 
Let the Square-Root of 3 + y/8 be extracted, and let 
us ſuppoſe it to be x + . 
then & -- 2x yy =3+y/8 
let ** ＋ =3 28xX yy 8 
2x y+)*=9 4**y =8 
ſub. 4x? y = 8 
* — 2* + »* = ext. Root 
* —y = 1 


X* = ＋ 1 


j —; a= 71 
3 =2)> 1, and 2=2y, and 1==y, then 
x*=y +1I=2, and x = 2, therefore x + y/y = 


Ler likewiſe, in the preceding Problem, the Cube-Root 


) then its Cube is x3 + 3x*4/y + 3xy + /* 20 
+ y 392. Let zu -N = 392, then gxt; + 
6x*y* + y* = 392. Likewiſe x3 ＋ 3xy = 20, then x* 
+ 6xty + 9x*y* = 400, gx*y ＋ 6x*y* + = 392, 
the laſt Equation taken from the preceding Rem. x*— 
3x+*y + 3X — y3 =8, and ext. Root x* —y = 2, 
and x* — 2 =}, and the Value of y being ſubſtituted 
* ＋ 3xy= 20, then x ＋ 3x? — 6x==20, (i. e.) 4x3 
— 6x = 20, and — by 4 * * —$2x =5 
„1 2 4 8, (F. 337.) 

23 * —6z== 40, and if for z, 4 be ſubſtituted, then 64 
— 24 =40, then 4 is the Root of this Equation, (5. 


351.) then x = 5 = 2, and ſeeing x*—2==y, then 4—2 


S, and 2 , ſo the cube Root of 20 + 392 is 2 
＋ 23 and thus you are to do in other Caſes. 


PRO B. 170. : 
361. To bring a Biquadratic, in which the 2d Term is 
wanting, to a Cubic Equation. | Let 


A 
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or x* 4-9x* 4-rx + 5=0, where the Sign + is in 

* Ft Nat TT caſe may be repreſented ; and ſee- 

ing a Biquadratic ariſe from the Multiplication of 2 
Quadratics, (F. 329.) Io there be 2 taken. 
| * x T YO (= 

x* — yx + v o, which will generate 
* zx + yux E + wx? —yax - . 
And 3 Nu is ſuppoſed to be the ſame with the one 


T. —y* =9 A 9 
4 y=2 +v Þ 


2v=9+* +7 
TEE 37 
r 


2 
Let the Value af v be ſubſtituted in the Equation 2 + 


7 * 
* x, then 19. {FT 7, (+. e.) 
2 


P 


; * 3 
1 2 . Fern , therefore 
et "2 0 | 2 
7 
. E „7145 


17 2 
— 5 2 Ly ——= 
227 +29)* +) 2 


| i 2 2 4 
„ which x by 4 . 

17. 1 . px = 

q*y* —+ 240 1. * — 12 . =z 0. 
VLet *r, then 1 +297 2 —r L=o. 


— 41 
| PROB. 171. 

362. To extract the Root of a biquadratic Equation. 

1. If the Equation be pure, as & =a* bc, firſt extract 
the Square-Root, as x* = ay/bc, and thence find the 
Square-Root, thus xy/ ay/ be. 

Ex, Let æ = 32, then & = y/ 32=4y/2, and ſo x 


=2Y/Y/2. - 
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If the Equation be affected. 

1. Take away the 2d Term, if there be one, (F. 343.) 

2. Reduce it to a Cubic, (F. 361.) 

3. Thence extract the Cube-Root, (F. 358.) 

4. This being done, the Roots of the propoſed Equa- 
tion may be found by the Equations by which we reduced 
a biquadratic to a cubic Equation. 

Ex. Let x* — 86x* + 6oox — 851 =0, 
then q:z=— 86, r= 600, 5s =— 851, ſeeing the cubic 
Equation, to which it is to be reduced, is 
| 23 ＋ 29t* + q*t — r* = 

— . rare, 


if you ſubſtitute therein the Values of 2, r, s, there will 
come out N 

#3 — 172t* + 10800 — 360000 = o, 
that Equation being diviſible by r — 100, ($. 351.) then 
loo, and fo in the preceding Problem y* = 100, and 


ſo y = 10. This being ſubſtituted in q + y* — 7 


"2 


— 86+ 1I00—9%22 
== 2, then. 2 == + 1 885 = — 23, 


3 
and the ſame Value of y being ſubſtituted in v = 19 ˙＋ 2 


2 
2 $00 
1 1 = 2 = 375 and ſo the 


Values of y, 2, v, are to be ſubſtituted in the Quadratics 
* ＋ xx +2Z= o, and x* — yx - = o, and we have 
I. x2 + 10x — 23 o 
* + 10x == 23 and adding 25 
** + IO ＋ 25 == 48 
* + 5=y/48=4/3 


then v = 


x =4/3—5 
II. x* — 10x* ＋ 37 =0 
** — 10x == — 27 
* 2 — lo o+ 25 =— 12 | 
* —5t=y/—12=2y/=— 3, and x=5 
5 44 T 


ſo the Roots of the propoſed Equation are 4/3 — 5» 
and 5 T2 — 3, and 5 —2y/—3. | 


PROB. 
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| PROB. 172. 
263. To extract the Root of any Equation by Approxi- 
on. | 
he the ſurd Roots of Quadratics may be extracted, 
(5 143.) bringing it nearer and nearer by decimal Fractions; 
et becauſe chis Method is univerſal, we think it proper to 
begin with an eaſy Example in Quadrarics. 
Let ** — 5x — ZI==0, becauſex is 5 + 1/31, and 
y/ 56, or x L 10+, and 7 7 +; (4. 354.) Let us 
ſuppoſe the Root 8 + y, ſo that y may denote a Fraction, 
by which the aſſumed Number exceeds, or is deficient 
of, the true Root; 
then x* = 64 + 16y + y* 
e 


— 312 — 31 


— 7 + I1y + y* = o, and becauſe the 
Powers of the Fractions continually decreaſe, and the Root 


is only deſired near the truth, * may be caſt off; thus 
—7 + 11} o, andy = = fere. 
therefore x = 84-3. Let x =8.6 + y 
and fo x* LA ) 
— 5x = > — 5y 


M | 
RESTS + | . SEO , «., 172 


which, by reducing to one Denom. for the ſake of young 
Beginners a 


7396 — 4300 — 3100 + 1720 5 =0 

04 + 12. 20) =o 

12. 200 =—.04, and y = Q e = 0032 
then x = 8,6000 0032. 


Let x = 8.6032 + y, then x* =- 7401505024 + 
1720640000y , and — 5x = — 4301600000 — 
500000000y, and — 31 == — 3100000000, thus — 
009094976 + 12292640000y == 0 


) = 28994075. = ,0000077808, then x = 8. 


6032000000 + ,0000077808 = 8.60327 7808. 
Likewiſe, let there be a cubic Equation x3 + 2x* — 
23X — 70=0, Let us ſuppole the Root 5-+ y, the 
umber 5 being taken by the Limits of the Equation, ($. 
354-) and leaying out the Terms )* and y3. 
3 x? 
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K* = 125+ 75)... 
| 2x*= 50 ＋ 20 
i eee e 


— 10 25 o, and y== I2==, , then x N. 
Again, Ler us ſuppoſe x=5.1 p 5 then 


* = 132.651 +5 7803oy.;.. 
2x7 = 52.020 5 20400y 
— 23X =— 117.300 — 23000y 
— 70 7%. 


— 2.629 + 75-430) = © 
2.629 


75-439y= 2.629, and) 75 ao = = 90349 


then #=5 + <1 + .0349 = 5-1349- 
Thus you may go as far as you pleaſe, and thence there 
may be a n Rule. 


Let *” r AT „ þ ft 4 
Ten + f=0: Let x==#t + y, then 3 =. 


— m Xx n — 1 m— M_ 
wt” + 5 M—2 2 . |-ax — 


m — IXm—2 m—3z 


＋ m—1Xat” + 7 a4 7% 4 
be bl. 2 þ m2 x bi" 7 nn 
R „% OP r C e 
. &c. +f=f. La" + 


at" i 2＋ëπ 3, &c. mp, wr" wr 
„ La--s.nb 343 12 9 


&c. — — 4 2 e 
„ — 4 fo 5 &c. 
2 


Sr, and throwing away the Powers of ) above the 2d; 
PY =0. Let p+ os as before, then 


2) = — p, and y = —— 


In 
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In applying this general Rule, the ſame Calculation may 
be uſed as before in the particular Examples ; but a Rule 
that approaches faſter to the truth may be deduced from 
the firſt Equation, thus 
becauſe p + CY D © 
Y“ =—P 
= 7 it 5 but by the former Rule 
12 ＋ then y = Tyr f= orf becauſe 
7 


| qFy 
tot =0, gr f=—pad% + » = 


. ; 2 —— 1 * —— f 
7 +2v * 9 and ＋ 7 
7 


7 


I — pr 
I . 


Thus if the Value of y be added to t, with a poſitive 
or negative Sign, as is found, you'll have the Value of x. 
SCHOLIUM, 

364. The moſt famous Halley found out the two laſt 
Rules in a different Method, and illuſtrated the ſame by 
ſome Examples, as may be ſeen in the Philoſophic Tranſ- 
actions, Numb. 210. p. 136. and though the Uſe of them 
may be learned from the aforeſaid Examples, yet it will 
not be amiſs to give one Example more. 

Let x3 + 4.38x* — 7 — 2 20 

a : 
Let x=# + y = 300 + y 
* 5 gooy® + y3 
ax = 39420000 + 262800y + 4.38y* 

—bx =— 2347500 — 782597 

—f z=— 98508430 | 

— 34435939 + 524975) + 1333)* = 0 
my ſo p =— 34435930» — — p = 34435930, and 2 
$24975, 7 = 133 » Wherefore y 3 31435930 


1 —kr 


| 7 
= by 524975 þ see ie = 56, con- 
ſequently x 300 + 56 = 356. 4 
et 


5 
4 
* 
* 1 
= 
= 
i 
4 
- 
14 
1 
* 
4 
y 54 
* 4 
1 
8 
£4 
- 
. 
"# 
TX 
* 
'Þ 
2 
i be 
1 — 
* 
* 
» 
A 


= 
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Let again X = 356+ y, then "Ye 

* = 77 pore fil 1068y* + y: 
+ ax* =55510368 ＋ 311856y + 438y* 
— be =— 2785 700 — 7825y 
—f — 98508430 


— 665746 + 684239y + 1506y = O 
ſo p = — 665746, q=684239, r= 1506, wherefore )= 


q—fr 684239 7+ 1002613476 * Gbg70s © 


== 684239 
.9708, and ſo x = 356 + .9708. 

The irrational Rule being more accurate than the ra. 
tional, the Root will come out thereby with more Figures 
by 2 Operations; but if the Operation be continued, the 
rational Method will bring out many more Figures. 

o ROL. ä 


365. If «„ —f=0. Let x= , then x — 
m Xn — 1 m2 


— 7 Sm + es, * &c. —f, if 


5 : m 
72 — ; E — 
thence 8 o mt Iy— f=0, then y = 88 
mt 


which is a Rule for extracting of any Root of a pure 

Power, and more accurately; let * = p, then mi” 

CEN x — — 

= 9, — — Gag 2 =r, and y will be found = 
— Þ 


q — ſo that the ſame Rule will ſerve both for pure 


and AeQted Equations. 
PRoB. 173. | 
306. To 9 * gf an infinite Series. 
et V == ax * 2 cx ＋ dx* + ex5, &c. 
Let x= hv +iv* + kv3 þ+ [o* + = + nos, then by 
(F. 95.) * =b*v* + 2hiv3 ＋ i ＋ aiv + Þo* 
＋ 2hkv* + 20% + 21⁰v˙ 


| . ＋ ahm 
64 = 343 + 36%iv* + 3¹¹⁰ e + try 
; 2 + 2627055 30% 
i 3 ; 
A 6biky® 
"& 5 f : ** 


» of Equations. 225 
_ h*v* ＋ 4h3iv* + 6h*;*6 
"4h? ky® 
s = h$ys 4 
a 40th 


Let their Values juſt now found, be ſubſtituted in the 
Equation 


o=—vo+ax + b + 33 + dx*þ+ ex* + fx*,&c. then 


A ax 3 41 EN aly* Lam * 


+ bx2= bh*. .-1-2bhi bi* . abi. bk . 
—Þ-2bbk 22 abil. 
| . bs 
Þ+ x3. = ＋ <3. . +3b*i + 3chi* A 
＋ 3ch*k Leb. 
| chik . 
— dx+ = ah* OY ben. 
1 44 KE. 
— Ox —o+ebs . 3 : 
Fj = Abe 


Seeing the Equation is put o, all the Terms, as v, 


v*, v3, v, v, v®, may be conceived as multiplied by 
0. Let then the Coefficient of every Term be So 


abh—i=0 ai ＋ h = © 


al + bp + 2bbk bai ＋ dh* = 
= — bi* — * dh+ * 


and becauſe bi = La = 2 _— » and 


Q 33 
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— 3bc 
3651. — 1 —, and ah = 4 » then 


= by * 4b3 2abc 3be 


„ 


Again, the Coefficients of the 5th Term are am 4. 


2bik + 2bbl 125 N + 736 ch*k + wm . 8 l mw r 
— 106 *—22 


cauſe 2bik=— and 2bhl= — 
þ2 6b*c — 2ac* 
and Je == 275 „and 3A == : 77 e , and eh5 
+— 214b*c + 6a*bd des 
— 2 » then m = 3 — + 34*c*Þaze 


And the ſame way = 
—42b*4+84ab*c—284*bc*— 282*b*dÞ-7a*cdþ-7a* be—aFf 
— 7e nnd, 


And if at length, in the aſſumed Equation, x = hv 4 
iv* + kv3 + lv* + mv* ＋ uu, &c. the Values that 


are found of the Coefficients +, z, k, l, n, u, be ſub» 
ſtituted, there will come out the ſought Root 


V 1 — abe — 52 — ad 4 
4 54 5 


rs” Rey as a7 
4 1464 ＋ 6a*bd — a + 3a*e? — A HY infinite 
ly. 


CHAP. 
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CHA P. VI. 
of Algebra, applied to more ſublime Geometry. 


DEFINITION 23. 


357. BY more ſublime Geometry, we underſtand thit 
Part of it wi ich treats of Curve-Lines and So- 
lids generated from them. 

DEFINITION 21. | 

368. The Diameter of a Curve is the right Line AD, 
biſecting the parallel Lines MM in P; and if it cut the 
equidiſtant parallel Lines at right Angles, it's called the 
Axis, (Tab. 3: Fig. 36.) 

EFINITION 22. 2 882 

369. The Vertex of a Curve is the Point A, from which 
the Diameter is drawn. 

| DEF1NITION 23. 9G 
70. Ordinates, right applied, are the equidiſtant Lines 
MM, which are biſected by the Diameter. Their Halves, as 
PM are Semi-ordinates, and ſuch are the Lines QM, QM 
drawn parallel to themſelves from the Point M to AT), 
given by poſition, (Tab. 5: Fig. 60.) 
E FINITION 24. | 

371. The Abſciſſa AP is a part of the Diameter, or 
ſome other Line to which the Curve is referred, between 
the Vertex, or ſome other fixed Point, and a Semi- ordi- 
nate, as PM; ſome call it a Sagitta, (Tab. 3. Fig. 36.) 

| SCHOLIUM. | 

372. An Abſciſſa may come from any Point of a Line 
pers bf poſition, to which the Points of the Curve are 
referred, as will appear in the following Prob. 

EFINITION 25. 3 
373. The tranſverſe Diameter A, B is a right Line, 
which being continued on both Sides within the Curve, 
biſects the equidiſtant Lines M, M, (Tab. 3. Fig. 37.) 
DEFINITION 26. 

374 The conjugate Diameter is a right Line, which 

bilects other Lines parallel to che other Diameter. 


Q2 De; 


F 
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DEFINITION 27. 

375. Variable Quantit ies are ſuch as increaſe or decreaſe, 
while others do ſo; for example, the Sermi-ordinate PM, 
and the Abſciſſa AP are variable Quantities of the Circle, 
for the one increaſes, when the other does ſo, (Tab. z 
Fig 38 | 
; Daſant Quantities are ſuch as are ſtill the ſame, tho 
others near them increaſe or decreaſe ; thus the Sem! 
diarncter of a Circle is ſtill the ſame, tho' the Abſciſſi or 
Semi- ordinate increaſe, | 
Theſe conſtant Quantities are expreſſed by the firſt Let. 
ters of the Alphabet a, 6, c, &c. and the variable ones by 
the laſt x, y, z, the Abſciſſa being x, and the Semi: ordi. 
nate 5, for the moſt part. 

DEFINITION 28. 

377. An Algebraic Curve is that in which the relation 
of the Abſciſſa AP, to the Semi- ordinate, may be expreſſed 
by an Algebraic Equation, (Tab. 3. Fig. 36.) 

Ex. In the Circle, let AB a, AP x, PM==), then 
PB = 4 — x, and becaufe PM = AP x. PB, (5. 327. 
(377. Geom.) then y*= ax—#x*; or let PCD, AC 
Da, PM =», then (417. Geom.) MCq — PC a PMI 
(i. e.) a* — x* =p), (Tab. 3. Fig. 38.) 

SCHOLIUM 1. 

378. The Equations of a determined Dimenſion we 
called Algebraic, the Equation continuing the ſame in ever 
Point of the Curve. 

SCHOLIVUM 2. 

279. They commonly, with Des Cartes, call algebriic 
Lines Geometrical, that are uſed for conſtructing of Pro- 
blems; but it ſeems otherwiſe to us; nor do we herein 
differ from Newton and Leibnitz, that are good Judges in 
geometrical Affairs. 

DEFINITION 29. 

380. A tranſcendent Curve is that which cannot be 

defined by an algebraic Equation. | 
SCHOLIUM. 

81. Tranſcendent Curves are, according to Des Carte, 
called Mechanical, and are thrown out from Geometr) 
againſt the Opinion of theſe excellent Men Newton and 
Lejbnitz. Leibnitæ found out a new kind of tranſcenden 
Equations, by which tranſcendent Curves are defined, and 


are of indefinite Degrees, (7. e.) they are not always the 
fame in every Point of the Curye, b 


. 
” \ — — ace c RY . 
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DEFINITION 30. Ned 

282. Algebraic Curves of the ſame kind are ſuch, whoſe 
F.quarions rife to the fame Dimenſions; and ſeeing the 
Equation that defines a right Line can be but of one Di- 
menſion, that which riſes to 2 Dimenſions is called a Curve 
of the firſt kind, and that to 3 Dimenſions, of the 2d kind, 
and that to 4, of the third kind. 

Ex. The Equation for a Circle is y* = ax — x?, or 4* 
—x* =y*, (F. 377.) therefore a Circle is a Curve of the 
firſt kind, and to js that which is defined by the Equation 
ax=y* but the Equation @*x = y* defines a Curve of 
the 2d kind. 

DEFINITION 31. 5 
383. When there are ſeveral Curyes of different kinds 
together, all expreſſed by an Equation of an undetermined 
Dimenſion, they are called a Tribe of Curves, which are 
to be explained according to their ſeveral kinds, 

Ex. Let there be an Equation of an undetermined Di- 


menſion, as * l =; if n =2, then ax =)* ; if 
3) then a X = y*; if , then a = +. 
SCHOLIUM. 

234, The Equations by which the Tribe of Curves are 
defined, differ trom ſuch as are tranſcendent; for tho? in 
reſpect of the whole Tribe, they are of an undetermined 
Dimenſion ; yet each of them hath a determinate Dimen- 
ſion with reſpeCt to the Curve, while Equations tranſcen- 
dent are of an indefinite Dimenſion with reſpe& to the 


ſame Curve, (S. 381.) 
Co Rol. 


385. All the algebraic Curves make up one Tribe, com- 
poſed of innumerable others, of which a ſingle one in- 
cludes infinite kinds. For ſeeing in the Equations by which 
the Curves are defined, are the Products of the Powers 
of the Abſciſſa and Semi- ordinate into the given Coeffi- 
cients, or of the Powers of the Abſciſſas into thoſe of the 
Semi-ordinates, or of given Quantities only, and all theſe 
Equations may be made equal o. Kb. 

As ax = , and ax 2 o, then ay” + bx 
uy 7 + + df =, is an Equation for every algebraic 
Curve, the Sign + is retained in all the Terms, becauſe 
in particular Caſes there may occur infinite Variations; 
and if there occur ſeveral Powers of the ſame undeter- 
mined Quantity, as x, the AT OD of the Terms 4 

3 | 
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all expreſſed by b, and the Exponents of all the Powers by 
1 as in the Term bx”. 
DEFINITION 32. 

386. Conic Sections are Curve- Lines which ariſe from 
the Section of a Cone. 

ScHoLIUM. | 

387. There are beſides the Circle three conic Section, 
the Parabola, Hyperbola, and Ellipſis; we ſhall ſearch for 
their malt uſeful Properties, defining them from Equa. 
tions by an algebraic Calculation; for we deſign to teach 
the Application of Algebra to ſublime — by Ex- 
amples, tho' we acknowledge their common Properties 
may be demonſtrated, as it they were conſidered in the 
Solid or Cone, from which they came. 

DEFINITION 33. 

38?, A Parabola is a Curve in which ax =y*, (i. e.) 
the Square of the Semi-ordinate is equal to the Rectangle 
of the Abſciſſa, into a conſtant right Line called the Pa- 
rameter or Latus rectum. 

SCHOLIUM. 

389. We here take this Property to belong to the Pa- 
rabola, with reſpect to its Axis; but we ſhall afterward 
ſhow that it belongs to it, with reſpect to any other Dia- 
meter. | | 

CoRor.. 1. 

390. It appears the Parahola is a Curve of the fift 
kind, in which, while the Abſciſſas increaſe, the Semi- 
ordinates do fo alfo ; and therefore the Curve does not 
return into itſelf. 

CoROL.- 2. . 

391. In the Equation x 2 and a= „the Ab- 
ſciſſa is a third Proportional to the Parameter and Semi- 
ordinate; but the Parameter is a third Proportional to the 
Abſciſſa and Semi- ordinate. | 

CoROL. 3. 

292, Moreover Vax = y, (i. e.) the Semi-ordinate is 
a mean Proportional between the Abſciſſa and Parameter. 
CoRoOL, 4 

393. Having then the Parameter given, the Parabola 
may bedeſcribed ; for let the Parameter AB be continued 
to C, 2nd on B raiſe a Perpendicular bencath AC, to be 

continued to N; and taking Centers at pleaſure 0 in 
1 ? I me 
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Line BC, open the Compaſſes to A, and draw Arches, 
cuttin BV in I, II, III, V, V, and BC in T, 2, P 55 
then BI, Ba, Bz, Bi, will be Abſciſſas, and BI, BI, Rl, 
BIV, & c. Semi- ordinates, (S. 327. Geo.) and transferring Bi, 
B2, Bz, &c. on BN to the Points 1, 2, 3, 4, and Lines 
drawn through them perpendicular to BN, as 1l = BI, 
2[1 = BII, 3III = BIIL, the Curve will paſs through I, 
II, III, and be a Parabola, whole Axis is BN, (y. 392. 
Tab. 3. Fig. 39.) 

Bur it's deſcribed more elegantly if you take AX for the 
Axis, and let AB= Parameter, and draw CD, cutting BY 
at right Angles, deſcribe as many Circles as you pleaſe 
through B, and cutting the Axis in P, P, P, then AP, 
AP, AP will be Abſciſſa, and PI = AI, PII A, 2PIII 
= Az Semi-ordinates, (327. Geom. Tab. 12. Fig. 118.) 

Cool. 5. | 

294. Any Point in the Parabola may be determined 
Geometrically. Ex. I want to know if M be in the Para- 
bola. Let PM fall on BN perpendicularly, and let PN 
— AB the Parameter, on BN deſcribe a Semi-circle, if it 
paſs through M, then it's in the Parabola, (F. 391.) (327. 
Geom. Tab. 3. Fig.39 ) 

DEFINITION 34. 

295. The Focus is a Point in the Axis F, in which the 

Semi-ordinate FN is = the + Parameter. 
PROB, 174. 

296. To find the Diſtance of tac Focus from the Ver- 
tex AF, (Tab. 3. Fig. 40.) 

Let AF =x, Parameter = a, then FN 44, ($. 395.) 
conſequently 44* = ax, (F. 387.) and 4 =x | 

In à Parabola, the Diſtance of the Focus from the Ver- 
tex AF, is to the Parameter in a ſubquadruple Ratio, or is 
the 4th part of it. va 

CoRot. i. ©. 

397. y* being = ax, (F. 388.) the Square of the Semi- 

ordinate PM is 4 times the Rectangle of the Diſtance of 


wp $ ocus from the Vertex into the Abſciſſa 44x = AF 


"Donut 3: 

398. Thus may the Diſtance of the Focus from the 
Vertex be found, as AF, if a 3d Proportional be found to 
the Abſciſſa, and 3 Semi- ordinate, (327: Geo.) for 1 PMͤ 
= AP x AF, (377. Geom. ) chen PM =4AF x AP. 

G | Pon. 
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| ses. 178. 

379. To determine the Length of FM, drawn from 
the Nan to the end of the Semi- ordinate, (Tab. 3 
Fig. 40. | 

Let AP x, and AF = 4a, (I. 396.) then PF x 
4% Or 44 — K. if AF be 7 PA, conſequently 
PF xXx — ax + a 

PMg= ax, (F. 388.) FM = x* + 24x + 18a, and 
x + 44= FEM. 
THEOREM. 

The Line from the Focus to the end of the Semi. or- 
dinate, is equal to the Sum of the Diſtance of the Focus 
from the Vertex, and the Abſciſſa AP. 

CoRo0OL. I. 

400. If the 4th part of the Parameter be ſet from A to 
Fand F, and Parallels be drawn cutting AD at right Angles, 
and from F fer Pf on the parallel PM, then M will be a 
Point in the Parabola; thus other Points may be eat, 
(Tab. 3. Fig. 41.) | 

CoROL, 2. 

401. The Parabola may be alſo deſcribed by a conti- 
nual Motion thus ; having taken a right Line for the Aris, 
let FA AF = a, let a Ruler be fixed in a Perpendicu!zr 
to AD, and faſten a Thread to the end of an another 
Ruler EC, whoſe Length may = AD ＋ AF; and having 
faſtened the other end of the Thread in the Focus F, and 
applied the Thread to E by a Pin, then moving the Ruler, 
EC parallel to AD, and the end E in the Line DE, the 
Pin will deſcribe a Parabola for FM = EM = Pf=x 
+ $a; thus M muſt be in the Parabola, (§ 399.) 
PRoB, 176. 

402. To find the Ratio of Semi-ordinates in the Parabola. 

Let the Abſciſſa be x and v, the Semi-ordinates y and 
z, then) =ax+ z*== av, (F. 338.) therefore 

. 
77: * :: x : v, chen y 1 2: : 9 
THEOREM. 

The Squares of the Semi-ordinates are to one another 
as their Abſciſſa, and the Semi- ordinates themſelves in 2 
ſubduplicate Ratio of their Abſciſſas. 

| PRoB. 177. 195 

403. To determine the Quantity of a Rectangle of the 
Sum of 2 Semi- ordinates PM and p22, into their difference 
RM. (Tab. 3. Fig. 40.) i — AT OM 


; 55 PM 
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PM ＋ pm ax + y/ av, (F. 402.) 

mR 5 72 — y/ ax, (F. 388.) 
PM n mR av—ax=4X V—x=aXxPp, 
THEQREM. 
The Rectangle of the Sum of 2 Semi-ordinates into 
their Difference, is equal to that of the Parameter into 
the Difference of the Abſciſſas. | 
| CoR0OL. 

404. The Parameter is to the Sum of 2 Semi-ordinates, 
as their Difference to the Difference of their Abſciſſas, 
(tor. Arith.) 


RRR OOO OE ANTI n. 


PROB, 178. 
405. To determine the Quantity of a Rectangle of the 
Semi- ordinate into the Abſciſſa, (Tab. 3. Fig. 40.) 

Becauſe PM = V ax, (F. 392.) then PM x AP =x/qx 
Va, (F. 61.) and ſeeing ax : ax? :: yas xX, 
(i. e.) ax: x V :: ax? : x*, then a: Vax :: y/ax3 
: x*, (F. 124.) (i. e.) a : PM:: PMXAP : APg. 

THEOREM. 

In a Parabola, the Rectangle of the Semi-ordinate into 
the Abſciſſa, is to the Square of the Abſciſſa as the Para- 
meter to the Semi-ordinate. 5 

a PRO RB. 179. 
406. To find the Quantity of a Rectangle of one Ab- 
ſciſſa into another. 
Let one Abſciſſa be x, the other v, one Semi- ordinate 


y 2 
y, the other z, then x = 7 and v > (FS. 391.) 
| ** | 
therefore xv = = , then *: J*: 33 /8* 5 . 
THEOREM. | 


In a Parabola, the Square of the Parameter is to the 
Square of one Semi-ordinate, as the Square of another 
Semi-ordinate to the Rectangle of their Abſciſſas. 

P ROB. 180. 
407. To determine the Length of the Chord AM, 
(Tab. 3. Fig. 41.) 

Let the Parameter = a, and AP x, then PM ax, 
(F. 388.) and ſeeing APq = x*, then Au = X T x*, 
(417. Geom.) = a+ x x x=@a + AP x AP. 

2 THEOREM. 

The Chord in a Parabola is a Mean between the Ab- 

ſeiſſa, and the Sum of the Parameter and Abſciſſa. 5 
| E- 
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DERFINITITIO 1 

408. If TM touch the Curve in M, draw MR at right 
Angles to the Tangent, then PT between the Semi- ordi. 
nate PM, and the Tangent TM is called the Sub- tangen, 
and PR the Sub- normal, (Tab. 3. Fig. 42.) 

CoR ol. 

409. Thus TMR being a right-angled 1 and PM 
erpendicular to AR, (267, 327. Geom.) PR: PM:: 
M: PT, and PM: PT:: MR: TM, (i. e.) in every 

Curve the Sub- normal is a 3d Proportional to the Sub- 
tangent, and Semi- ordinate, and the Normal MR, is to 
the Tangent as the Semi- ordinate to the Sub-tangent. 

; + PROB. 181. 

410. To determine the Length of the Sub-tangent PT, 
and of the Sub-normal PR. | 

Let APD x, and MR Dt, RA D v, then PR = -x, 
PM == ax, (F. 388, 417. Geom.) 

ax t —v* + 2vx — x* 
(i. e.) x1 —2vVx + v* ax - =0, 

The ſame Equation will come out, if TM cut the Pz. 
rabola, and that at both Points of the Section, which two 
Points coinciding at the Point of Contact, the Equation 
will have 2 equal Roots, the Abſciſſas alſo coinciding ; 
wherefore if x be -= z, or x — 2 So, and from thence 
an Equation formed x* — 2zx + z =o, containing two 


equal Roots, (F. 329.) ſeeing this muſt be the fame with 
what was found before, then 


— 22 =— 2v + a | 
and æ being =x, x= - 2a and za = PR. 


Moreover, by (F. 406.) PR: PM :: PM : PT, (i. e.) 
Ja ; Vax :: yax : PT, therefore PT = 7 = 2x, 


THEOREM. 

In a Parabola, the Sub-tangent PT is twice the Ab- 
ſciſſa AP, and the Sub normal PR is 4 the Parameter, and 
{o a fixed Quantity. | | 

| CoRO L. 1. 

411. TA being = x, and AF = Za, (&. 396.) then TF 
Sia Lx, therefore FM drawn from the Focus to the 
Point of Contact is = TF, (§. 399.) and ſo TFM an 
equicrural Triangle, 

CgRoL. 
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CORO 2. | 

12. PA being = x, an == a, (S. 396.) then PF 
> —32; and ſeeing PR = 4a, (F. 410.) FR = x12, 
and ſo FR = FM, (F. 399.) = TM, (F. 411.) therefore 
a Circle, whoſe Center is the Focus paſling through M, 
determines the Sub-tangent, and the Sub- normal PR; and 
ſo the point T, fram which the Tangent TM is drawn. 

Cox ol. 3, 

413. If MG be drawn parallel to the Axis AR, then 
GMS = FTM, (233: Geom.) and ſeeing TF= FM, (5. 
4i1.) then FTM= FMT), (184. Geom.) and ſa FMT = 
GMS, (17. Arith.) (Tab. 3. Fig, 42.) 

| PROB. 182. 

414. ON being drawn parallel to the Tangent TM, and 
MG to the Axis AQ, to determine the Ratio of the Seg- 
ments HF and FN. | | 

Let AP = AT = x, then PM Vax,; (F. 392.) PT —= 
IO, becauſe TO MF = P[=2x, (F. 410.) Let MF 
— FG=r, then OQ=OlI+HIQ=2x+?z, QA=x+ 
w . 1 QNq = ax + av + at, (F. 388. Tab. 3. 

«43 | 

8 (268. Geom,) OI: IF: : OQ: QN 

(i. e.) Olq : IFq :: OQq : QNg 
4* : ex :: 2x11 * : Qa 
— Xx: 
4x :8 1:22 +8107 — 2 


lo ax X +: =4X 2+ 11: 


Ax + 4x J-4tx = 4x* L AFX Þ+ 7 
e - ns 25 
If LI be called t, it will be found the ſame way * — 
4x4, the reſt continuing the fame; whence it appears 
LI=1Q, but OH: OL :: HN: LQ, (268. Geom.) 
and OH : OL :: HF: LI, ſo HN: HF:: LQ: LI, 
(57 Arith.) but LI = LQ = IQ as before, therefore 
FHN =FN, (38. Arith.) | 
THEOREM. EI 
If HN be drawn 8 to the Tangent TM, then MG 
from the Point of Contact parallel to the Axis, is biſected 
in F. | 


CoRolks. 
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CoROL. 1. 
415. Thus MG is a Diameter, HN its Ordinate, and 
MF Abſciſſa, (F. 368, 4370, 371.) | 
. 

16. Becauſe the right Angles at G and I are equal, 
10 and OQ being parallel by Conſt. the Angles | F * 0 
in the Triangles FNG and FOI are equal, (233. Geom.) 
then (268. Geom,) 

OI: FI :: FG: GN 
2x :yax:; VAur: Vav; and becauſe, (417, 
Geom.) FN = FGq + GN4, then FN = 4vx 2 Ht 
a + 4x X , and ſeeing FM and x, conſtant with 
reſpect to M, then a+ Ax is the Parameter of the Dia- 
meter, and the Square of the Line applied to the Dia- 
meter is = the Rectangle of the Parameter into the Ab- 
ſciſſa, (Tab. 3. Fig. 43.) 
CoROL, 

417. A right Line drawn from the Focus to the Vertex 
of the Diameter is 44 + , ($.399.) and ſo the Diameter of 
that Parameter is 4 times that Line. 

PRO B. 183. 

418. If TM touch the Parabola in M, and MR be a 
right Angles with it, and FM drawn from the Focus, and 
FO parallel ro MR, and RH perpendicular to FM, to 

find the Segments MH, and FH, and OF, (Tab. 12. Fig. 119.) 

Let the Parameter ==a, AP =x, then FM = x» 
(F. 399.) PR D Za, and TP =2x, (F. 410.) and ſeeing 
] FM is equicrural, (§. 411.) then TO = OM, (184. 
CGeom.) and becauſe ''Mq == TP4q + PM, ($. 411.) then 
TNIY == 4x* + ax, (F. 388.) and fo OM, = X ＋ 74%, 
which being taken from FMq = g + ax LA , leaves 
FO LAX = HA +x 4. Likewiſe MR == PR4 
— PMq = A ＋ a 4a + xX a, and in AgOFM and 
HMR, ſeeing the Angles at O and H are right, and ſo equal, 
and MR and FO parallel, (256. Geom.) the Angles MFO and 
FMR, (233. Geom.) are equal, (268. Geom.) then FM 
: OF :: MR : MH, and ſo FM: OF :: MRZ: MHz, 
($. 124.) 4a ox | ” 2 34 + XX x4 :: 44 ＋ x X a to MH9 

and ja +x : 42 :: Ty 55 x aMHgq, (F. 124.) 
| I: 34 :: a: MHH and MHq=zze* 

MH == Js = PR- -: | 

therefore HF =FM — HM = x — {a = FP. 


THEOREM 
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THEOREM 1. - 

The right Line OF is a mean Proportional between the 
4th part of the Parameter and FM, drawn from the Focus 
ro the Point in the Parabola M. 

THEOREM 2. 

If MR be drawn perpendicular to the Parabola or Tan- 
gent in the point M, and RH to MF, then MH =PR, 
and HF = FP. 

PRO B. 184. 

419. To find an Equation for the external Parabola, 
(Tab. 3. Fig. 42.) 

Let the Abſcilla AN x, and NM =— „ the Paramie- 
ter = a, becauſe AN by Hypo. and PM, (by F. 368.) 
are perpendicular to AR, then AN and PM are parallel, 
(256. Georn.) and ſo NM to AR, then AN = PM, and 
NM = AP, and fo PM = x, AP = y, and x* =ay, 


(F. 388.) 
DEFINITION 36. : 

420. An 8 is a Curve-Line, in which the Square 
of the Semi- ordinate PM is to the Rectangle of the Seg- 
ments of the Axis AP and PB, as the Parameter to the 
Axis, (i. e.) if AB= a, Parameter = , PM =y, AP= 
x, then G: 4 ::) : ax —x?, and ſo 2) Sab — x2. 

COROL. I. 
| bx* ; 

421. Then )* = bx — — „ (i. e.) the Square of the 
Semi-ordinate is equal to a Rectangle of the Parameter into 
the Abſciſſa, wanting another Rectangle of the Abſciſſa, 
into a fourth Proportional to the Axis, Parameter, and 
Abſciſſa. 

CoROL.. 2. 


2 


bx 
422. Let y=0, then bx— — ==0, and ſo abx = 


bx*, and fo a=x. Thus it 2 that the Curve cuts 
AB in A and B, and conſequently returns into itſelf. 
Z CoROL. 3., 


| z b 

423. Let = za, then 5 8 446— — 1ab, and fo 
CD =4/Zab. Therefore DE = 2y/34b = 4/2 
(i. e.) the leſſer Axis ED is a mean Proportional betwe 
the greater AB and the Parameter, and ſo the Paramete 
is a third Proportional to the greater Axis and the leſſer. 


CoRoL. 
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2dly, erect the Perpendicular LI, then _ Geom.) be- 
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CoROL. 4. | 


24. Becauſe ay* = abx — ba” 
v then bx* = abx— ay* 
bx* 


* == 4, thus the Parameter, Abſciſſa, and 
Semi-ordinate, being given, the Axis is found. 
If firſt b:y :: y: and ſecondly, 
2 bu — y* 
x — ==: x : &: 4, (i. e.) let the 


Axis AB be given by poſition, 8 the Parameter Al. 
p 1 to it, and the Abſciſſa AP, and Semi: ordinate 


given 


Let AN = AQ=PM, and NF drawn parallel to LO 
then AF = , and fo FP=x—% . Let LA be 
continued to G, and AH made = FP, and AG to ** 


and let GB be drawn parallel to HP, then AB = N 
and fo will be the Axis ſought, (Tab. 12. Fig. 120.) 


COROL. 5. 
425. Becauſe ay* = abx — bx* 
a ** 
= b, therefore 1ſt æ J 2: : ah 


a — = 7 . Having then the Axis AB, and Abſciſli 


AP and Semi-ordinate PM, the Parameter AG is found 
thus ; firſt, 


Let AI = PM, and from A draw AL through M; 


cauſe AP ; PM :: Al : LI, then 1 — 5 3d; let PM 


be drawn to O, till PO = LI= L „and from B thro 
O draw BG ; 4thly, on A raiſe a perpendicular GA= 


E (becauſe BP : PO :: BA : GA) which is the 
18 AG, (Tab. 4. Fig. 45.) 


Coro, 
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426, y = —=V/-Xa—x Having 
then AB and AG, the Semi-ordinate PN is aſſigned to 
every Abſciſſa, as BP, if GB be drawn to the Parameter, 
joined to the Axis AB at right Angles; and having raiſed the 


perpend. PN, _ 3 PH, and draw a Semicircle on AL for 
95 — - PH „or 7. „and PN VAP x PL 


PRO B. 185. ; 

427. To find the Diſtance of the Focus from the Ver- 
tex, AF, (Tab. 3. Fig. 44-) 

Let AB= a, Parameter b, AF = x, then FR = 2þ, 
6 395) and $4b*= abx — bx*, and ab = ax — K 

** — ax — fab, and & — ax + 14* = 4 ab, 
I- Via ab, and 44 —- ta — ab x. 

Co NSTRVUcrION. 

Transfer the & of the Parameter from B to L, then CL 

= — 3b, at the Center C raiſe the Perpendicular CK, 
meeting the Semicircle on AL in K, then CK —=y/ 3a* a, 
let then CF == CK, then the Focus will be in F. 
= Or thus: tab being = CD, (F. 423.) if with the 
& Diſtance DF = Ta, AB be cut in E 12. Focus will be 
Fin E, for CDq = Tab, and DFq = 24, then CF = 
y/ 54* — ab, (Tab. 4. Fig. 46.) 

The ſecond 1 K. the following 

THEOREM. 

If the Axis AB be cut in the Focus F, the Rectangle 
Wot the Segments of the Axis AF x FB will be the Sub- 
quadruple of the Rectangle of the Parameter into the Axis, 
er = to the Square of half the greater Axis CC. 


CoRoL. | 

428. The Diſtance of the Focus from the Center is = 
„ — fab, (i. e.) its Square is = the Difference of the 
; Squares of and AC. 

PRO B. 186. | 

= 429. To find the Ratio of the Ordinates PM and pm 
che Ellipſis, (Tab. 3. Fig. 44-) 3 
5 i 


* 
* — " _— * * PRA . — —_— = 
— - & = . r 32 2 = o 1 Oy” 3 * - : 
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— * — Pq . 4 1 _ 2 N 2 
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— — a — — bh — _ a2” 2 — — * - _ 0 — — — 
= -« — : 3 — T 
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248 Conic Sefions. Part i. Sect. 2 
Let AB = a, Parameter = b, AP==x, PM=y, Ap 
= 25 pm = V, then | 


b 
Y* = bx — _ | 
— (F- 421.) 


— 


a | | 
. ny 7: . 
therefore y* : v* :: b — — * — , ( e.) *: 
** 1: ax XK ; az —23, or PMq : pn ;: AP X Bp 
: Ap x B. | 
THEOREM: | 
The Squares of the Semi-ordinates are to one another 
as the Rectangles of the Segments of the Axis. 
| COROL. 1. | 
430. DC: PM:: CBq : AP x PB; therefore DC: 
CEq :: PMq : AP x PB, (57 Arith.) (i. e.) the Square of 
the leſſer Axis is to the Square of the greater, as the Square 
of the Semi- ordinate to the Rectangle of the Segments of 
the Axis. 
. CoRoL: 2. | | 
431. Let CP D x, then AP=Za— K, and PBS Ta-, 
therefore AP x PB A — x*, fo we have, ($. 439.) 


tab: a:: ): 24 — * (i. e.) * 


ay* = an —bx*,and y*= jab — = 
Here we have an Equation that defines the Nature of the 
Ellipſis, computing the Abſciſſas from the Center C. 
CoRoL. ki 
432. Let CD d, AC=r, PC x, then AP=r—x, 
and PB =r-+ x, therefore AP x PB—=r* — x* = ACq— 
PCg, ſo we have, as before, d“: r* ::): r* — K whence 
2 — x7 
| 1 * 
where we have another Equation that defines the Nature 
of the Ellipſis, the Abſciſſas being computed from the 
Center C, which we ſhall uſe afterwards, becauſe of its 
being commodious. | = 
CoRoT:! 4 EE RY 
433. Therefore the Abſciſſas increaſing, the Semi- ordi- 
nates muſt decreaſe; and if x be made == x, then r* — 
* = 0, and ſo y* o, and ſo the Ellipſis at laff * 


ri =P Xr* —x* and y* d X 
r | 2 FJ => 
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with the Axis; whence it may be alſo underſtood, that 
the * returns into itſelf. 
PRO B. 187. 

434 . To determine the Quantity of FM and FM, 
drawn from both 7 5 to one Point M of the El- 

6 ab. ig. 
ip F (29-4 N = and the reſt as before, then PC = 
10 — x, = id Pf=c +4a—x, PF=c "Wal x, and fo 
PF * — e . r ax oof 244 — c * 
1 ee x*, PH c + ac + $a* — 2c — ax ＋ 

x? = 3640 [> — 20x — ax + x*, and by ($. 430.) CBgq 
: : AP x PB: PMs, (i. e.) 14: 442 — :: ax 
— **: PM; ſo we have 

4 — 


PMͤ - = ar —xx — _— 


4* 


PFq = z — 715 ＋ 208 — @x + x* 
FMq = 12 * he — En — 


6 


FM == E © = , Moreover 


— 


PMg=ax —x 3 — _ _—_ 


Pfy = el: „ 
fMg Fel- a — 7 4Jx% 


«a «4 
fM= je+.c— = | 


FM =$e—c += 
FM +FM=#= AB. 


THEOREM. 

The Sum of FM and FM, drawn from each Focus, is 

= the greater Axis AB. 
Having th Conn 2 * Ellipſis is eaſily d 

435. aving the conjugate t ipſis is eaſily de- 
ſcribed, for the Foci F and F being determined, ($. 427.) 
and Pins faſtened in them, and a Thread about them equal 
to the greater Axis, and aPen fix'd to a part of the Thread 


extended, and the ſame turned. about Pins, there will 
be deſcribed an Ellipſis. 4 . | 


R Cox on 


242 Conic Sections. Part I. Seq, * 


CoROL. 2. 

436. The ſame way any Point of the Ellipfis may be 
determined ; for —_— the Axis any how into ſmall 

rts, and with one part deſcribe an Arch from the Focus 
F, and with the other another from f, theſe will cut one 
another in the point M ; and with the ſame labour may 
_ 3 be determined, one in each Quadrant of the 

Alipſie. | bf 
: PRO. 188. 

437. To determine the Length of MR from any Point, 
25 25 perpendicular to the conjugate Axis, (Tab. 3. Fig, 
. MR = PC= v, AC r, then AP=r— v, add 
BP =r-+v, Let DR =z, DCD c, then RC =PM 
_ — 2, theretore (& 430.) DCq : CBq :: PM: AP 
x PB. 5 

cc: rr :: 2 — 2c e: 751 — , and 
*: æ — 2 C:: 77 2 ry -, (57. Ar.) 
265 — : 4* 39 „ i . 
e fax Ari) 
DR x RE : RM4 :: : . 
THEOREM, = 

The Rectangle of the Segments of the conjutate Axis 
is to the Square of the Semi-ordinate that divides it, as 
the Square of the Conjugate to that of the greater Axis. 

RIES COROL, 1. | | 

438. They have therefore the ſame relation to the con- 
jugate Axis of the Co-ordinate, which is between the Co- 
ordinatcs to the greater Axis. 

Fg 21 1 1 

439. Seeing V' D. — , ($437)# =. 

2 


then * E » op is the Parameter of the con- 


jugate Axis, ($. 420.) wherefore it is a 34 Proportional to 
2c and zr, (i. e.) to yo” lefler e Axis. 
| ROB. T 9. i x 
440. To determine the Sub-tangent PT, and the Sub- 
normal PR in the Ellipſis, (Tab. 4. Fig. 47.) 
Here we are to uſe the fame echo we uſed in the 
Parabola, as let the Parameter b, the 1 Axis 5 
AP Dx, PM = 932 MR =, RA &='3, len PR= Ez — *, 


%=% 8” _ 
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therefore PMA = * — 2* ＋ 22x — x*, but PM = 


be — , C 421-) wherefore 


| 4 bx? 

t — * ＋ 2 — =bx — — 

at* = az” + 2a2zx —ax* = abx— ba* 
1 + abx — 2azx AX 4 =0 
12 + == —— 428 — 42 


2 232 TI. 


it a cod from the Woehe that this Equation fl 
2 1 Let, as "tomy (F. 410.) 72 —V = 59 


then x* — 2vx + v* =0, which is the lame with che fore- 


ab 
going, therefore — oF == — 2V 


ab — 22 = — au ? 
ab 24V — 200 = 26% | 


a 


but v=x by Hypo. hen pri 4 for v, b 
— bx — bs 
— =AR, therefore PR = $b + s — 2 


which gives this Analogy 4 : b :: ta —x : PR. 

ty THEOREM. 

As the iter Aris i is to the Parameter, fo is the Di- 
ſtance of the Semi · ordinate from the Center, to the Sub- 
normal in the Elli 


pſis. 

Moreover PR : PM :: PM: PT, ($ 409.) 
— bs ay* 

_ SY ii): g r » but 


„de let, & 420.) therefore PT = WE 


===, we have Ja—x * * PT, 


55 PC : AP ;: PB : Pr, therefore PB AP=CPx 


I "THrxon tam 

The e of the Segtwencs: of the Atis is 

that of the Diſtance of the Semi-ordinate from the Ne 

imo di Sub- tangent. K 1 
| 2 
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At laſt AT = Pr AP= == —.x = 


| #3 | x8 — * 
Ax — * — ZX + x* ax 
1 — * =. as » Wherefore 4 -& 14 


::x: AT, or PC: AC:: AP: AT. 
THEOREM. 

As the Diſtance of the Semi-ordinate from the Center 
is to the half of the greater Axis, ſo is the Abſciſla to a 
part of the Sub-tangent, intercepted between the Vertex of 
the Ellipſis, and the Tan r 

OROL. 1. 

441. Becauſe PC: AC :: AP: AT, then PC: AP :: 
AC : AT, (57. Ar.) fo PC : PC AE AC: AC 4- 
AT, (69. Ar:) (i. e.) PC: AC :: AC: CT. 

CoRoL. 2. 

442: Thus AC = PCX CT, (377. Geom.) G e.) the 
_ of + the Axis AC = the Rectangle of PC imo 
CoRoL. 3. 

+ While the Abſciſſas x increaſes, 3 decreaſe, 
o the Ratio of 22 — x to 3a leſſens, N Ar.) and 
15 5 greater Abſciſſa hath a leſs Ratio to AT than the 
leſſer: 
CoRoL. 4. 

444. Let x==4a, (i, e.) when AC is an Abſciſſa 2 — 
x'= o, and fo the Abſciſſa hath an infinite Ratio to AT, 
and the Tangent TM will never meet with the Sub-tan- 
gent TP, and ſo is parallel to the Axis. 

CORO l. 5. 

445. Hence it further appears, that a finite Quantity AC 

is to be counted nothing in reſpect of an infinite one. 
PRoB. 190. 

446. To e the Quantity of 2 Rectangl le of the 
Sub-tangent PT, into the Abſcifla CP, (T ab. ig. 47-) 

Let 83 PT, AC==r, then A AD np == 
and PB=r + x, e for (F. 441. ) 

PC: ne. : AC: CT 
e : t+x, then <4 Kells rr 
| — — wt ABBY. 
THEOREM, 

The Rectangle of the Sub-tangerit PT into the Abſciſa 

on is "_ the * of the en of the Axis. 


pn on 


+ 
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PROB. 191. 
447. To determine the Value of the Sub-tangent, * : 
puting the Abſciſſas from the Center, (Tab. 4. 47. 
Let AC=r, PC=v, then PB = 7 + 5 B27 
v, then (F- 440.) PC: PB :; AP: pr. 
virkvy: ry: 7 
my = =. 5 
THEOREM. | 
The Rectangle of che Sub- tangent and Diſtance of the 
Ordinate from the Center, is equal to the Difference of 
the Square of that Diſtance from the Square of + the 
tranſyerſe Axis. 
PrRoB. 192. 
443. To determine the Length of the Sub- -rangent in 
the conjugate Axe, 1 4. Fig. 47.) 
If the Tangent TM be continued to meet the conju- 


e Axio — in E, and th ndicul K.1 
F — PC, then the Angic g — — — — — 


and ſo TP: PM :: MK : KE, (267, Geom.) 


Coke 
J : v: 1 - 


And if DO DK x, then KP 


* 


— K, and v* — — — » (F. 436.) Hence fon 
v = 8. — — 2 » and 9 = . * 
= then 2 =: "nr x rw 
e ich is the fame Ex- 


preſſion of the Sub- tan F 
the Tranſverſe. * 
PRO B. 193. 


449. If HN be drawn parallel to the 8 TM, and 
the Point of Contact M, — 2 Center be joined by the 
Line MC, which _ in G to determine the — 
of HG to GN, (Tak: 4: Fig. 48.) I 

Let AB = a, PM=y, PC= 06 FG= KN =zt, GL 
=KS =, then IFSHL=DS = — , HL = #? 
— atx þ zz, we muſt now ſee to get HL expreſſed an- 
other way, (268, Geom.) 

R3 PM 


#46 Cynic Sections. Part 1. Sec. 2. 
M; re:: FG: FC ; 


c 
2 nn 6 7 


And becauſe TM is ſimilar to FOG, (233 267. ow} 
and GIH to FOG, (268. Geom.) then TH ui 
GlH, then (267. Georn.) 

PM: PT:: GI: HI. 


CEL ax — * X 8 ( 90 
n cy 7 » (} 444 
For brevity, let ax — x* = U, then FL = HI = 7 


2 r 


therefore CL = — FL + FC FRI, + 


| 7 tc 4 
Hence AL = AC — CL = 0 as 
. — „ and BL = an — AL = a, * 
f =o E — V2 racy TL re þ oz 

—— — — 5 . » batby (2 429] 
Ap PB: LAX ILB : PMg : Htg 

12 — 4 — 270 vx — 3. 
HL? = 2 — —— ws == 8 — at 


+ — 
22 0 „F 
49 — — 1.4 — x E S 2 
27 — . — . v * 2 * 
4a , 6 


ety — f — f 


Now if KN be pat for =, and the reſt as above, it will 


be the fame way 2 _ 5 21 7 therefore 
KNq== KSg, and fo KN= KS, (268. Geom. but KN 
: KS :: r. HG, then GN 6. g 
TREORE M. 
If HN be parallel to the Tangent TM, then MC „ 
fing through the Center and Point of Contact biſets I y 


(Tab. 4. Fig. 49.) the 
gans. 


G. 8. Conic Sections. 247. 
- --Cottor. 1. 
450. Then MQ is a Diameter, and HN its 2 


(5 56h, 370) Co Rol. 2, 


451. Seeing the Ordinate is HN, and the Diameter Mo 
the ame may be ſaid of any other Parallel to a Tangent; 
and the Line through the Center biſecting it. 

Co ROL. 3. 
452. Thus ECV is a Diameter, and MQ and EQ con- 
jugate Diameters, (5. 374.) 
PROB, 194. 
If from the End of a Diameter VE, paralle! to 
the 1 TM, a Perpendicular be let fall on the Axis 
AB, as VR, to determine RC, (Tab. 4. Fig. 49.) 

Let CA r, CR=v, and PT =, PC= x, then 
AR = r— v, RB ru, then APx PB= te, (5. 
446.) AR x RB =r* = + hy og „ (& 72 
and becauſe VE & parallel to TM by . then M 
= TCV, - Geom Georn. ew ho Ang! les 2 p and R being 
"Os 27 1 Rx. 1 : RC, then PME 

SS and as PM: RV 
ab : B: AR x RB, 8. 2 GI (52. $4 by 
APx PB: AR x RB: $4 1 RC 
tx : f -& —o* :: *: 
tv = x þ 1*x* — 220. 
* = t*x o+ tx* — t9* 
v + xv* =t*x TEN, and vd fx, Cie. 
CRq = AP x PB, conſequently AP CR CR — PB. 
R OB. 127 
ot To determine the ity of the Semi-ordinate 


5 to the Diameter MG, ( » 3 
Having drawn KI Halla 16 id FS, and 8 to Ab, let 
CP Dx, AC=r, = E, 18. KG = IL n, 


L=, then CP: PM : : CL: ind x: :: : 
2; and becauſe TM and HN we parallel the Angle TSI 


= KHG, then the Angles I and K being right, the | 
T = HGK, then (267. Geom.) TP: K 8. 


(i. e.) t: :: *: = Hl KI—_KH= ”y — 2 


x 


01 = un- u . + 225 + 
R 4 | 129 


CL: . V 


Ms" 
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* 5 CI A + 2mn | m*, Al x IB = ACg — Cls 
_ e "2, ( J2. and b 2 A 
x PB: AIXIB :: PM: d. 1175 2 „N 2 
; 1257 — . — 


a PF mos *. za 4 


Conic Sections. Part 1. Sect. 2. 


m:: y* : HI, whence HIq = 
5212 2mny* m9 

wherefors r — DEE + Th = 

r 3 - by zun)? 2m 


7 * — x > On but KF” a — 


2 Fo. — yy 97 y* 
(5, 446.) therefore 2 — „ 


* 72 — * _—_— 


and + by r 2 + 5 =" 


mm xÞ 1 5 


, and x by x* 


. 1 — x* K 
C 5 
Pit -- ‚ ri! Le 

. 2 5 „ 
and 1 being r - . (F. 446.) * = 
1 X —- n — 1 X by N= 7 'm* x — 
* —1*x% C m*x* + r*n*x* 
O = 1*x* - x* — 1742 ** + rw"; ** 

7 ** 


m r* xt — . = KS 

Then let CM = , then (268, Geom.) CP : CM. 
; 81 2 thergfore MG == MC—CG 
= v— 7 "x nd GQ=GC e 2 , and 
MG x GQ = v* — > , which being multiplied by r* 


r= CRo:(Y 453.) and + We 47. LL =K6y 
by 3 there will come out in both r* + * 
2 292 


— ———— 5 then MG x GQ X CRq = = KGg X 
N and {0 Kits + ; CRg :: MG * Qs : cr 27 


3+ v% £4 .% 


* 
s 
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V and HN Do rallel MCV = MGH, (2433. Geom. 
 owiſe MG = MCR, and ſo KGH = Nev, * 
A 3 KG9q : CR :: HG: CV, (267. 
Geom. 9 Arith.) a ſo at len th we have, (52. Arith.) 
MG x G GQ: CM :: HGq : CVgq. | 
THEOREM. 
The Square of the Semi-ordinate is to the Square of the 


Semi- diameter of the Conjugate, as the X of the 


Segments of the Diameter to the Square of 


the Semi- 
diameter. 


Cokol. 
455, Let MQ=, EVS c, MG =x, HG =y, then 
9 and ſo (F. 454) ax —x* : e :) : 4c 
Jean -e = 48) "2 and — by 42 


42 — = 3”, 


Let © Al, then c*= ab, thence abx — bx*= eye, fo | 


the Sn have the ſame relation to the Diame- 

ters as to the Axis, and the Parameter of the Diameter is 

. 3d Proporgional to the Diameters à and c. 
SCHOLIUM. 

456. The reſt of the Properties of the Ellipſis, with 
reſpect to the Axis, being deduced from this fundamental 
Equation, it's plain from a ſight of the Diameter, chat all 
theſe Properties belong to the Elliphs. - 

PRO B. 196. 

457. To determine the Length of FO from the F 
775 the 9 perpendicular to the Tangent, (Tab. 12. 

ig. 119 

* RM be dicular TM, then MR and OF are 
parallel, (256. iy pela and TR: RM:: TF: FO, (268. 
Geom.) and ſeeing in — Triangle TMR, PM is perpen- 
dicular to TR, then the Triangle PMR i is ſimilar to TMR, 
(329, wow, and ſo TR: RM:: RM » PR, and RM 
bas : FO, (52. Arith.) therefore FO x RM= 

NX TF, 6375 Geom.) 

THEOREM. 


The ReCtangle of the Sub-normal PR, into the Diffe- 


rence of the Diſtance. of the Focus from the Semi-ordi- 
nate, and of the Sub-tangent TF, is = to the Rectangle 
of MR, into the Line from the 1 perpendicular to 
the T Tangents _ F O. 


Fron. 
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8. To find Wu. Þf the Li MF 
45 0 the degments of tl me made 
the Perpendicular RH, (Tab. 12. Fig. 119.) : 7 
Let the CON ind, Axis = a, FA c, then FM 


= 44 —e + = » (5.434) R= , 6% 


AT = =, and AF = Ja — e, fo TF = 


za x ax 


2 a m_ard 2 
2 i * 2 


a —2x © 


Let FO be perpendicular to PX then OF pal 
MR, 


to MR, (256. Geo.) and fo © ual to 
(233. Schm.) FM : FO: ork. * „ (i. e.) EM: 


P r MR : MH, ($. 4570 3 MH = 


——_ „and o FM: TF: : PR : MH, (.. e.) 2 LF 
4; 2 Ts — + 26x . ab— —2bx : MH ana 


* 2 | > 2x +2 2 24 
2 — ac 
af — 2aroþoges 1 Eh  pnigy 7 _ : ab — abæ; MH, 
a — 24 +4ex ; 15 — 
(64 Arith.) and - A - 7 2 2b: 


(63 2 Arith.) MH ; 2 * MH = 2050 38 Arith. i. e. MH. 


is ⁊ the Parameter, 
THEORE M. 

If MR be at right Angles to the Ellipſis, and from R let 
HR be drawn art right Angles to FM, drawn from the 
Focus F to M, then MH equal to half 1 the Paratneter. 

DEFINITION 
459. An Hyperbola is a Curye-Line, in which «7 = 
ebb bi; i. e.) b: 4a :: : ax+-x3, or the Square of 
the Sern 2 is to the Rectangle of the Abſciſſa into 
the Abſciſſa, and a Line called the tranverſe Axis, a; 
re: A Line, called the Parameter, is to the crphrers 
$15» 


Co Rot. 
460. As in the Elliphs, ſo hers, 5 = E, wg 


: how 
== = r= = , only here the Signs 


are contrary, ( 421.) 


Ds: 
, N Py 
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„ DEFINITION 38. 

461. In the Hyperbola, the conjugate Axis is a Mean 
| between the tranſverſe Axis and the Parameter, and ſuch is 
the conjugate' Axis in the Ellipſis, (&. 423.) 

h | DEFINITION 39. | 

462. If the tranſverſe Axis AB is continyed into AX, 
and the ſame biſected in C, that Point is called its Center, 
(Tab. 3. Fig. 37.) | 
N PRO B. 198. 


- B 
463. Paving the Parameter and tranſverſe Axe AB, to 
find the Diſtance of the Focus from the Vertex AF. 


Let the Parameter be b, AB = 4, then FN= Ab, ($. 
395, and 459.) | FEET 


bh 
b: a 7 ar ＋ A* 
Fabb = abx bx* 
$46 = ax + xx ; 
Hob þ has = Jas + ax Þþ of 


e 


Thus x is found by getting a Mean between 42 and +4 
+ 36, and taking 14 from it, or becauſe == CE, 

. 461.) if AG be made = then GC VA +526, 
LSB AC = 2a, if done with the 1 4 
an Arch be deſcribed cutting the Axis in F, then AF = 
J + Jab — 3a, and ſo F is the Focus. | 
g 8 Co Rol. 1. | 
464. The Diſtance of the Focus from the Center FC 


= y/ 546 ＋ , and if FCq = c*, then CET D 


$7 + s 2. 3 
5. * LX =8 ax EN = AF x and ⁊ab, 
the Square of 3 the Axis of the Conjugate, ($. 461.) he 
Rectangle of AF into - will equal this Square. 
FRO B. 199, 

466. To find the Ratio of the Semi- ordinates PM and 
pm, (Tab. 3. Fig. 40.) be | 
Let the tranſverf® Axis be = a, Parameter = b, AP = 
* PM=y, Ar, P = &, by ( 460.) 


T „ . © bx 2 . 
* 1 4 : be þ Tb +7 = ( 124 
. ee 


a THEOREM» 


— — 


*T = 4 — > 
2 2 : = - — , — 
r 


— *. 
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THEOREM. 

In the Hyperbola, the Squares of the Semi-ordinates are 
among themſelves, as the Rectangles of the Abſciſſa into x 
Line compounded of the Abſciſſa and tranſverſe Axis. 

Arten, e the Ret 
67. The ciflas x, increaſing, the Rectangles ax 
4 00 45 alſo, and alſo the Squares of the Semi-ords 
nates y*, and ſo the Semi-ordinates themſelves; fo an Hy- 
pct hola goes ans from the Axis. 
ROB. 200. 

468. To find the Ratio of the tranſverſe Axis to the 
conjugate. | 

Let the Tranſverſe = a, Parameter = b, the Square of 
the conjugate Axis will be == ab, (F. 461.) then that is to 
the Square of the Tranſvgrſe as, ab to aa r as b to a, 


($. 124+) vg 
THEQREM. | 
The Square of the ' conjugate Axe is to the Square of 
the Tranſverſe, as the Parameter to the tranſverſe Axe, 
IE CoRoL. = 
469. Becauſe b ; a:: PM; AP x PB, ($. 459.) the 


- 


Square of the conjugate Axe is to the Square ot the Ian 


verſe, as the Square of the Semi-ordinate to the Re 

of the Abſciſſa, into the Compound of the Abſciſſa, and 

tranſverſe Axe, (Tab. 3. Fig. 37.) 6 | 
PRoOB. 201. 

470. Let there be 2 equal Hyperbolas, having the ſame 
Parameter, Tranſverſe, and conjugate Axe, which lie in 
one Line with AB; and drawing 2 Lines from the 2 Foci 
F and 75 to a Point in the Hyperbola, as M, to determine 
their Lengths. | 

Let FC =fC= 7 the reſt as my Lig 27 
t — a, Af =c + za, Sc — 6+ ta, PS e. 
x, PF4A . fe ada ＋E e ＋ ax 1 24*, and Pfq= 
42 + ac + a Tacx + ax + x2, and by (F. 464.) the 
Square of the conjugate 4 Axe CE == cc - 24a. More- 
over, (§. 469.) 

| AC: CE :: AP x PB: PMgq 


aa c — aa :: ax TAN: PM PE 
= TEE 
then PMq = - ax — x* + a * 1 
PFq = x* — 20x -C þ ax — ac + qe* 
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| 4c? x 40 x2 
nnen er Te 0g” it 
20% _— 
Re | 
Likewiſe 4 
Ac 4c K* * 1 | 
FF i 
pff = Þ+ 4c ＋ 44 ＋ 26x oo ax ＋ *. ij 


F ic N 
M= c ac b+ 38% + 20x + 175 ＋ 


2c 100 
MSc T2 ＋ DT [4 
2Cx 
FM = © — 44a + * 
f M — FM = 4 == AB. 
CoROL. 1. = 
471, Having the tranſverſe Axe, and the Diſtance from 1 
the Vertex, an Hyperbola may be deſcribed thus, (Tab. 4. wh 
F y o.) f 
Een 2 Pins in the 2 Focus F and 7, and at E and C 
faſten .the 2 Ends of a Thread, not ſo long as the Ruler 
Cf, by AB, and applying the Thread to the Ruler, with a 
Pin deſcribe a Curve on both Sides of AB, by the Mo- 
tion of the Ruler about the Point f. 
Co Rol. 2. | 
472. Or better thus: Let AB = tranſverſe Axe, and 
let the Foci F and F be determined, (§. 463.) Make 
an acute Angle OfK, and on the Center f, with a 
Radius greatzr then fA, deſcribe concentric Arches cut- 
ting FK in I, II, III, and let FL = the Tranverſe AB, 
and from the Focus F, with the Diſtances LI, LII, LIII, 
cut the Arches in 1, 2, 3; theſe Points will be in the Hy- 
perbola, (Tab. 12. Fig 124. 
e PRO B. 202. 

473. To determine the Poſition of the Line PE, dra 
through A, parallel to M, (Tab. 4. Fig. 51.) 
Let AP x, PM =, Parameter =6, tranſverſe Axe 
a4, then y* = bx = „ (F. 400.) and x at A O 
and y=0, and ſo DE is wholly out of the Hyperbola, 
and ſo touches it. = | | 1 


* 


De- 


. 
* 
P OF a5 
. —— 4 


if 

ö 1 . (Cc h 
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. „ - DEFINITION 40. Es Get 

* 474. If DE be drawn 88 to the Ordinate M thre 

$ A, and made = to the Conjugate, (i. e.) DA the Semi. 

J axis, and from C through D and E be drawn CE and CG, 

I they will be the Aſymptotes of the Hyperbola, (Tab. 4 ry 

* Fig. 51.) 5 

| | | —_ ' 7 RSS 

= 475. Becauſe, (268. Geom.) CA: AE, :: CP: Þy w! 

il and CA + DA=AE #: CP: PR, then P- PR, (6, 

| Arith.) and ſeeing PM =pm, (S. 370.) then MR= mr, 41 

bl, (19. Arith.) | . 

1 | er ĩè ESC P 
476. If Al be drawn parallel to DC, and AH to CE, 


then EA: ED :: Al: DC, (268. Geom.) but FA = 


iED, (5. 474) then Al #DC = ICE, and becauſe EA: , 
AD :: El: IC, (268. Geom.) then El = CI=4EC, and : 
„ | DEF1NITION 41. 3 ; 
.* 477. The Square of the Line CI or Al is called the Power 
4 of the Hyperbola. : 
# PRoOB. 203. 
1 478. To determine the Power of the Hyperbola. 


Let CA = xa, gc, then CE = N - 
(417.Geom.) and fo CI =3y/ Jas FX, therefore Cly= 


5 j a* þ+ cc 


Y 16 | | 

A 8 THroREM, | 3 
A The Power of the Hyperbola is the 16th part of the 
1 Squares of the Conjugates, or the 4th part of the Squares 
4 of + the Conjugaes. 

* Coro L. 


„ 5 44 ＋ ab 
479. Becauſe cc = ab, (F. 461) then Clg = . 
i = f x ITE, (i. e.) che Power of the Hyperbols is 
* . the Rectangle of the 4th part of the traniverſe Ale 
If into the 4th parc of the Sum of the Tranſverſe and Para- 
| meter. Co . ; | 
4K 1 3 PRO B. 204. 1 ESSE is 
4 480. To determine the Difference of the Squares of 
| : | 
. PM and PR, (Tab. 4. F ig. 51. a | 
Becauſe 
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Becauſe DA = Vb, (F. 461.) CP. =3a+ x, (268. 


GW) A.AD :: CP: PR 
as: b wt 22 +8: PR 


Res 5 vn V3 = V 2xy/ 1 
4 


* * 
wherefore PR9 ab + bx + _ 
bx b 

and PM = e $6) 
Ts 

If the Semi · ordinate PM be 27 till it tneet the 
Aſymptot in r, the Difference the 8 1 PM and PR 
is ond the Square of the ; conjugate Axis DA. 

Co Rol. 

481. If PM increaſe, MR decreaſe; and fo the Hyper- 
bola comes nearer to the Aſymptot, but yet can never 
touch it; for PRq — PMͤa being = = DAgq; PRq— PMg 
can never be e. 


482. This is the reaſon why the Ancients cled CF and 
CG not coincident. 
PRoB. 20 


By. To To determine the Quaniy of the Rectangle of 
into M 

Let 8 PM= y, then MR == ® == J3 Mr = 2 
+), and fa MR x Mr =#* — y* = PRq — PMg. 

Th Rug of e Di 

an "1s 
of the Squares of PRq and PMg. 
CoR OL. | 
434. The ſame Rectangle is therefore tha Suse of 


the 2 3 Axis DA, (3 480.) and fo all the en 
formed that way are e 


R oB. 206. 
485. If QM and m be Gramm parallel with the Aſymprote 
CG, and 9m and SM with the other CF, to detetmine 


the Ratio of QM x and n X. ms. 
Let MR GLAM * 8. 1 8 
az 


= M=b, 
"4 =, then (268, 3. Gem] RM: MQ :: 


' «7 
8 * 1 

W 
27 
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222 26 2 


then MQ x MS = = „ and XR ms = =, there: 
fore MQ x MS = mg x ms. | 
| THEOREM. | 
If QM and ms be drawn parallel with the Aſymptote CG 
and 2u, and MS with CF, thin M into MS, and gn 
into ms, are equal. 3 . 
86. C nd CO. Ms ben Ci ito 3, is. 
480. CZ m, a == » then Ci into 4 is = 
CQ into QM. . , : | 
| HEE  PRoOsB. 207. | . 
437. To determine the Ratio of 2m into nt, to the 
Power of the Hyperbola or Alg, (Tab. 4. Fig. 5 . 
Let ur, qm==y, AE =c, then Angle E r, and 
alſo Al and 2 being parallel, the Angle I= 4, and ſo 


(233, 268. Geom.) 2 AM or 1 


” - 2 1 
Moreover, Rm x mr = AE, (F. 484.) then mr : (tor 
Arith.) AE :: AE: mR, z :c * 9 2 Laſtly, am and 


x 2 

CE being parallel o= x, and DE being parallel to Rn, 

x==y, (233. Geom.) and ſo o==y, (17. Arith.) _ 
Likewite AI and CR being parallel the Angle LAE = 

CDE, and DE and R being parallel CODE = Ru, 

(233. Geotn. ) (175. Arith.) therefore IAE R, and fo (267. 


Geom.) AE: IE:: WR: n 
ANG: cer 8 
6: 2 * 72 r -— » Wherefore m X qu = 


6 3 ccyy 
= . Likewiſe Aly == » then m x m = Alg. 

renn 8 ds 
b e drawn parallel to the Aſymptote, into 
C2 822 Power of the pere hs oft 

3 If CI Al —_— . 

488. = Al Sa, C = m = y, then 4 
== xy, Which is an' Equation ſhowing the nature of the 
Hyperbola between the Aſymptotez. 2 5 


Ch. 6. Conic Sections. 257 


Cox ol. 2. 8 pes 

489. Having then the Aſymptotes by poſition, and the 
Side of the Power of the Hyperbola CI or Al, if Abſciſſas 
be taken in one of the Afymptotes, there may be found as 
many Semi- ordinates, and by theſe ſo many Points of the 
Hyperbola may be determined, by finding a 3d Propor- 
tional to the Abſciſſas and the Side of the Powers, (271. 
Geom.) as let AB and AC be Afymptotes AD = DI = a, 
the Side of the Power of the Hyperbola. Let AP 
*, and let FG be parallel to AC, and PN to DI, then 
PN = DI= a, (Tab. 13. Fig. 123.) Let AN be drawn 
cutting DI in H, then (468. Geom.) AP: PN:: AD: 


DH, and x: 4 :: 4: DH, and ſo DH = ©; wherefore 
if PM = y = DH, then y = 5 „ and ſo yx 4, and 
ſo the point M is in the Hyperbola, (§ 488.) 

| CoROL. 3. 

490. If the Abſciſſas are not computed from the Center 
C, but another point L, then let CL, and Cq==b 
+ x, and fo a* = by + xy, (Tab. 4. Fig. 51.) 

ROB. 208. a 


491. To determine the Sub-tangent PT, and Sub nor- 
mal PR, (Tab. 3. Fig. 42.) 


Let the Parameter b, the tranſverſe Axis = a, AP 
=x, PM==y, RM==z, RA==z, then PR=#— x, PMq 
= 2* — 2 + 2tx — X, wherefore (417. Geom.) 


23 — 1 ＋ 2 —x* = bx + = 

a2? — at* + 2atx — ax* = abx + bx* 
bx? + ax* ＋ abx ＋ at — 2atx — az* =0—-byb+e 
10 ab — 2at at — az* 3 

T b +a * ＋ F 
Let now, for reaſons above, ($. 410.) x — vr, then 
x — 2vx + o, and becauſe this Equation is the 
ſame with the preceding | | | 
2 | | 17 * 
a = 2, and ab — 2at = — 2b v — 22 
e a2at 
8 v 
＋ by 242 35 + ru, (i. e.) becauſe x=v 
DP: IE 1 4 ene 4 
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1 bx 8 a by 
36 + =— + x=# = RA, therefore PR= 3b + —=+ 
TETLL 

a . 


1 TREORE M. 

. As the tranſverſe Axe is to the Parameter, ſo is the 
i Sum of + the Tranſverſe and Abſciſſa to the Sub-normal. 
b Moreover, (F. 409.) 

H. PR : PM :: PM: PT : 

15 24 -* bx* 

6 E 7 b: bx ＋ — :: VX + 

3 3 abx 4- bx* aK K* 

W de e faÞaxs | yon! 

7 THEOREM. 
4 


— = 


: PT, which is 


bx 
2 


As the Sum of 42 the Tranſverſe and the Abſciſſa is to 
the Abſciſſa, ſo is the Sum of the whole Tranſverſe and 


| Abſciſſa to the R. 4 + 

1 ax + x* ax + x* — Jax — x* 
a Laſtly, AI = T2 7 — x = Ig + x 

| _ _x4x 

Ki "OE 24 ＋ * 

| THEOREM. 


As the Sum of + the Tranſverſe and Abſciſſa is to the Ab- 
cifſa, ſo is 2 the Tranſverſe to the Line AT between the 
Vertex and the Tangent. | 

| : PRO B. 209. 

4 492. NO being made parallel to TM, and CQ drawn 
1 from the Center C through M, which will cut NO in G, 
kt to determine the Ratio of the Segments GN and GO, 
5 (Tab. 5. Fig. 52.) 
11 From N let fall the Perpendicular NS, to be continued 

to D till it meet OD parallel to the Axis in D, draw HG 
perpendicular to ND, and GF, MP, and OL to As, 
then Gl is parallel to PM, (256. Geom.) let AB = 
AP= x, PM=y, PC a- Lx =p, GI=HS= v, GF 
— HD = 25, then IF = DS — LO = Z — 5 and (268 
Geom.) | 


PM : PC :: GI: IC, (. ) ::: 15 


and the Angle K being == T, and KO, and fo O, 
and F and P being right Angles, PM : PT :: GF: FO, 


(. e. 


ch. _ Sections. 259 


3 — * K XE 
0 e.) II . XX . Let, for bre- 
vity 5 4 * x* =4q and 22 J * = þ, 28 before, then 


Bp 
102 5 5 „ therbfore LC=IC — FO = 772 = p 


P) 
2 5 — 9% — 2 
5 and LA=LC—AC= = - 2D LB 


=1C+ = n, 4 by (6 4863 


725 
ap x PB : AL X LB :: PM 2 
piv® — 25% v ＋ 2 — 15 9 * 5 
1 p*y* . . OLg, ſo 


192 — 2 83 252 
OLq = 2 — —.— EE „and by 


4 


( 459.) yy = ax + xx X — , and having put ax ＋ xx 


bq 
=94, yy = 2, 20 8 put for the Value of OL, 
3 "pov — 2þ*q2* + — 4p*bq 


ef 

22V + va, and deſtroying the Fraction 

pqu* —2p*quv+piqu*=ptu* 25 4 N.“. POP 

* + p* qv? 1 = q*2* — p*qz* a 
7224 2 ge 


o 2 


mms — 
* 


If HN be called z, and the echelon made the ſame - 
way, 2* will be = 260 27 —_— a 
Hence it appears HNq= ad Lend EY and fo HN 


== HD, and becauſe (268. 23 HD :: NG: GO, 
then NG = GO. 


THEOREM, 
The Line CQ from C through M divides the Lines 
NO parallel to TN equally. 
CoRoL. - 
3- CQ is then a Diameter, and NO an Ordinate 


rightly applied, (F. 368.) and MC is the tranſverſe Semi- 
diameter. 


PROB. 210. | 
494. Two Lines, as Hm and K from the ſame Point 
of the Hyperbola , to 5 2 Aſymptores CQ and CT IT; 
2 
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and other 2 Lines in like manner parallel to the former, 
as LN and NO, to determine the Ratio of the Products 
of Hm into MK, and of LN into NO, (Tab. 5. Fig. 53) 

Draw 2 Ordinates to the Axis, as Rr and QT, let Rm 
= QN = x, TN ==?, ſeeing Rmx mr=QN x NT, 
(§. 434.) then (101. Arith.) Rm: ON :: TN: my 

3:28 :: . 

Moreover, let Hm = a, MK =6, then the Angle r= 
Angle T, mr and NT being parallel, in like manner K 
8 (233. Geom.) then (267. Geom. ) rm : Km :: TN 

12 y | | 


OU :ü: - 


* 


Likewiſe QLN being Gmilar to RHm 
Rm: Hm :: N: LN 
42 
5:4 :: àõà : 


therefore LN x NO = = = ab, alſo Hm x MK =ab, 
ſo theſe 2 Rectangles are equal 
Hm x mK — LN x NO: 

The fame is found if Hu- and LNo be drawn parallel, 

then Hm x mk = LN x No. 
COR 0OL. 

495. All the Rectangles formed the fame way by Pa- 
rallels to Hk, or to Hm and MK, are equal. 

| PRO B. 211. 

496. If a Line, as H#, be drawn any way between the 
Afymptotes CQ and CT, to determine the Ratio of the 
Segments HE and , (Tab. 5. Fig. 53.) TTL 

raw IG and Rr through E and m at right Angles with 
the Axis; and let Rm—a, IE =b, EG=c, Hm=x 
and wk = y, becauſe IE x EG = Rmx ur, (F. 484.) then 
(101. Arith.) R: IE:: EG: wr © 
bc 
111 8 
and becauſe IG is parallel to Rr, (268. Geom.) 
mR: Hm :: IE: EHI 3 
| bx. 
"3-8 ⏑— : * 
rm: łm:: EG: Ek 
| 125 ay ; a = OY abxy 
3 F 2 therefore Ek x EH = —T 
„ 2 


F a. 


a fd Wd 11 
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— x) = Hm X mk, wherefore Ek : n:: mH : jou: 
2 wh :: 1 HE : HE, (70. Arith.) (i. e.) 
Em : mk :: Em : HE, therefore mk = HE, which . 
the Rectangles to be equal, (60. Arith.) 

OROL. I. 

497. When Em So, the Line He touches the Hyper- 
bola, and the Tangent FD is biſected in the Point of 
Contact V. 

CoRoOL. 2. 
498. The Rectangle of the Segments Hm and mk, pa- 
alle to FD, is equal the Square of half the Tangent DV, 


(F- 495) 1 
ROB. 212. | 

499. To determine the relation of the Semi-ordinate 
PM, to the Abſciſſa of the Diameter AP, (Tab. 5. Fig. 
| " Ji AB be the tranſverſe Diameter, and DE the con- 
jugate, and ſo parallel to the Ordinate NM, C the Center 
of the Hyperbola, and CQ and CR its Aſymptotes. - 
Let DA c, CA r, PM =y, CP =, and CB = 
AC, then (268. Geom.) CA: DA :: CP: PR, or : 0 


c CU (U — 7 
: v: , Wherefore RM = = - 4 


Mo=2I2 » conſequently RM x MQ = CESEE 
but RM Xx MQ= DA =.?, (§ 498.) we * then 


* — 72/2 
2 

— 6 = r*y*, which gives this Analogy 

b pb 

PM: APxPB :: DA: AC 
and BP = BC + CP Sr 2 164 and AP=CP —CA= 
vr, and ſo AP Xx PB = r «pr mr” 

THEOREM. 
The Square of the Semi-ordinate of an H perbola is 

to the Rectangle of the Abſciſſa AP, 2 the Saen of the 
Tranſverſe AB, and Abſciſſa, as the 7 . of the Semi- 


diameter of the Conjugate AD, to the Square of the Semi- 
| W of the Tranſverſe CA. | 


CoRoL. 
500. If AP be made — and 2r AB then v⸗ 
3 8 


” ww %* - 
WS hs ob 
\ 


— 


. = * 


- = — — — 
— 28 2 - 0 — 2 322 5 1 . — 1 "=; * 
— — — — v ” - . 
- — o = — -—4 * 4 _— \ — — . ” 2 
1 ha 3 —_ — — — —— — — RX 
—— * = 8 41 * — 
3 — — — 4 ® 1 . - * » — 


= cn, and cπτν — 12 y* =0r*, and c. 


8 > IE IC 
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ax ＋ 2 x2 


— r* = ax + x*, and ſo y* = 


_— = 
| aa 
— — > Let =b, then y* — —— 
a a a a 


Thus the ſame Equation defines the Nature of the Hy- 
perbola, with reſpect to the Axis as to the Diameter, and 
the Parameter is a 3d Proportional to the Diameters DE 
and AB, and there are the ſame Properties with reſpect to 
the Diameter, as we have ſhew'd, with reſpect to the Axis, 
from the fundamental Equation. 

PRO B. 213. 

501. Having drawn AF and TN parallel to the Aſym- 
ptote CR, to determine the Ratio of TN into TC, to 
AF into FC, (Tab. 5. Fig. 54.) 

Let CF a, AF ==, AD = c, RN , then AE bei 
= DA, alſo EF == FCD, (268. Geom.) and becauſe 
RN x NQ = DAg, (S 498.) then (101.Arith ) RN: DA 
:: DA: NQ b 


cc 
2 2 
2 
Moreover, AE : AF :: QN : TN, or 6 5 
5 , and AE : FE :: N: TO or 4 2 : = 
c* ac 4⁊ 


QN : QT :: RN : JC, or : :: 2 thereſore 


a⁊ be 


TCOCxX NT=—=4a = CF x AF. 


C 
THEO RE M: 

If from the Vertex A, or any other Point of the Hy- 
perbola N, the Lines AF and TN are drawn parallel to 
CR, then TN into TC FA into FC. 

Conor. | 

502. If TCD x, TND, the Equation expreſſing the 
Nature of the Hyperbola between the Aſymptotes, with 
reſpect to the Diameter, will be xy = ab. 

PrOB 217 ; 

503 To determine the Length of FO from the Focus 
F, perpendicular to the Tangent of the Hyperbola TM, 
(Tab. 12. Fig. 119.) | 

This is found the fame way as before, ($. 457.) where 
3 PROB. 
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| ibn 
504. If F be the Focus of an Hyperbola, and MR at 
right Angles to the Tangent, and HR to FM, to find the 
Segments MH, HF, (Tab. 12. Fig. 119.) 
This is done the ſame way as in the Ellipſis, (F. 458.) 
calling FM * 725 inſtead of 24 — c, and PR = 
22 for —— „ &c. 


DEFINITION 42. 
2 When the tranſverſe and conjugate Axis are equal, 
the Hyperbola is called Equilateral, (Tab. 4. Fig. 51.) 
CoRoOL. 1. 
506. Seeing the Parameter is a 3d Proportional to the 
conjugate Axis, (F. 461.) it will alſo be equal to them. 
Co Rol. 2. 


507. If in the Equation y* = be += , b be made 


= a, then the Equation y* = ax + x* expreſſes the na- 
ture of an equilateral Hyperbola. 
CoROL. 3. 

508. Hence the Square of the Ordinates y* and ⁊* are 
between themſelves, as ax + x*, and av + v, (i. e.) as 
the Rectangles of the Abſciſſas into the right Lines, 
compounded of the Abſciſſas and determinate Axis, or 
Parameter. 5 | 

CoR Ol. 4. 

509. If CPS x, CA r, then AP =x —r, and P 

=r +x, conſequently y* =x* -. 
CoROL. 5. 

510. Becauſe AE = CA, (F. 506.) ACE will be half a 
right Angle, (241. Geom. ) and fo the Angle of the Aſym- 
ptotes FCG in an equilateral Hyperbola will be a right 
one. 95 | 

PRoB. 216. ; 

511. To find the Nature of the Curve that ariſes from 
cutting the Cone ABC, ſo that DE may be parallel to the 
Side of the Cone AC, and the Plain of the Section DLN 
perpendicular to the Baſe of the triangular Section AB, 
(Tab. 5. Fig. 55.) k | 


Let the Cone be cut with a Plain HMI parallel to the 


Baſe ANB, then HMI will be a Circle; and ſeeing boch 

the Circles HMI and ANB are by the triangular Section 

ACB cut in HI and AB, ny by the given Section in pM 
4 


and 


* 


= — - — 2 
r E 3 8 = 
©. SR — we = — * 4 
4 4 82 * b — 
4 _ = 3 — = -4 
- - py * 2 * 
<>: 


——_— - 


* 
5 
v 
1 — 
b. 4, 
* 6 
4 
— 
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and LN, then both HI and AB, and alſo pM and LN are 
parallel, (499. Geom. ) and ſeeing by Hypo. EN is per- 
pendicular to AB, PM will be perpendicular to HI, (492 
Geom. ) and ſeeing DE and HI, and likewiſe DE and AB are in 
the ſame Plain of the . W. Section, then EN and PM 
are alſo perpendicular to DE, (484. Geom.) and therefore 
Semi- ordinates rightly applied to DE, (F. 368, 370.) and 
becauſe AH is parallel to EP by Hypo. and HP to AE by 
Demonſtration, then HP = AE, (257. Geo.) then ler 
Geo.) 
DP: DE:: PI: EB 
Iz 
or 8&3 2112 2 


* 
rherefore PMg =HP x PI, ($. 377.) = tv, and ENq = 
; 
AE x EB — „then putting PM = y*, EN =4* 


*: 4“ :: ty — » and becauſe zv =y* = by (K. 124.) 
r ad 


— or S, then the Curve NMDpL is a Parabola, 


IZV 2 


($. 402 


512. If a Cone ABC be fo cut that the Axis of the 
dection DE continued meets the Diameter of the Baſe AB 
in F, and the Plain of the Section continued cut it at 
right Angles, to find the Nature of the Curve ariſing from 
that Section, (7. e.) DMUNELD, (Tab. 5. Fig. 56.) 

The ſame way as before, (F. 511.) it may be ſhown, 
that PM and ON are Semi-ordinates both of the Circles 
IMH and LNK, and of the Curve DUNE, Then let 
DE =a, DP == x, DQ =v, PH = x, QL =/, then 
PE = A- x, QE=a—v, (268. Geom.) bee 

DP: PH :: Dq: QK, or 
vt 


r 
* 


EQ: QL :: EP: PI, or 2— v:: a—x 1 


23222 


PROB. 217. 


wherefore by (F. 377.) PM Z = HP x PI = — - —.—— 


and ON = KN Q. , then PMg : N :: 
la 
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— ; = » (i. e.) car — tx: avis — le 2: 
Fir —x* : 2 - , (F. 124.) ſo the Curve DMNELD 
is an Ellipfis, (§ 429.) | 

PrRoB. 218. 


513. If a Cone ABC be ſo cut, that the Axis of the 
gection DQ continued meets with the Side AC continued, 
and the Plain of the Section DLN cut AB at right Angles, 
to find the Nature of the Curve DMN arifing from it, 
(Tab. 4 Fig. 57.) Ie: 

As was ſhown in (F. 511.) QN and PM are Semi-ordi- 
nates of the Circles HMI and ANB, and of the Curve 
DMN. | 

Let ED e 4a, DP= x, D v, PH=2z, PIs, 
then EP = a + x, EQ= a + v, (268. Geom.) 

EP: FH:: EQ; AQ. 


ax : r :: a+v: e 

DP : PI :: DQ: QB 

* :: v = „then HP x PI ie, and AQ 
x QB=m ae ha » and becauſe PMq = HP x PI, 
and QNq = AQ x QB, ($. 377.) PMq : MN :: .: 
arty + vt 1 av v3 6 

„ (3. e.) as 1 by EF =(by F. 124.) 

== „o LDMN isan Hyperbola, ($. 466.) and DE 


its OY Axe, and E the Vertex of the oppoſite Hy- 
perbola. 7 


SCHOLIUM. _. | 

514, Hence it may be ſeen, that we might in the be- 
ginning have propoſed the Parabola, Ellipſis, and Hyper- 
bola, as cut out of the Cone, and from the Nature of the 
Section drawn a fundamental Equation ; but we deſigned to 
ſhow, how from Equations taken or given any way to de- 
duce their Properties and Deſcriptions by Algebra or 
Arithmetic in Species; yea, we might with ſome others 
hare taken a Deſcription of theſe Curves by a continued 
Motion as a Foundation, on which we might build Equa- 
tions; and that this may appear, we ſhall give one Ex- 
amfle in the Ellipſis. 


PR o n. 
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PRO B. 229. 

515. Let a Curve, as AD MB, be deſcribed by the Re. 
volution of a Ruler GM, in an Inſtrument, whoſe Figure 
is in Fig. 59. Tab. 4. where the Pins faſtened in E and F, 
the moveable Baſe of the one may move in the Canal ab, 
and of the other in ca, to find the Nature of the Curve, 
(Tab. 4. Fig. 58.) 

Hence it appears, that the L of the Ruler EM 
muſt be equal to half the greater Axis AC, and part of it 
MF equal to half the leſſer DC, ſo that the Difference of 
the Pins EF will be equal to the Difference between £ the 
greater Axis, and the leſſer, (Tab. 4. Fig. 59.) 

Let us then aſſume any poſition of the Ruler, as EFM, 
and let the Curve be determined, in which M ſhall be a 
Point of it, (Tab. 4. Fig. 58.) 

Let fall from the Point M Ordinates to both. Axes PM 
and MR. 

Let CB=MR = x, PM = y, AC EMS = a, CD 
— FM —=b, then EF =a — 6, and (268. Geom.) 

EM: MR:: EF: FC 


—65 
4 : * :: 2 — 6: — „ therefore 
6 
PF — x — x + = = = 
bon 7K 
Hence PM = FM — FPg, (417. Geom.) = 2 


a*b* — b*x* 


= ——— , ſo the Curve ADMB is an El- 


a 
lipſis, ($. 432.) 
DEFINITION 43. 

516. Circles of the higher kind are Curves, in which 
AP» ; PM:: PM: PB, or AP” : PM:: PM: PB, 
(Tab. 3. Fig. 38.) 

Co Rol. 1, 

517. Let AP= x, PM =y, AB a, then PB 2 

x, and ſo x: :: : a— x ; hence the Equation, 
I m 


a infinite Circles, is * ＋ ov 1, 


andy) / =2a—x1"s" , others yet infinite in num- 
ber. | 
CoR0OoL. 2. 
518. If m=1, then y* =ax —x?, and ſo Circles of 
the firſt kind are contained under that one Equation. 
| | m 25 
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„ #==1, then y* = ax* — x3, which Equation ex- 
rreſſes a Circle of the ad kind. 
| DEFINITION 


5 
519. Parabolas of the higher kind are algebraic Curves, 


that are defined by E32 „ 7 for example, 2 * — 
„* A=, u =, a , they are called by 
ſome Paraboloids, and in particular cubical Paraboloids, 
when a = ;, and Biquadratical, when a3 x — ”*; and 
Surdeſolidal,, when a*x =y5, &c. Parabolas of the firſt 
kind, which we explained above, are called” Apollonian or 


Quadratic 3 Curves alſo are parabolical, when ax” — 
yu, as ax , ax* , for ſome call them Semi- 
rabolas; they are all comprehended under the common 
— am xn yr, which extends alſo to other Curves, 
ſuch in which a*x. , a*x3 = 5, a* x* = 7. 
CoROL. I. 
n 


520. Seeing in Parabolas of 1 kind y = , 
if any other Semi- ordinate be called v, and the Abſciſſa 
anſwering it z, then v = 4 , and fo 

* :: 4 : 9 (. e.) = = 
ſo the common Property of the Parabola is, that the 
Powers of the Ordinates have the Ratio of their Ab- 
ſciſſas. 


Co Rol. 2. 
521. In Semi- parabolas * «uy ex 1 „ — 1 


3 


83 
the Powers of the Abſciſſas, which are one Degree lower. 
Ex. In cubical Semi- parabolas, the Cubes of the Ordinates 
y* and v3 are as the Squares of the Abſciſſas x* and z*, 
and in general in all the Curves of the Parabola kind, 
7 
. *; : ofa” 


* * 
Yo _ 


„or the Powers of the Semi-ordinates are as 


N 


DEFINITION 45. 

522. The Equation * = bb x defines in- 
finite Ellipſes, which by ſome are called Elliptoids, if m 7 
I, or #7 1, or m and a 7 1. Ex. If af =Sbx*a—x, 

| : it's 


* k — 
> .S — — 


_— * - 


2 F —Sp- 


ty 
| a 
1 
= 1 
| a 
„ 
4 
-R 
4 
U 
bw. 
7 
\þ b 
if 
i 
1 
1 
| 
1 
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it's called a cubical Elliptoid; and an Ellipſis of the 30 
kind, in which ay*=bx* x a—x is called a biquadratie 


Elliptoid. In reſpe& of theſe, the Ellipſis of the x king 
is called Apollonian. | 


COROL. 1. 
523. If any other Ordinate be called v, and the corre. 


ſpondent Abſciſſa z, then av =bz” * conſe. 


2: - „ —2f 
— C ORO L. 2. 

524. If ab, then y — a — ** and if n=, 
then | 1 1 _— „ (i. 3 the 
Ellipſes of the higher kind degenerate into Circles of the 
ſame kind, | 


DEFINITION 46. 


525. The Equation af = bn T x* defines in- 
finite Hyperbolas, which by ſome are called 3 7 
if m 7 1, or # 7 1, or m and ys 7 1. Ex. af = 
'bx*a+x; and in reſpe& of theſe Curves, the Hyperbola 
of the firſt kind is called Apollonian. | 

CoRoL. 


5 25. Therefore in | infinite Hyperboloids, * : 
2. = br A + x* . bes ＋ 2, (i. e.) 7 : 


5 ws 22 * 2 ＋ K* p 2 2 ＋ nh 


DEFINITION 47. . 

527. I call them Cones of the higher kind, whoſe 
Baſes and Sections parallel thereto, are Circles of the higher 
kind, that kind of Cone is generated, (Tok 5. Fig. 55.) 
If a right Line AC, fixed in the Vertex C, which 
may on occaſion be extended more or leſs, be turned in 
the Periphery of the Circle Awg. 

| PRoB. 220. 

528. To find the Nature of ſuch Curves as come out 
when the Cones of the ſuperior kind are ſo cut, that the 
Axis of the Section DE is parallel to the Side of the Cone 
AC, and the Plain of the Section perpendicular to the Dia- 
meter of the Baſe AB, (Tab. 5. Fig. 55.) 9 
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It may be ſhown, as above, that PM and EN are pa- 
rallel, and alſo are Semi-ordinates of the Circles HMI and 

ANB, and of! 75 Curve Da 
DE = 2, Pl = =, it will found as in n Prob 216. 5 


11) EB== = — 2 but by (F. 516.) 
HP” : PM” :: : PM : PI 


vn: 5 5 
* es. - 
Moreover, AE”: EN" :: EN: EB 

"EK, „ 
* 2 7 
m 
GOL = — — 8 wherefore | 
tz um | 4 
*; TE * 60 11 6 


* 


124.) or as S, therefore the Curve is a Paraboa 
of the higher kind, (F. 520.) or in n. (5. 516.) 
Hp“; PM“ 2 PM“: PI", (. e) v * 2 
„== , and AE” : EN" :: EN": EB", * 


f: =, and rf LED ; bereſoie 
N : 1 
x = 

| | 2, m * 1 | 
2 


DLN are like to the higher kinds of Paraboles. (F. 521 ) 
PROB. 221. 
529. To find the Nature of Curves Which ariſe, 


when Cones of the higher kind are cut, ſo that the Axis 


of the Section concurs with the Diameter of the Baſe AB 
continued in F, and the Plain of the Section continued 
cuts the ſame at right Angles, (Tab. 5. 58 565 


It appears, as above, that PM and Qt G8 (x 511.) are 
es, 


parallel, and the Semi- ordinates of the Cir and alſo 
of the Curve DMNE. 
Let DE=a, DP= x, DQ =», PHV Q = 2 
| M5, QN=z, then r QE =a —v, 
as 
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as in Prob. 217. (F. 51.) QK = — „ Pl = 2 


a — 0 7 
and by (5. 517.) IP” : P.:; PM“: PH", (that k] 


— - 


— :* : 1, then 7 


aA —= 


PP N = 


Moreover, QL” : ON“ :: QN”:KQ 


a — V 
* * * 1 
V Eu 1 
or * 11 — and x” =——— where- 
x | * 
2 e —=x" ' id a bees” 
fore mon _ — by N Cs 


ſo theſe Curves are in the number of the Ellipſes of the 
higher kind, (F. 523.) 
PRO B. 222. 

5 30. To find the Nature of the Curyes that ariſe, 
when the Cones of the higher kind are ſo cut, that the 
Axis of the Section DQ continued meet in E, on the 
Side of the Cone continued AC, and the Plain of the 
Section cut the Diameter of the Baſe at right Angles, (Tab. 
4. Fig. 57.) ale | 

It appears, as before, (F.511.) that PM and QN are 
parallel, and that the Semi-ordinates of the Circles, and 
thoſe of the Curve, are ſo alſo. Let DE = a, DP =», 
DQ =», PH — 25 PI = , then EPS aA x, EQ = 
4 E v, and as in Problem 218. (. 513.) AQ 
t ＋- U SU - | 
T5 M = ©; and by ($517) 


pl“: PM + PM® : PH” 
E.:IJ- 38 * : * and = Pt 


6 m 212 35 
f ws. "Woe FI * 2 
| x” a + ** 
md ts v0 ANU 
STE - —_— wherefore 
x - & 


; - 
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* : 2 22 "oof bad - . — 


V 4 + * * m * 
312 — 2 ſo they 


Curves of the Hyperbola of a higher kind, (F. 526.) 
ROB. 23. 

531. Let AT be raiſed perpendicular at the end of the 
Diameter AB, and draw from the Center C the Secants 
C * * off QMM = QR at right Angles with AT, 
Tab. 5 . 17s O. 

To find =” < Hf of the Curve AMP, deſcribed by 
the point . 

Let AQ=PM=y, QM = OR = x, AB S ua, then 
* =ax + x*, then AMR is an equilateral Hyperbola, 
whoſe Axis and Parameter are = to the Diameter of the 


Circle, (Y. 461.) 
CoRoL. 


532. Thus we have an eaſy Deſcription of an equi- 


lateral Hyperbola by innumerable Points, as M, deter- 
mined Geometrically. 


PRoOB. 224. 


533. To find the Equation of the Hyperbola for an 


Axis, as CR, drawn from the Center C, at right Angles 
with AB, (Tab. 13. Fig. 124.) 

Let CQ = PM = x, CP=QM=y, CB CAD a, 
then PBS a + y, AP=y — a, then 

BP x PA = y* — aa. 
Let the Parameter =b, then b:a:: x* : y* — 45, 
x*> 
and ax = by — a*b, and ax* + a*%s = by*, and — 
+ 47 =. | | 
CoRoL. | 

534- If the Hyperbola were equilateral, then a= b, (F. 

505.) y*= x* + 4, or GOT ＋ Cha. 
| DEFINITION 48. 

535. If 2 Lines cut one another perpendicularly in E, 
as BD, AC, and from a point C ſeveral Lines be drawn 
cutting BD in Q, as M, then QM being made = QN 


and AE =EF, the Curve in which the points M are, is 


called by the Inventor Nicomedes a firft Conchoid ; and 
another Curve in which are the points N, a 2d Cons 
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BD being a Ruler, and C the Pole. But he invented an 
Inſtrument by which the firſt Conchoid may be drawn 
by a continued Motion, (Fig. 62.) In the Ruler AD there 
is a Channel, in which a round Pin is fixed at F in Cg 
that moves therein; another fixed in EG at K, which 
runs in the Channel CB, when the Pin at F moves in AD, 
the Pin fixed at C will deſcribe. a Conchoid of the &r6 
kind, (Tab. 6. Fig. 61) Lye 4 * 
I! CoRoOL. 1. | 
ky 536. Let APD x, AE=a,, then PE MRS 
and when x increaſes, 4 — * or. MR decreaſes, and ſo 
the Curve comes ſtill nearer to the Ruler BD, and ſo 
doth NO continually decreaſe, and ſo the lower Conchoid 
comes ſtill nearer to the Ruler. NS 

Becauſe QM; or ON, or AE, (, 

537. Becauſe „ or » or AE, (Y. 535.) comes 
* between BD and the Conchoids, BORE) * can 
meet with BD, therefore it's an Aſymptote of both the 
Conchoids. | 

PRoB. 225. 
m $3, 8. Us find an Equation for the Conchoid, (Tab. 6. 
ig. 61.) 

Let QU=AE = 42, EC=6, MR=EP=x, ER 
= PM= y, then CP = b + x, and (268. Geom ) 
PE: MQ ::- EG: OD. | 


then CMS a + 2 = 


» and PMq+ PCq== CM, then (417. Geom.) 
i? e 252 2 95 
*** 2bx + b* = 2 — — _ = k there- 
fore x* + 2bx*+ j*x*+þ. b*x*== 4*b* + 2b r N 
which expreſſes the Nature of the firſt Conchoid. - 
p Let CE = 6, _ Sa, EG.=ON = x, GN= EO 
= y, then GCS - x, and 3 
| EG :QN :: GC: CN 


ab — ax 


a 
K 24243: 5 
x 


ax + ab 
x 


„„ e M25 at „then 
A _ CMq = CG + GN, ( 417. Geom.) therefore 
bit ET 2 nothe ch ang * 1 „ 252 
4 5 = = b* 2b x* + *, (i. e.) a'# 
1 — 20 bæ + a*x* D — 2bx3 + x* TAX, which 


expreſſes 
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expreſſes the Nature of the inferior Conchoid, and fo they 
arc both of the third kind, ($. 382.) 
EFINITION 5 
540. Other kinds of Conchoids will be produced, if 


CE: CQ:: QM : AE, or indefinitely CE” : CQ® :: 
Qu" : AE ” 


CoRorL. 
541. Wherefore if CE= b, EA=a, CQ= x, QM= y, 


then ab = xy, and for infinite Conchoids 4 5 x 7. 
SCHOLIUM. 

542. This Equation ſeems to be the ſame with that of 
the Hyperbola between the Aſymptotes, (S. 486.) but yer 
it is not, for here it doth not expreſs the relation of Points 
by Lines parallel to another given by poſition, as in the 
Hyperbola. 

PRO B. 226. 


543. To find an Equation for any Point of the Con- 


choid, in which CE: CQ :: QM: Ak. 
Let AE Da, CE, PM=y, PE= x, then CP 
b + x, and CPq= b* + 2bx + x*, CMa, (41. Geom.) 
=y* +-b* + 2bx (268. Geom ) and as CP: CM 
: CE: CQ or EP: QM, therefore CE x EP: CQ x 
QM : : CPq : CM, (78. Arith.) (i. e.) becauſe CQ x QM 
= CE x EA by Hypo. CE x EP: CE x EA:: CPg : 
CMgq, (i. e.) by (F. 181.) EP : EA:: CP: CM, 
* b* L 2bx + x* 5 5 
” F and ab + 28bx ＋ ax = 
Xx + b*x þ 2bx* + x, which is the deſired Equation. 
DEFINITION 50. 
544. Let BC be perpendicular to the Diameter of the 
Semicircle AOB, draw AH and let AM = TH, or in the 
other Quadrant LC = AN, then M and L will be in the 


Curve AMOL, which Diocles the Inventor called a Ciſſoid, 
(Tab. 6. Fig. 63.) 


Co Rol. 1. 

545. Let PM and KI be drawn at right Angles with 
AB, they will then be parallel, (256. Geom.) and (268. 
Geom.) AP: KB:: AM: IH, but AM = IHA, (. 544-) 
therefore AP KB, (38. Arith.) and ſo (by fimilar aa) 
AK = PB, (18. Arith.) and PN IX. | 


T CoRoLl. 
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By ROL. & F | 

546. Thus it appears, that the Ciſſoid AMO divides 
Semicircle equally, for AO : OF :: AG : GB, (268. G60 
but AO = OF, . 544.) therefore AG = GB, (38 Arith.) 
and fo ANO a Quadran-. 

COROL. 3. | 

547- AK: KI :: KI: KB, (227 Geom.) (i. e.) AK: 
PN :: PN: AP, (5. 545) Moreover AK : Kl, or PN:; 
AP: PM, therefore PN: AP :: AP: PM, (268 Geom.) 
then AK, PN, AP, PM, (52 Geom.) are continually pro. 

rtional, and if PN =», = x, PM==y, x* v 

bus it may be ſhown AP, PN, AK, and KL continued 
Proportionals. 


PRO B. 227. | 


548. To find an Equation which expreſſes the Nature 
of the Ciſloid. 


Let AB=a, AP= x, PM==y, then AK = PB, (5. 
5457.) =a—x, KIA PNq =ax — x*, and (F. 547, 
124.) AKq : PNg :: APY: PMA 
a — 2 -N: X -:: ͤ 2:92 
4 — 2% N =ax3 — &, and ay* — Xx) , 
(i. e.) a—Xxy* = x3. 

THEOREM. 

In Diocles his Ciſſoid, the Cube of the Abſciſſa AP= the 

Solid of the Square of the Semi-ordinate PM into the 


Complement of the Diameter of the generating Circle 
PB. | 


CoROL. I. 
549. When the point P falls in B, then x =a, and 
3 


BC= y, then y* = _ » Whereforeo: I :: 41: , (i. e.) 


the Value of y becomes infinite, and therefore the Ciſſoid 
AMOL can never meer with BC, therefore BC is an 
Aſymptote of the Ciſſoid. 
COROL. 2. 
The Ciſſoid is a Line of the 2d kind, (5. 382.) 
„ 8 

551. The Ancients uſed both the Conchoid and Ciſſoid 
for finding 2 mean Proportionals between 2 Lines, as 
Pappus ſhows. | 


DEFINITION 51. 
552. If AX be divided into as many equal parts as you 
will, and at the Points of Diviſion raiſe Ferrer 
| hic 
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which ſhall be in continued proportion, as AN, PM, pm, 
cc. the points N, M, m, are in the Logarithmic Curve, 


Tab. 6. Fig. 64.) | 
hy COROL: I / 


553. Thus the Abſciſſas AP, Ap, &c. of the Seti - ordi- 
nates PM, pm, &c. are Logarithms, (334 Arith.) | 
COROL. 2. 

54. If AP=x, Ap =w, PM = y, Pm E, and theit 
Logarithms y and z == ly, lx, then x == ly, and v = Lx, 
then &: v:: ly : K, (i. e.) the Ratio of AN to PM and 
that of AN to pm, as AP : Ap. | 

CoRoOL. z. 
555. Thus we may have infinite Numbers of Logarithme. 


Ix” : ly : lx, that the Powers of the Abſciſſas, or 
the Roots ( denoting a broken Number) may be Lo- 
garithms of the Semi- ordinates. 
Door. 4 

556. Seeing the Semi- ordinates pm continually decreaſe, 
while the Ratio of AN to pm encreaſes, as the Abſciſſas 
do, (SF. 55 3.) (74 Arith.) the Curve comes always nearer 
the Axis AX; and if pm be made So, the Ratio of AN 
encreaſes infinitely, and conſequently the Abſciſſa AP, (§. 
554.) wherefore the Curve never meets with the Axis, 
therefore AX is an Aſymprote of the Curve. 

DEFINITION 52. | 

557. If the Quadrant of a Circle be divided info as 
many equal parts as you will, and from the Radius CP, Cp, 
Co cut off CM, Cm, Cm in continued proportion, the 
_ ” m, m, will be in a Logarithmical Spiral (Tab. 6. 

ig. 65. 

Co ROL. I. 

558. Thus the Arches AP, Ap, &c. are Logarithms of 

the Ordinates CM, Cm, &c. | 
COROL. 2. 

559. Thus it appears there may be made infinite Loga- 
rithmical Spirals, (§. 555-) | 

| DEFINITION 53. 

60. Tf a Quadrant be biſected in G, and the Arches 
BG, GD again ſubdivided in E and F, and ſo on, and 
the Axis AC taken at pleaſure: be divided equally in Ab, 
hi, ik, kC, and ro AC at the Points of Diviſion apply per- 
pend. eb, 785 kf to E, = KF, thea the points A, 5 
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£ f. will be in a Line, which Leibnitx the Inventor called 
2 Line of Sincs. | 
CoR0OL. 

561. Seeing HE, IG, KF, CD, are Sines of the Arches 
BE, BG, BF, BD, ($. 2. Trigon.) their Abſciſſas Ah, Ai, 
Ak, AC will be as the Arches or Angles; the Semi-ordi- 
nates eb, ig, kf, Cd as the Sines of the ſame Arches or 
Angles. 

DEFINITION 54. 

562. Let ſuch Lines as eh, ig, kf, &c. be made equal to 
the Tangents BL, BM, BN, or the Secants CL, CM, 
CN, other Curves will be generated, which are called 
Lines of Tangents and Secants, (Tab. 6. Fig. 66.) 

Co Rel. 

In the Line of Tangents, the Abſciſſas will be as the 
Arches or Angles, and the Semi-ordinates as their Tangents, 
and in the Line ot Secants, the Abſciſſas will be as the 
Arches or Angles, and the Semi-ordinates as their Secants. 

DEFINITION 55. 

564. Let the Quadrant of the Arch ANB be divided 
into equal parts in N, », &c. by continual Biſection, and 
let the Radius be divided into as many in the points P, p, 
and raiſe the perpend. PM, pm, &c. meeting the former 
in M and m, &c. which will form a Curve M, m, &c. 
which Dinoſtrates the Inventor called a Quadratic Curve, 
or Quadratrix (Tab. 6. Fig. 67.) 

Cool. 0 
565. Therefore ANB is to AN :: AC: AP, and if 
ANB=a, AC=6b, AN x, AP =y, then ay bx. 

DEFINITION 56. 

566. If the Quadrant ANB, and its Radius, be divided 
into equal parts, and from the Points P, p, &c. be drawn 
PM, pm, &c. and from the points N, , #, &c. be drawn 
Lines NM, Nm, Nm parallel to AC, the points M, m,m, 
are in the Quadratic Curve of Tſchirnhauſen, who therein 
imitated Dinoſtrates in his Book of the Medicine of the 


0R0L.: .. 

567. Here, as before, T/chirnhauſen's Quadratix is ex- 
preſſed by ANB: AN :: AC: Ap and ax = . 

Hh 3 CoR o. 2. 

568. PM being = QN, PM will be the Sine, 6 2. 
Trigo.) of the Arch AN; and ſeeing AP: Ap :: AN: 


Ye 
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An, ($. 566.) the Abſciſſas are here as the Arches, and the 
Semi ordinates as the Sines anſwering them, as in the Line 


of Sines, (Y- 561.) ; 
DEFINITION $57. 

569. Let the Periphery of the Circle APpA be divided 
into as many equal parts as you pleaſe in the Points p, and 
me Radius CA into as many; and let CM = one part, 
and Cm = 2 ſuch parts of the Radius, and Cm in 3 ſuch 
parts, the Curve M, m, m, will be in a Curve, which 
Archimed the Inventor called Spiral, or an Helix. It may 
de called the firſt Spiral, becaufe it may be continued, if 
the Circle be deſcribed with double the Radius; or the 
2d, if with triple the Radius, and ſo infinitely. 

Co ROL. 1. 

570. AP is to the Periphery, as CM to the Radius; 
and if the Periphery be called p, and Radius r, AP x, 
pM =), then CM =r —y, and becauſep:r::x;r— 

then pr — py rx. 
ene GORDOk 2. 

571. If CM be y, then rx = py, which is the fame 
Equation which the Quadratrix of Dinoſtrates and T{thirn- 
hauſen bave. 

CoRoL. 3. 


572. Therefore rx” = Fad "nf? will ſerve for in» 

finite Numbers of Spirals and Quadratrics. 
DEFINITION 58. 

573. The Cycloid or Trochoid is a Curve, w'ich the 
Poin: a in the Periphery of a Circle deſcribes, when ic 
revolves in the Line AC, (Tab. 7. Fig. 750.) 

CoROL. 1. 

574- Therefore AC is equal the Periphery of the Circle, 

and in any poſition Ad is = the Arch P4. 
ener 3. 

575. If PL be drawn parallel to AD, then PM will be 
to BM of the generating Circle, for P/= Ad, and Pb 
. =aD, (F. $74-) and NE. = Da, (226. Geom.) and Pb = 
MB, then PN = ML, ($. 12. Trigo.) and PiN + NM — 
PM ML+NM= L = Da, and ſo — MB,' becauſe 

d = Pb, and fo PM = MB, and MB being taken for an 

bſciſſa, and PM for the Semi-ordinate, if BU = x, PM 
Ay, then x =y, | 

g 


T 3 | | Dx- 
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if in its Concavity, an inferior one. 


Dinoſtrates and Tſchirnhaufen, Archimed's Spiral, the Cy- 


If the Semi-ordinates PM be continued to N, till they 
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DEFINITION 59. 

576. An Epicycloid will be deſcribed, if a Circle re. 
volve not in a ſtraight Line, as above, but on the Peri. 
phery of another. If the generating Circle revolve on the 
Convexity of another, it's called an higher Epicycloid; 


SCHOLIUM 1. 
577. The Logarithmic Curve, the Logarithmic Spiral, 
the Lines of Sines, Tangents, Secants, Quadratrix of 


cioid, Epicycloid, are Lines tranſcendent, and cannot be 
explained by algebraic Equations. We have indeed given 
Equations for ſome of them, but having taken the circy- 
lar Arches in the number of undetermined ones, they are 
not algebraic Equations; for we ſuppoſed above, that 
algebraic Equations muſt explain the relation which the 
Points of the Curve have to. their Axis or Diameters, by 
ſtraight Lines only. 
SCHOLIUM 2. 
578. Innumerable other Curves may be thought of, 
both algebraic and tranſcendent, and are actually ſhown 
Geometricians; but we did not deſign to treat of all theſe, 


yet we ſhall add an Example or two to ſhow how more 
may be found, 


- 


PN O B. 228. 
579. To find the nature of Curves that will come out. 


become equal to the Chords AM, (Tab. 13. Fig. 125.) 

It ealily appears that infinite Curves, yea an infinite Or- 
der of them, may be conſtructec. 

The Equation in this caſe is to be brought from that 
of the generating Curve ABC, Let it be a Circle, whoſe 
Diameter S a, let in every caſe AP = x, PN == y, then 
PM = ax — x (F. 377.) and ſeeing APq x, and (417 
Geom.) AMq = APq + PMg, then AMq = ax, there- 
fore the Equation for the generating Circle AND is) 
= ax, ſo the Curve is a Parabola, (F. 388.) 

Let the generating AMC be a Parabola, then PM 
ax, (F. 388) conſequently AM = PNg = ax + x* 3 art 
ſeeing the Equation for the Curve AND is y* = ax +?" 
it will % an OE Hyperbola, whoſe tranſverſe 1s 
is Sa (FJ. 507. | . 

Let the generating Curve AMC be a Hyperbola 2qui- 
Jateral, then PMq == ax x, then Au Frey i) 


/ 
ö 
{ 


/ 
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＋ 2x*, ſo the Equation for the Curve AND is y* = ax 
＋ 2x*, and ſo it's a ſcalene Hyperbola, whoſe Parameter 
is 4, and its tranſverſe Axis = 44, (Y. 459) 

Let AMC be a Parabola of the 2d kind, then PM = 


Vas (F.519.) and ſo PM = y/ 7755, and PN — * * ＋ 
„ate and ſeeing the Equation for the Curve is y*= 


** + Du, then y* —x*13 = a#x*, or y* — 3 
+ * =x* + a*x*. 
SCHOLIUM. 

580. It appears by this Problem, that the Deſcription of 
ſeveral Curves may be diſcovered eaſily, as will alſo be 
ſeen by the following Problems. It alſo appears, that the 
Tangents, Sub-tangents, Normals, and Sub-normals, or 
any other Lines ſo determined, may be applied to the 
Axis AB; by this Method are found ſuch elegant Theo- 
rems, as are contained in the Reſolution of this Problem, 
Example, If a Parabola be deſcribed about the Diameter 
of a Circle, the Chords of the Circle are equal the Semi- 
ordinates of the Parabola PN. 

PRO B. 229, 


581. To find the Nature of the Curves that arife by 


railing a perpendicular AN to the Chord AM, of the ge- 


nerating Curye AMC, which AN cuts PM continued in 


N, (Tab. 13. Fig. 126.) : 
Sceing MAN is ſuppoſed a right Angle, then PM ; 


AP :: Ap: PN, (327. Geom.) then PM“: AP” ::; 
APE” 
AP” : PN“ „F. 124 and fo PN 7 


PN 


„ and if AP 


the Exponent m, is determined from the Equation of the 
generating Curve AMC, 


Let AMC be a Circle, then PMg = ax — x*, and ſo 
+ 
the Equation for the Curve ANR is 5 


ax — x* © 
x3 


„ fo the Value of PM, and 


T 4 | Le 


422 therefore the Curve ANR is Discless Ciſſoid, 
(8548. * 


** 
* 


— — Ee — 
3 — — 
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i 


—— 
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Let the generating Curve be che Apollonian Parabola, 


* x3 g 
then PMq =ax, and ſo F= = = —, (i. e.) 0 = 


x3, therefore ANR will be a Parabola of the 2d kind, 
519.) 
8 * 2520 let the generating Curve be one of the in- 


finite Parabolas that are defined by the Equation PM — 
2n „I 


1 —1 m 
ax „ and ſo) = I - 


„ (i. e.) 47 = 
n 


%* . thereſore ANR is a Parabola next above the ge- 
nerating one; thus appears the Method of deſcribing all 


Parabolas expreſſed by the Equation „n Sax 
Let the generating Curve be an equilateral Hyperbola, 
2 2 1 Xx? 
then PMq =ax + x*, and fo ) = ———— — 
ſo ANR is a Curve of the 2d kind, much like the Ciſſoid, 
but wanis a Name. | 
Let the generating Circle be an Ellipſis, then PMq = 
arnx — bx” ax* 
> and ſo y -, (i. e.) by* = 
1 | 


—Ʒʒͤ—ä — 


4 — K. 


SCHOLIUM TI. 

532. If the Circles ot the ſuperior kind be taken for 
generating Circles, there will ariſe Ciſſoids of the ſuperior 
kind. | 

PRoB. 23c, 

583. Let the generating Curve be AMK, AT being 
p: 8 AX, and AS of a fixed Magnitude, (Tad. 
13. Fig. 127. | 

510 find the Nature of the Curve, in which the point 
N is found, by letting fall SR perpendicular to the Semi- 
ordinate PM, and ON drawn thrbugh M, parallel to the 
** 25 mceting AN, drawn from the Vertex through 

in N. Tas 

Let AS = 4, AQ=x, QN = y, then becauſe SR and 
are Parallels, (258. Geom.) AS: (SR) or QM :: 


AQ; QN, (. e.) : QM;: x; % and ſo * n 
=. 
Let 
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Let AMK be the Apollonian Parabola, then QM =— 
x2 3 


25 then y == „ and a*y = x3, which is an Equation 
for the Parabola of the 24 kind, (H $19.) 
Let AMK be one of the infinite Parabolas, then QM 


2 „I 


— 2 and ſo * == 3 therefore ay = STI, ſo 


the generated Curve is a Parabola next above the 8 
rating one; and ſo will appear the Method of deſcribing 


all Parabolas expreſſed by the Equation . F. 
ieee eee eee eee 
CHA P. VII. 


Of Geometrical Places, 


DEFINITION 60. 
534. A Geomerrical Place is a Line by which an unde- 
termined Problem is conſtructed ; and if a right 
Line be ſufficient, it's called a Place for a right Line ; 


if a Circle is to be uſed, then it's a Place for a Circle, 
and ſo on. 


DEFINITION Gt. 
585. The Ancients called the Place for right Lines and 


Circles plane ones; and ſuch as were for a Parabola, Ellipſis, 
or Hyperbola, ſolid ones. 


But they are better diſtinguiſhed by the Dimenſions to 
which the undetermined Quantities ariſe; ſo if x = 


=, then it is a Place of the firſt Order; and if y* = ax, 


or y* ="a* — , then it's of the 2d or quadratic Order; 
it 72 = a*x, Or = ax — x3, then it's of the 34 or 
cubic Order, exc. 

PRO B. 231. 


585. To conſtruct a Place for a right Line, (Tab. 7. 
Fig. 71. | 


ax 3 ax ax | 
ax 


r 2 Place is wanted ſtill for a right Line. | 
\ Let 
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Let there be a given Angle CAB, in which let AI =, 
JE = a, drawing PM, pm, &c. parallel to EI, then AP — 
x, and PM =y, and (268. Geom.) 

AI: IE:: AP: PM, (i. e.) V: :: 1K 
ax 
then ax = by, y = % 
and if EI be continued to G, fo that IG c, draw DF 
through G parallel to AB, and from A draw AD parallel 


to EI, then AP = DQ = x, QM = y, for PM = 7 


by Demon. and PQr c, therefore QU = IT: = 7. 


Let LG , GE =a, LQ or Lq= x, then QM or qm 
= _ by Demon. Let IG = c, and through I draw 
AB parallel to DF, then PQ=pq= c, and fo PM or m 


ax 
b — 

Laſtly, let AC e, AD = b. Through D draw EF 
parallel ro AC, and let DE = a, draw AL, and through 
C ler CB be parallel to AL, and if another parallel be drawn 
to EF, as MN, then AP x, PM =y, and AD: DE 


: AP: PN, (i. e.) b: 4 :: *: To but MN = AC= 


c, therefore PM = c — =, (Tab. 7. Fig. 72.) 
PRO B. 232. 

587. To find general Theorems for conſtructing all 

Equations for the Parabola. 

here are 2 Theorems to be found, in one of which y 
belongs to the Concavity, the other to the Convexity of 
the Parabola. 

Let KP and DL, and KD and QM, be parte and 
LDH any Angle whatever. Let DH , LH =r, DL 
, DKor PN =n, KA =p, and with the Pafameter t, 
let the Parabola AM be deſcribed, whoſe Axis or Diameter 
is AP. Moreover, let D = x, QM = 9, then (268. 
Geom.) DH: DL:: D: DN SPK, (. e.) 


1 * x: =, and DH: HL :: DQ: QN), 6. 0 | 


7 


1 7 :: x: 2 therefore AP PK —KA = "= | 
an 
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and PM =QM N- KD 7 1 „ and 


r* 1 aur x 11 
t 
b o, (Tab. 7. Fig. 25.) | 

And in the other caſe, where IM is parallel to DQ, and 
DI ro QM, let DH=q, LH =r, DL=s, KA=p, 
DK = PN = x, IM or Do= „QM =x, then let the 
Parabola be deſcribed with the Parameter ?, then (Fig.76.) 


DH: DL:: DQ: DN, (i. e.) 2:3: 175 

DH: HL :: DG: QN, n: e: 5 7 therefore 
AP = DN — AK = AP = = „ and PM QM 
, and ſeeing PMq==7 x AP, 


Q N —PN = x — 
then (F. 288, 419.) 


1272 7 1 
e —+ 7a — 2nx + — + ** lie) 
1 2ur y NE 
Ha —_— 2 — — — ? 20. 


Ex. Let y* — ax =0, then — 7 = ©, and ſo „o 


and S=4q, and NZ ==0, and 83 (1. e.) De Let 


then D fall in A, and Q in P, you need only deſcribe 
a Parabola with the Parameter a, for AP will be = x, 
and PM= y, (Tab. 7. Fig. 75.) 


Let y* + ay — bx + 44a =0, then 7 = 0, therefore 


H falls in L, and ſo s=q, Moreover, a= — 2, and 


— Ta== +2, and — } — b, and ſo t b. Laſt] 2 2 * 

tp a, (i. e.) 44 + bp == 445, and fo P * Ka 
point K falls in A; therefore the Parabola AM is to be 
deſcribed with the Parameter &, and on A the perpendi- 
cular AB a is to be erected; for BS being drawn pa- 
rallel to AB, and à being = 14, MS will be =, and 
BS Dx, (Tab. 7, Fig, 74. 1 
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Let) — ay — bx +cc=0, then 7 =, and q==; 


— 22 =— 4, or , and —t=—b, or rb, and 
„* + Ep ce, and p = — > — 44, and p=— 
— „therefore the Parabola AH M is to be deſcribed 
with the Parameter 6, (Fig. 74.) And becauſe KA or p 
is a negative Quantity, it's to be taken from AP, ſo that 
the Riſe of the undetermined Quantity x may be fixed in 
R or N. Laſtly, becauſe == 4a, let AD = a, and draw 


D parallel to Axis AP, then NQ = RP= x, and QM 


). 
Let x* — ay + bo, then by the 2d Theo. 1 b, 
7 
and ſo 2 2. Moreover, 2 So, and —t=— a, or 


| bb 
1 4, !p= bb, or ap = bb, and þ = = 3 ſo the Para- 
bola is conſtructed with the Parameter a, and having made 
3 
AK = Fa. then KP = x, PM= y, 


axy az & * 27 


S cas . c—_ — — — —_— 
a is y a 
2 _— x 7 J 28 = 0. — 7 = —C, 7 —— 5b * = = e = 
c 2bc 


- a” 2% ＋ tp =0, p=0, 
Let then the Parabola AH M be conſtructed with the 


2bc a | 
Parameter — 3; and having made AO == 26, and RO at 


right Angles to AP =a, draw the Line AT, and TM will 
be parallel to OR , AT= x. 
Moreover, that the Lines or Places are right conſtructed 
will appear, if having taken the feveral Values, determined 
by the Rule, you ſeek an Equation for the Curve, it will 
be found the ſame with that propoſed ; for if in the laſt 


2bc 


Example AO be = 26, RO D a, the Parameter = © 


AT x, TM— y, ſeeing AO: AR :: AT: AP, 29: 5 


ore 2besx | 
: ** then Xx AP Z ==cx, and becauſe AO: 


OR :: AT: TP, 04 x: 25 then PM =TM— 
TP 


Ch. 7. of Geometrical Places. 285 


TP=y _— and ſo PM =y* — + Ir, where- 


ax 4 ax 2722 
fore) — 72 + Ir , and fo y* — — 
ex o, Which is the Equation propoſed to be con- 
ſtructed. 

PR OB. 233. 
588. To find a general Theorem for conſtructing all 
ſolid Places for the Ellipſis. 
Let there be an Ellipſis AMB deſcribed about the Dia- 
meter AB, and let KD and LH be parallel to the Semi- 
ordinate PM, and DL parallel to the Diameter AB. Let 


=» DH: DL :: DQ: DN, 227 :: x J, wherefore 
CP DUN KC= Ee » and PM = QM— QN — 
PN =y — 5 — #, (Tab. 7. Fig. 78.) 

Now from the nature of the Ellipſis, (S. 420.) f: 2m :: 


2 SY 
PM : AP x PB, but Mg = — — + == —an 
2mrx 


Tx + .*, AP'= m + 7 — p:. and PB = m — — 


i 29 
+, and fo APx PB = m* —p* + f — => ,and 
2rxy * x* 27rx 


therefore (§. 420.) — ww rocks pb4 — 2ny + + 


m — tp* at tian 
— — zr 27 whence we have 
at laſt | 
27x 1 3 
* 18 an,, 
= 0s 
£5*x* 2tpsx tm? 72 : 
* 2mq* 224 A2 2m 
n aac | 
Ex. Let y* + 7, — FJ” ©, becauſe xy, I, x are 


; 1 
not in the Equation, then F enn 
hence 


* 
1. 
4 4 
o 
* 
1 
1 
- 2 
1 
0 — 
Ls i 
/ , 
40 
| 
TE 
{ 
T4 
£ 


| 
1 
; 
yl 
Y 
4 


2 — Ka 
Fond - 


-- 


«© = © * 8 To dS 


= 
- 


4 — 
2 —— 


2 nc. L. = _ 


- — 
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hence f: zm: : c: b, (i. e.) - expreſſes the relation of the 


: 717 aac 
Parameter to the 5 Moreover, 5— = — — 


(i. e.) by putting for = its Value found before — — , they 


nic aac 


„ ſo m* aa, hence the Semi- diameter m. 


22 


Now becauſe 29 21 :: e then f== 7; » therefore let 


the Ellipſis AMB be conſtructed with the Parameter o 
and the Axe 24, CP will be x, and PM. 


cx? cdx aac 
Let y* + „ becauſe here are 


not xy and ), then 7 =0, „ o, and ſo 5=9, Where- 


t Cc 6 0 , 
fore _ = and ſo the Ratio of the an to the 


b 


Parameter is => . Likewiſe * = „(i. e.) becauſe 


8 „„ 4 1 a 
aac 


== = (i. e.) becauſe t: 2m :: c b, m*— p aa, or 


5 14d, ſo the Semi- diameter is 4/ aa CA. If 
then an 12 be deſcribed with the Semi- diameter 


Va + za, and the Parameter = we COLE 2 and KC 


6 
==; then KP = x, PM = y. 
dx y bx* 4 


Let y* 3 . then = = f. and ſo 
r 4 2 46 * a* 
= Moreover 7 ＋ 227 = =, (i. e.) 47 + 
286 * b 7 52 — 
27 7 r conſequently — = 21 — finally 
; 7 2 
2=0, p=0, and — — = — aa, conſequently mm = 
42852 a*c5> 
47” — cd 2 AN 757 =" 7 
of 


2 
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. * 21 
of the given Ratio of — , the Parameter 2 is found; 


wherefore if an Ellipſis be conſtructed with the Parameter 
t, and the Diameter 2», and CF made = 25, DF = 4, 
a right Line CQ from C through F being drawn, meet- 
ing PM continued in 2 QM y, 6 = x. 

That the place is right conſtructed, may be ſhown the 
fame way as in the Parabola. 


For CF: DF:: CQ: OP, f: d:: &: =, wherefore 


d : 
PM=—— » conſequently PMq = y* — = _ + . 
5 


Moreover, CF : CD :: CQ: CP, 27: :: x: 7 
wherefore AP = == +. 77 and PB = 
rr. 2, conſequently AP x PB = << 
yon TRE ͤ 2 
— 7 » and fo —X AP x PR e e 
— bx? 
r X4bf *—ca*— af 57 = 2 — 1 | 
10 „then as in Ellipſis — * APx PBS PMA, (S. 420.) 


dy,  d*x* bx de x* dey 
1 ä — F > therefore y* * 7 
+ _— 8? 20, 


CoRoL. 

589. Seeing in the Ellipſis b: a :: y* : ax — K, (5. 
420.) if b a, (i. e.) if the Parameter be = the Diame- 
ter, then y* = ax — x*, or y* —ax + x* =o, which is 
an Equation for a Circle, (§. 377.) and ſo the local Equa- 
tion for an Ellipſis degenerates into that which is for a 
Circle, if t be put == 2m, and the Angle at P right, then 


3 z2vrx | 
Lm oe 0 T7 en, 
, =0 
$2305: 2þ5%X m 


. 
Moreover, ſeeing it's at laſt found from comparing the 
propoſed Form with the general one, whether 7 = * 
t 


D 


- i 


— — 


- 2 
— — 


- -- 
P 


A 


* 
© 
1 
1 
$4 
4] 
| 


— 
— — 


2 — by 


\ — 


— — 
8 4 


— <—+—— We 
af ©” —-— 
POE Toon 
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9 — 


288 Algebra, treating Part 1. SeQ, 2. 


the ſame Form will ſuffice for conſtructing Places for the 
Ellipfis, as for the Circle. 


x. Let us ſuppoſe y* + x* — by — cx = 0, becauſe 
PORE 
xy is wanting 7 will be = o, and fo 4, wherefore 


— = 15 (i. e.) f am, ſo it's a plain Place for the Circle. 


Moreover, — 2 = — b, or n= 


2th 
— — =, or 2p=c for = 2m 


2m 
a | P = xc 
Laſtly, * — m +p*=0 
* + p* m“, i. e. 46* + 4e = mm? 
m = 5 **. 

Wherefore having drawn a right Line AB, and in it 
taken CN = GD = 36, and if GN = CD be perpendi- 
cular to AB = 4c, and a Circle be deſcribed from the Cen- 
ter C, with the Radius CG, then GR = NP = x, and 
RM y, (Tab. 7. Fig. 73.) . 

For ſeeing CG = CDq + GDꝗ, then CGq = 
y 4b* + 4$c*, and PR being = GN = gc, PM is =y 
3 x5 and ſo PM — y* m_ 6 o+-Icc, Likewiſe CP = 
PN — NC==x — , and fo CPq= x*— bx + 47, 
wherefore ſeeing CPq + PM = CMg, then y* — ey + 
ac ＋ x* — bx J-$6* =56* LZ, and fo y* + X 
cy bx So, which is a local Equation propoſed for the 
Conſtruction. 


PRO B. 234. 

590. To find a general Theorem for canſtructing all 
Places for the Hvperbola, deſcribed about the Diameter, 
(Tab. 8. Fig. 80) 

Let the Hyperbola be deſcribed with the tranſverſe Dia- 
meter AB== 2, with the Parameter t, whoſe Center is C, 
and having drawn KD and LH parallel ro QM, and DL 
to PB. Let KD PNA, KC=p, 2 LH= 
„ DL =s, D x, QM=y, then KP = DN, and 


9 | 
DH : HL :: DQ: QN 
"WH BAG E: = 

DH: DL:: ba : DN- 


2511 K > wherefore CP DN KC 
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S* 


23 and PM 8 QN — —PN—y — —, 
q [Py 

Now by ($- 459.) * : ee + 7&6 PB, but PMg 

IX — 

=p — + 7 L . a, and AP x 

7p = CP—CAxCPFCR=CPg cus, 

— — ps. 

21pix 1 im 2 K* 

2 ＋ 25 2 N 2 4 + 


zurx = + *, ſo the general Equation for conſtructing any 


wo” £6. 3 


When # ay to be equal am, the Hyperbola is equi- 
lateral, (§. 50.) 
The fame Form comes out if 2 Hyperbola be referred 


to the conjugate Diameter, only — hath a negative Sigu. 


E aac 


Example, Let) — - + 75” =0, ſeeing xy, y, and 


x x are not in the Equation, then 7 =0, #==0, PS, s 


=9, and ſo = =— > and ſo the Ratio of the Pa- 


c 
rameter t to the Diameter 2 = = » , Moreover tm? : 


zm :: aac  b, (i. e.) becauſe 1: am:: c: b, * = ag, 
ſo the Diameter of the Hyperbola is 24, E the Dia- 
meter may be found by hy Ratio it hath to the Parameter 
given; therefore if the Hyperbola AML be conſtructed 
with the Diameter and Parameter given, CP will be =x, 
and PM ), for AC CB 2, and fo BPS a + x, 
and AP = x — @, r AP x PBS — ab, 


wherefore e 2 110 7 — &*, ($459) then y* ww 
CX c 
= + e, (Tab. 8. Fig.79.) 


2 — = L 
1 ma 4.4 . - 
_— 2 — 7 8 ow % . - a 1 _ CO” * — 
. 9 - 2 N = 
> 45 A - 4 » — w-- a 1 
— — —— — — g ' — 7. np —— 2 
* bed Po 
S anus 2 I — I 


— — 4 = 1 — F 4 23 
— ge DE 2 - — 
_ 4 2 = — a * * — 2 


- + -- * m 
— —_— —_— 


* 
— 


— — 
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„ 2 


La y*— 3 * w f = 0, becauſe there is here 


wanted xy, y, and a wholly known Quantity, then © 


So, #= o, ander being = o, DL coincides with DY, 
s = 4, wherefore — ?:2m:: —c: 6, (i, e.) the Ratio 
of the Parameter t, to the Diameter 2m, is as : b. 
Moreover 2tp : 2m :: ac : b, (i. e.) (: being: :: c: b) 
2p = or p= 44. Laſtly, becauſe the laſt Term is 
f 2 152 

wanting #* 255 — , =0, or m*==p" = 4a, and ſo 
m= 2a, (Fig. $0.) | 

And becauſe the Parameter is given, viz. 75 » becauſe 
of the Ratio of the Diameter to the Parimeter, the 
Hyperbola AML. being conſtructed, PB will = x, and 
PM == y, as before, (Fig. 79.) 

Let y* — x* + by — ax = 0, becauſe xy is wanted, 

| — | 

— = 0, and ſo 5= 7, wherefore — t, (i, e.) 1 
2m, ſo it ſerves for conſtructing an equilateral Hyperbola, 
(F. 505.) 


Moreover, — zu b 2tþ 


n= —Iþ. 2B G4 
2þ =——@4, and t being = 2m 
p=— 44 
tom? 2 
Pl —  ——— — 
2M 2.114 


m p — , i. e. m* = 44a — 4b 


Leet then the equilateral Hyperbola be conſtructed with 
the Diameter 2% 44 — 465, and let CR = 1a, KR = 
GP SDAb, then KG RP, GM=y, for PB CB 
+ CR + RP = VUA —46* +32 + x, and AP AR 

RP = CR CA＋- RPS Z- Vl —4b*+x, fo 
Fr x PB = ax + —T 12. Hy PM = GM + 
GP = + Ab, and fo PMA + by+ 36*; and ſeeing 
PMq == AP x PB, ($. 567.) then) ＋ by +3b> = ax + 
** ＋ 3h*, and fo y* + by = ax + x, conſequently * 
— x* + by — ax o, (Tab. 8. Fig. 79.) 


Let 
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Let * — x* —.by + ax = o, becauſe xy is wanted, 
7 8 
— o, and ſo r =0, and 2 , wherefore —— = 1, 


or £ = am, ſo it ſerves for an equilateral Hyper- 
bola. 


— 2 =—b 2þ = 4 n* Jam* —p*= 0 
= b p = x4 n 
N — . 
m SVA — 2. 


Let an equilateral ral Hyperbola be conſtructed with the 
Diameter 24/4a* ; and having made CF from the 
Center C== a, and Fl perpendicular to P Ab, and 
HN drawn parallel to FP, and NM, to FH, then HN 
=x, and NM y, for PB = FP — BF = « — ta + 
a — 2 AP =FP — —FAx—1a—y 7 4” — 475 
and fo AP x PB =x* — ax ＋ 462. Moreover, PM = 
MN — PN =y — 56, and fo PMg — Y:=by+; 4 and 
ſeeing PMq = AP Xx PB, (S. 507.) hes y* — by +2 12 — 
Rð * —ax 4b, and ſo) — * —by aX o, (Fig. 79.) 

PRO B. 235. 

591. To find a general Theorem for conſtructing all 
the ſolid Places for the Hyperbola, within the Ahh mptotes, 
(Tab. 8. Fig. 81.) 

Let SA * AR be Aſymprotes of the Hyperbola MI, 
draw DL parallel to one of them AR, and to it join the 
Line DH at any Angle, and let KD, QM, IR, LH be 
parallel to the other Alymptote SA, and let KD == PN = 
1, KA =p, DH = 94, LH =r, PN DQ==sx, QM 
=y, RI=m, AR == DL =s, then 

DH: HL,:: DQ: ON 


TEE 

DH: DL: Db. DN 
Its 3 8 

7 22 * it's 


' Therefore AP= : DN - — - AK=" 72 — P. "and PM = 2 
= N -NQ=) = pr 2 i wherefore AR * RI 


= AP x PM, (N K | n 412 
N r“ s . = 
m N =. — p = ok ＋ pn 


* x? meg 
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meg =p — — pay — mx rx + pnq 

1x* y x 
mg a= ay = > : — wx ＋ + 3 
= —— — ee 


and if ho Value of x be made = QM, another Rule will 
be found, (Tab. 8. Fig. $2.) 

If IM be an Hyperbola, whoſe Aſymptotes are AR and 
AS, let DT, HL, QM be parallel to the Aſymptote AS, 
and DL to the other KR, and DH to TM. Let AK = 


DH : DL :: Do: DN 
SY 

aun 

DH : HL :: DQ: N 
. — 


174 
therefore AP = DN — AK = 7 2 >? and PM =QM 


— QN—NP=*— N , and ARXRI=AP x PM 


. 
(8. 50a.) Ms = 1 7 7 px + q + Pu, 


77 * 
and as before xy — . 4. 2. 4.99 — ny — 


q == 0. | | 
7 54 
Ex. Let 724252 So, then = So, and 


c 
2 — 
5 


2 


r 


=0, and 2 =, and L falling in H — 
fd 


q being = , p =— > . Moreover 


becauſe x is here wanting, and r being o, o. Laſtly, 

ug: e:: —abd: c but A = 0, therefore wq= 

ws = 25 , wherefore if == 2 „ then . d. Let 
6 1 LES 

then AR== > , and IR = A, and the Hyperbola being 

PE > conſtructed 
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conſtructed within the Aſymptotes OA = 25 „ and OP 


=, PM yy for Ap . E, and fo APx PM 


24 . and ſeeing AR x RI = =, then xy + = 


bd 
= f 224, (Fig. 180 


* 
Let xy — 9 =0, then — 72 60 
2 =— c then 7 __ ſeeing 


x is wanting in the Equation E. o, or = Eng (ie. 


b, q= a, and — 


N 


== #. Laſtly, becauſe the laſt Term is likewiſe wanting 


2 om =0, or — = 4; Or = —= M, (i. fe) 5 


m. The Values of AK, KD, DH, HL, ns RI, 5 
Conſtruction is eaſy, for AK = = » KD = — „DH, 


| 572 
HL =, DL AR = 8, RI= , Dq =, QM 


44 
sb* 


=. Theſe being laid down AR x RI = . More- 
over, (268. goa” 
DH 7 20 DN 


22112 * 2 - , and ſeeing KA= = then AP 


= 
* — e 


— 9 5 Likewiſe 
DH: LH n. QN 
42522 * = » Wherefore ſeeing KD PN 


| y—b 
, and O y, then e „and we have 


cx y ey bx* bse* | 
allo AP x PM= — 2 — 72 , be- 


Pl 4 


cauſe AR x RI Ap x Phil, then = — 2 — 227 
| W - ff 
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b 2 5672 2 
+ 5 = = , whence: it's found xy —- < /— 7 


SCHOLIUM. ELD 

592. We ſhall adduce ſome Ex:mples of undetermined 

Problems, that the Uſe of this Doctrine may appear; 

but firſt, we ſhall give ſome Marks, by which we may 

i know with which of the foregoing Forms the Equation to 

j be conſtrued is to be compared. There may be two 

| Caſes, either there is found in the propofed Equation xy, 

or leſs. If in the firſt Caſe, there be none of the unde- 
termined Squares or one, it's a Place for an Hyperbola 
within the Aſymptotes. If the Squares of the undeter- 

' mined Quantities x* and)? have different Signs, the Place 
is a Hyperbola deſcribed about the Diameter. If the ſame 
Squares have the ſame Signs, and half the Cocfficient of 
xy equal to the Root of the Coefficient of the Square x2, 
the Place is a Parzbola ; if leſs, an Hyperbola ; if greater, 
an Ellipſis. In the 24 Caſe, if there be only one of the 

undetermined Squores, the Place is a Parabola; if both 
are affected with the {fame Sign, it's an Ellipſis or a Circle; 

4 if wi h different Signs, an Hyperbola. In the laſt Caſe, 

[ the Hyperboia is equilateral, and in the laſt but one, a 

; Circle, if the Term * be free from a Fraction, which 

\ are al manifeſt from a narrow Inſpection into the general 

i Forms compared among themſelves. If che Value of any 

* Quantity come out negative, by the general Rule, the Quan- 
ti y is to be taken from the oppoſite Part, as we did in the 

1 propoſed Examples. 7 

| PROB. 236. 3 

it 593. To conſtruct a Rhomboides, ſo that the Rectan - 

F gle of the Sides may be equal to à given Square. 

5 Let the given Square be 4, and the Sides of the Rhom- 
bus x and , then by the Problem xy = ax, ſo an 98 
perbola is to be made within the Aſympotes CG and CR, 
the Power. of which AI may Sa, then CQ will be one 
of the. Sides of the Rhomboides, and QM the other, (5. 
488. Tab. 4. Fig. 51.) e 

nen. 23%; | 
594. To conſtruct a Square that may equal a Rect- 
angle, whoſe Sides differ by a given Line. e 

Let the given Line , and one Side x,” the other, * 

e then y* ="bx—+ Which is a Place for an equi- 
lateral Hyperbola, whoſe Parameter = 6, (d. 505.) Thi 

2 18 


ff 


Ch.7.. . & Geometrical Places, 29 5 
This is alſo deduced from the generd Form, for y* — 


x* — bx being = then by (Y. 590. 7 7 =0, and r =0, 
1=% f == 0, and 2» o, an Sr Wai; * = 0, 
„ t 
and — mg — (4. e.) becauſe 2˙ = 5? > l, 
or 8 = 2m, whence it appears that it's a Place for an 
equilateral Hyperbola. Moreover — = — b, (i. e.) be- 
cauſe : 2m, and 2, 2þ -, whence p =— 2. 
Im 7 
Laſtly — — 2 = == 0, becauſe there is no Quantity 
in the Form that is wholly known, (i. e.) * — p* =o, 
or m = p* bb, whence. m b. The Conſtruction 


from the general Form is eaſily made thus ; for the tranſ- 
verſe Diameter AB= am, pur b, becauſe KC = 3b, 
the point K will fall in the contrary part in A, being in 


this caſe equal to the Semi-diamerer, whence the Riſe of 


the undetermined Quantity x Will be in A; for becauſe 


DK =PN =o, D falls in K, and in our caſe in A, and 
becauſe HL e, the 11 H and L coincide, and 10 the 
points Q and N, and PN being = o, the points N and P, 
and ſo Q and P alſo coincide, * ſo the Riſe of the m- 
determin'd y, is in P. 


For BP =6 + x, and ſo AP x Ae „and ſce- 
ing PMq , then y* == bx + x* 
PRO. 238. 
595. To conſtruct a Triangle on à given Line AB, ſo 


that the Squares of the Sides AC and CB may have a 
given Ratio, (Tab. 8. Fig. 83.) 


Ll DB = x 
Let the Ratio „ DC) 
AB 2 4 „ 
ACA = þpat— 24x Cx: „ and CBqz= x* Þ+ "> then 
Y* + a> — 2ax + K* 
by the Problem 7 = — N 2 SS 
bx* ＋ by =p? ＋ 2*c — 2acx o+ cx* 
2 Uh + bx*— cx TN 24x — 4 
ah 26 7 ’ã ; af*c * 
8 rt. F 
This Equation is to · be 3 with the general Equa- 
tion of Places for the way T's becauſe *) is oye and 


1 | 4 1 
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* and x* have the ſame Sign, (F. 592.) ſo it's foun 
§. 588.) 
ar 1 * be aur 
712 - 2 7 = 2 „ 5 
Hence Ko og 3 
f=0, and 4. 2M — I, (i. e.) f 2m 
| | $5 ſeeing the Diameter am is equal the Parameter, the 
. lace propoſed to be conſtructed is the Circle. 
6 Moreover | 
| =. . 3 26 
| 7 2 „ 2m 2m MAD ms 
ik — 2 anc 
j (i. e.) 25 = Sand p* —m — — _ 
| — ac a*c 
p py BO gone ne 
a*c* ' bc Ae . a c Þ a*be — 4 * 
2 ＋z—. , (i. 6) — — = m* 
a*bc 
FF == an 
| ay be 
N b YE my n 
q Þ the Radius of the Circle is = on if then AL = 
N — and a Circle, as ECE, be deſcribed with the Ra- 
| ay be 


dius CL = -— , then AD=x, DC); for putting 


NY AL ==, for brevity's fake, and LF n, then DL = p 
—x, ED=m—p+x, and DF =m+p — x, then be- 
it cauſe ED x DF = DC, m* — p* 2px - , and 


g Arn = = 0, (i. e.) by ſubſtituring the 
4 Value of p and p* — m, y* + * + R_ — = 
i$ PRoB. 239. | 

|. 596. To cut 2 right Lines in E and F, fo that AE x 
| | EB may = CF x FD, (Tab. 8. Fig. 84.) 

if Let ag AE AE 

. n CF= y 

then EB = 


FD==b—y 
WTR id - herefore 
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Wherefore ax — xXx == by . 
8 ** 9 * 
This Equation is to be compared with an Equation for 
the Place for an Hyperbola. a 


m = fn = 14a —76b*, and = A4 — bb, 
becauſe 2 == 2m, (i. e.) the Parameter is equal to the Dia- 
meter, the Hyperbola is equilateral, (F. 505.) to be con- 
ſtructed with a Diameter = 2444 — 56?, draw HN 
parallel to the determined Diameter, and FH to MN, ſo 
that FH may =PN = 4b, and CF a, then HN = x, 
and MN = y for CPS x —4s, PM =y — 3b, and AC 
=-, wherefore becauſe AP x PB = CPg AC 
— PM, then x* — ax aa — 44a + x9b = y* 2 by 
+5 x*— ax = y*— by, and) — & — by + ax =0, 
(Tab. 8. 


Fig. 79. 
PRO B. 240. 

597. Let a Semicircle ANB be deſcribed on AB, and 
another lefſer ERD, and from N let a Perpendicular fall 
on AB, as PN; and drawing the Radius CN, another 
perpendicular, as RM; to determine the Places in which all 
the Points, as M, will be ſo derermined, (Tab. 8. Fig.$5.) 

Let AB a, ED=4, AP=x, PM=y, then PB 
=a—x, PNS Xx -x , (F. 377.) PC= $a —x 
NR = 54 — 4d, then (268. es Fi NP:: NR: 
- — „ Wherefore PM 
av — dy av—av +dv av 


= y* == . Hence we have a*y* = d' Xx ax — K, 
dy ſubſtituting the Value of v, the Analogy will be y* : 
ax - :; di: 4, (i. e.) PMg:PAXPB :: CF: AC, 

3 | Whence 
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whence it appears, that the Places of the Points are an 
Ellipſis whoſe conjugate Axis are AB and BD, (5. 430) 
3 SchoLITIUMu. | 
598. So it appears, that the Curves proper. for Vaults 
are an Ellipſis, as Serlius in his Architecture, lib. 1. C. i. 


— * 


CoRoL.. $150 


0 ies —_ 
599. Becauſe PN = Is PM == . » then PN: PM 


io . iv 4: © 06 
os 22 — I. C. 14% „% 8 
3 42 2 ( 8 4) +dv id | Cr "FA. 


PRoB. 241. 1 

600. Let a Semicircle, as HGL, be deſcribed on HI, 
Let a right Line, as AB, be divided in C, and the Perpen. 
dicular erected on CF; and having raiſed the Perpendi- 
cular LN, let DC: AC :: HL : AP, and on P raiſe the 
Perpendicular PM = NL, to determine the Places in 
which 83 the Points M are found, the ſame way, (Tab. 8. 
Fig. 86. PR 211 | 

Let HF = DCS GF d, AC=a, Apex, PM 
y, then by Hyp. AC: DC:: AP: L: (i. e.) 4: d:: 4: 
ax 2ad — dx 


a 2 „ Wherefore LI 2d — = = Hence 


2addx — dix Ne n 
LNg= 77 — >» ($-.367.). and we have by Sup- 
855 4 2 add — d*x* -— bug Bb. 
poſition y = 1 ſo *: a2 — KM:: &: 


52, ſo the Places ſought make an Ellipſis, whoſe + conju- 
gate Axis are AC and CD, (F. 430.) & 
ScHOLIUM. in 
Gor. Hence it appears, that the Curve which Albertus, 
Duretus, and Daniel Hartmanus think proper for making 
Vaults, is an Apollonian Ellipſis. wy 
8 PRO B. 242. 81 
602. To cut DB fo in P, and to find another Line y, 
ſo that the Rectangle of y into the given Line CA may 
equal that of the Segments of che Parts DP and PB, (Tab. 
3. Fig. 87. | E 
Let RO AC b, DP = Xz then- PB a= 4 — X, 
and by the Problem ax & = by, and x — ax + by ==0, 
{o it's a Place for a Parabola, (F. 592.) which if you com- 
pare with the local Equation found for the Parabola, it 
will be (§. 587.) 5 % 1 
1 . _— 
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— 27 ; 1 $ 975 Y 
7. S 7 — 55 * Io, 54a —bp=0 
8 a I'=—þ 8 2 * 
q=s { * br and . =p, 
ſo the Parameter is — b. Therefore a Parabola is to be 
deſcribed downwards, as AMB, with the Parameter 6, 
and the other Side AD, or which is the ſame, deſcribe a 
Parabola about the Axis AK, ($.,393.) and in it let AK — 
_ „then KB = 4s, (F. 388.) = DB, and ſo DB is 
the Line propoſed to be cut, and drawing PM parallel to 
AK, PB Dx, PM== py, for KP=RM 424 — Xz and AR 
= 275 — 5, wherefore (F. 388.) 44 — ax + x = 4 
— by, and fo x —ax + by =0. | 
| PRO B. 243. | 

603. To cut MN into 3 parts in continued proportion, 
(Tab. 8. Fig. 88.) | 
Let MN D a, the firſt part = x, the ad =y, the 3d = 


- „and by the Prob. x + y + = Da, and x* + xy 


+ yy = ax, Tex ax az ſeeing it's an Equa- 
tion for a Circle, (F. 59 2) irs to be compare with the ge- 
neral Form for a Circle. | 


X 27 . 7 | bf 3 - 


7 * 23 = 0 

pe” "Bom aur 

7 > OE ho Hence xn 0 
1 — — 

1 +s* = 25 


a 
V 3 ” 

Deſcribe a Semi- circle with Radius AC = „and 
the Value of 7 being negative, let HL : AL £9 NIC 
and therefore the Triangle is to be conſtructed in a con- 
trary way, and the right Angle muſt be at L, which by 
the general Form is to be at H, for ſo there comes our 
LR 


m =n T =p, and m=p= 
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Vz by the Rule of Pytbagorat. Draw likewi 
Line Afi R, if then PM be raiſed perpendicular dee 
Cand B, then AQ==x, QM=y, for AH: HL :: AQ: 
, (i. e.] 2:1 :: x fx, whence PM= y + Ax, and 
PMg = y* + xy A=, (Tab. 8. Fig. 88. 
oreover (268, Geom.) AH : AL :: AG: AP 
25v33:%x: — » Whence PB = AB — Ap > 
RX —_— "I, and AP x PB = ax — * „ and ſa (F. 
377. S ax — z, and y* + xy þ K — 
ax =0. 
SCHOLIUM. | 
604. The ſame way may local Equations be found, for 
Curves of the higher kind for conſtructing Superſolid 
Places. General Forms were firſt made by Mr. John Craig, 
in his Treatiſe of ſquaring Curvilineal Figures, p. 62. and 
Hoſpital did afterwards ſhow their Uſe more fully in his 
Treatife of Conics. 35 75 


sees ness 


CHAP. VIII. 
Of the Conſtruction of the higher Equations. 


PROB. 244. 5 
605. O conſtruct any Equation geometrically. 
1. Let there be brought into the given Equa- 

tion a new undetermined one. And, 1 

2. Let the Equation be hereby changed into other local 
Equations for different Curves, in which there may be 
two undetermined ones. 

2. Let there be two local Equations conſtructed, their 
common Interſection will determine the Roots. 

| SCHOLIUM.. | | 

606. This true Art of conſtructing Equations was firſt 
communicated by Renatus Franciſcus Slufius, a Prebend of 
Liege, whom others that treated thereof tollowed ; and that 
we may underſtand his Method, we ſhall explain it by Ex- 
amples, firſt of cubic, and then of biquadratic Equations; 
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l. 

1e . . . 2 
becauſe what we have delivered in the preceding Chapter is 

8 hficient for conſtructing them. * 

4 PRO B. 245. 


607. To conſtruct the cubic Equation y? ＋ aby =aac. 

This Equation y X y* + «>= aac may be reſolved into 
this Analogy 2: :: ab: ac. To bring a new un- 
determined one into the Equation, and thereby tq bring 
local Equations for different Curves. a2 Yi: : x, 
then ax = , and x == . Moreover y : x :* T. 


4b: ac, (52 Arith.) or as ax ab: ac, or as x+b: c, 


624) | 
r II. x* + r cy then, III. ax -* —bx = y* — ey 
| ax = y* ax = | 
, ** + bu =cy & ＋ bx =cy 
| ax = 


2 ho frm o7 * F 
2 by 
* ＋ T=9 


ax* ac 
v. T == 


2 
ys + aby = aac, and _ o+by=ac, and ſubſt. azfory* 
VI. xy 4 by = ac, fo we have theſe local Equations. | 


1. — 4 =0 

2. x ＋ bx o 

3. }* + x* — oy + bs =6& 

— ax 

7 TE. 
WV PERS. 

.* + — e. 

6. xy + by — ac =0 


The firſt and ad place are for the Parabola, the 3d for 
the Circle, the 4th for an equilateral Hyperbola, the 5th 
for an Ellipſis, the 6th for an Hyperbola within the Aſymp- 
totes. | 8 

The Conſtruction may be made with any two of them; 

but it will be better to combine the Circle with one of 
the Conic Sections, not ſo much becauſe the Circle is a 
plain Place, as is commonly ſuppoſed with ate — 

5 | | Cauie 
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becauſe it's more eaſily deſcribed with the Sections of 4 
„ <5 - f c 
Let us then conſtruct the Equation with that for the 
Parabola ) — ax , and of the other for the Circle 
X — cy + bx — ax ; the firſt Place is con- 
ſtructed if a Parabola be. deſcribed with the Parameter ay 
then the Riſe of the undetermined Quantity will be'in the 
Vertex A, for AP==x, and PM =y, ( 587.) © 
And for the Circle, it will be by the general Theorem, 
(F. 589.) (Tab. 9. Fig. 89.) | 
2” Wr — 2þ =b— 4 
q » = —þ=18— 434 
Hence q . 
" bo 


72 
3 — 13 Or S S4 
n + p? == 


acc 444 cab + 4% = n. | 

If then the Semicircle AMB be deſcribed, with the Ra. 
dius AL =, and LK taken (= 4b — 1a) downward, be- 
cauſe the Value of p is negative, and KD== , and 
to AB, and QM drawn between K and A, becauſe the 
Value of p is negative, and parallel to KD, if b be 7 a, then 
(F588, 589.) the Riſe of the undetermined quantity x will be 
be in D, viz. DQ x, and QM =y, (Tab. 9. Fig, 90.) 

If now the Circle is to be combined with the Para- 
bola, the Point D muſt fall in A, and DQ. on AP, that 
the undetermined x and y may have the ſame Riſe. It then 
AK be made = , and KL = 4b — 2a, the Center of the 
Circle will be L, and the Radius LA, which if deſcribed, 
it will cut the Parabola in one Point M; I ſay, the Semi- 
ordinate of the Parabola PM is the true Root of the Equa- 
tion, the other 2 being but imaginary; for AK =PR = 
1c, KL=43b— £4, and fo LA y/ tbb —31ab+LaabkLc, 
Which is the Radius of the Circle by the Peragct 6: 
above, and it PM = „ and MR _ Ac, and AP — 


KR= ( 391.) and fo LR== þ 3h 24,” and 


a 


becauſe LMa or Ro" LRg + MRZ, £26* — 440 + 243 
y+ br Gar ws 13 
A % te TH = ac 


5 


ch. 8. Conſtruction of Equations, ' 303 


2 as Ss 56 2 Dann. 
2 N % 

0 5 ye 

e y? aby — aac =0 


If a 7 b, then p 2 — 20, therefore ſeeing the Value 
of p is poſitive, the Point K will fall beyond the Center L. 
towards B, and KL 2442 — 45, KD = Tc, 48 before, and 
likewiſe the reſt, and the Center L will fall below AK, 
(Fig. 90, 89.) | 

E us likewiſe conſtruct the ſame Equation by com- 
bining the Circle with the Ellipſis, for the Place for an 

5 5 ax* acy Ne..." of EAA - a 
Elips is * + — =, then F. 25 


Hence r =0, (8. 588.) 222 , and q=s 


4.6* = 7 ＋τ — 
== 


So the Ratio of the Parameter t, to the Diameter am, is 
as a to b. The Ellipſis is to be deſcribed with a Diameter, 


as AB = 8 and a Parameter , and a Perpendicular 


CF== to be erected on the Center c, and having 
drawn FQ parallel to AC, and QM to CF, then FQ= x, 
QM = y, the Riſe of the undetermined being in F, fo 
the Circle is to be combined with the Ellipſis, that the 
Point D may fall in F, and DK on FC, (I. e.) let FC 


= be continued to K till FK be = 3c, (for b 7 a, and 


r ee 


— 


ſo be 7. ac, and c 7 - „and on K raiſe the Cathetus 


KL =#6 — 2a, then by the preceding, L will be the 
Center, and LF the Radius of the Circle, which will cut 
4 the Ellipſis in M, and QM is the Root of the Equation. 

2 


For let us put QMM =y, becauſe CF = PQ=>, and 


FQ=CP=x, AC= e , then PM = QM — 
4 | PQ 


- —— — — > 
— — — * 3 
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PO="Z r , B= . 
: = + , and AP x PB ns 
and by the nature of the Ellipſis, (F. 420.) 


„ „ 1 
2 197 


8 — —_ — yy, K* 2 cy == 


Moreover, KR = QF=s*, KL = —3, KF = 
QR = xc, and fo AE KI, PE — , RL 
x + — r e 

34a + xc = MLT =MRq T- RLT — & + xc 

& | bx + 3bb — ax — ab ＋ 44a, W we have 
Fes OT OR NT 
(i. e) * being = < — — | 

by* 
* +pog— 2 - + bx — ax =0 


— | 2 — 2 
2 Tee or — — x — bx 


7* y* 

and — by a—b, — = x, and 7 = xt 
4+ 572 

— = c — vc 5 and y* = aacy — aby* 

J* = aac — aby, and y* ＋ aby — aac = 0. 

Again, let us conſtruct the fame Equation by combin- 
ing the Place for an Hyperbola within the Aſymptotes xy 
＋ by — ac = 0, with a Place for the Circle y* + x* — 
cy + bx — ax =0. We have already given the Conſtruc - 


tion of the latter, and the other is made by comparing 


the propoſed Equation with the general Form for Places 
for the Hyperbota within the Aſymptotes, (5. 591.) 
LIES. þ=0,—#n==b,— mqz=— ac 


7 D, = = 0, = nc, 1712.4. 
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Join RI to RA, and the indefinite AS at right 
Angles, which will be Aſymptotes of an equilateral Hy- 
perbola to be deſcribed through the Point I, (F. 489.) Let 
AD b, becauſe the Value of b is negative, then DT = 
NM TM =y. If then the Circle is to be com- 
bined with the Hyperbola, the Point D muſt fall in D, 
and DQ on DT, (i. e.) let DK = 5c be transferred from 
D to K, and KL = 4 — 44 from K to L, and let the 
Circle be deſcribed with the Radius DL, and let the per- 
pendicular TM be let fall from the Point of Interſection 
of the Circle and Hyperbola M; I ſay, that will be the 
Root of the Equation, (Tab. 9. Fig. 92, 90.) 

For becauſe AR 2, Rl c, AD=PN=6b, NM 
DT x, TMS AP == y, then AT = PM Tx, 


xy Sac, and fo x = = — b. Moreover Kr NM 


x, LK =- 2, DK = Tric, therefore LR = x + 
th 14, My - 4c, and (417. Geom.) LMq being 
Lr* + Mg, then K* + bx + $bb—ax — 4b ＋ 14 + 
„* - + $f fa — 4a + $bb+ Fe, (i.e.) 


*-- = 4X — x* — bx, or 2 4  —xX—0OXX* 


* — 


A g 8 6 abc 
73 (4. e.) y? = — ab +D 
1*— £93 = a*cy — 4 — aby* + abcy © 
bs = 4c — aby 
Y* + aby — a*c = 06. 

SCHOLIUM. 

608. Some may wonder we ſhould conſtruct an Equa- 
tion with ſo much labour, when it may be eaſily done by 
Carteſiuss Method with a Circle and Parabola ; but [ 
would have them remember, that the Geometrical Con- 
ſtruction of Equations is but of little uſe in practice, ſee- 
ing the Roots may be as well extracted by Approxi- 
mation; yet they ſerve to exerciſe the Genius, and to 
ſhow whence Solutions flow, wherefore ſuch Methods 
ſhould be fully treated. 

PRoB. 246. 

609. To conſtruct the cubic Equation y* — eby = aac. 

Let a new undetermin'd Quantity be introduced, as 


before. 
X The 


4 
1 
"2 
: 


* 
= „* 
— 2 -—— — — * — a — — — 
"I A — 8 — "F" Fs — 


— (' == „ 


2 — 


—h—— — = - 
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The Equation may be reduced to this Analogy, 

4: Y : Io a —&b : ac, then let 4: Y): 27 x, then 

I. ax AWE = XX, Alſo y: 1 — 4b: ac, 


— ab —b 
II. e and 2 v, 5 — „ 
III. ax — x* +bx =y* — cy, and ax being = e, and 
cy =x * — bx, then 


IV. ax — 32 . and x* — 
—L = 


V. wg 2 „and ) — aby = aa, then 2 L 
— by =ac 

VI. * — by Sac, whence we have theſe local Equation, 
I. y* —ax==0. 

I EM was. 

HL y* +x* - = b 


VI. xy —by — ac . 

The firſt and 2d place is for a Parabola, the 3d for 2 
Circle, the 4th for an equilateral ' Hyperbola, the 5 
a ſcalene Hyperbola, the 6th for an Hype rbola wi 
Aſymptotes. | 

Seeing theſe differ from the former local E 8 72 
in the Signs, the Conſtruction is much the ſame, and 
we ſhall only combine the Circle with the Parabola, Fer 
— is 72 — ax = 0, and is conſtructed as before, if a 

rabola be deſcribed with the Parameter a, then x will 
come from theVertex,viz. AP=x, PM, (Tab.g.Fig.93.) 
The Place for a Circle is y* + x* — cy — bx — ax = 
0, and by the general * (§. 589.) r Hence 

722 an =c 7 * 3 
4 


1 Ac — 4 


Ece | $bb +3 LTH Laa == m* 
y Fee oþ $bb % þiaga=m. 


Q Mw © @ WW = 
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And becauſe in the Circle, the Place from which x comes 
is diſtant from the Center by 4 + x4, and that from 
which y comes by 2c. Let AD = e 4, and the per- 
pendicular DH = xc, and with the Radius AH deſcribe a 
Circle through the Vertex A of the Parabola, then PM 
will be the true Root of the Equation QN, and 9» falſe 


ones. 
For (417. Geom.) AHq = MH = HDq + DAq = 
tas + $ab + 3b + lee, AP = , ($.391.) PD=HR 


= — 4a % MR =j 20 and becauſe (417 Geo.) 
HMq = HRq + MRZ, 4 + 36 ＋ 46 + de = 


LE e +46 SW bf —0 +b* 
y* | 'by* x $44 & u 
(te.) = = π , j*— aby* —aacy = 0, and 
* — aby —aac==0. | | 
PROB. 247. 

610. To conſtruct the cubic Equation 52 — aby = — 
a*c, Or aac = aby — y?3, | 
It may be reſglved thus 2 : y :: ab —yy 3 ac. 
Then to bring in a new undetermin'd Equation, let 
42: ::: x, then | 


| 22 
I. ax =yy, and x = 5 


Likewiſe y : x :: ab —yy : ac, (i. e.] as ab — ax: ae, 
or (F. 124.) as b— x: c. 
II. bx — x* =cy, and ax = , then 
III. ax - + a* O - 
and ax being = yy 
and cy =bx — xx, then 
IV. = — bx + x* 
* — K =cp | 
by* 22 
r then 


ax * 
* 


aac = r | 

"2 

' a * 0 0 . 
e fix are changed thus: 


X 2 | 1. 


e = by 
VI. ac . 


— 2 
* 


— 
— 
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1.5 — ax ==0 2 7 80g 

2. x* — by + cy =0 

3. y* — ** — cy + bs == 0 


— 4% 
4. }* + x* + cy—bx=0 
— 4X 
ax* acy 
„ 


6. xy —by + ac =0 | 


The firſt and ſecond are for a Parabola, the 3d for an 
equilateral Hyperbola, the 4th for a Circle, the 5th for a 
ſcalene Hyperbola, the 6th for an Hyperbola within the 
Aſymptotes. | 

Moreover, they differ from thoſe in Problem 245, 
only by the Signs, wherefore we ſhall only give the Con- 
ſtruction by the Circle and Parabola. 

The Place for the Parabola is) = ax, and ſo it's con- 
ſtructed with the Parameter a, and x comes from the 
Vertex A. 

The Equation for a Circle '2 + x? N 


o, by the general Theorem, (F. 589.) (Tab. 9. Fig. 94.) 
27 | 3 — 
7 = o — 28 = c, — 2 2 —6—2 

a Hence 1 | . 
2125 n ac rr 2 * n 


Tee | Han + Lab ＋L 4 = m* 
Vcc ＋ 4a + 24 + Ebb =m | 
Let a Semicircle be deſcribed, with the Radius AC= 
m, and having drawn FLS, with the Diſtance CL = 4c, 
parallel to AB, then SQ = x, QM =y. 
If therefore a Circle be combined with a Parabola, the 


Point S will fall on A, and SL on AD; if therefore 
AD be = +4 5b, and the Perpend. DH = 7: be erected, 


then AH = aa ＋ 24 + 40 + Tec, the Radius of the 
Circle to paſs through the Vertex, and PM the true Root 


of the Equation, for Ap = 2, (5. 391.) thence DP = 


HR = — #2 — 2b. Likewiſe MR = Tc, and be- 
cauſe HMq = MRq + HRg, 4 + 4 + $bb ＋ $cc = 
1 


- 
* 
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4 by* | 
L „ +4as 2 +46 +#b+ 3: 9 pe, 
(i. e.) F 4 | 
* APO 2 þ cy =0, and by as 


ad 4a 
y* — byya + a*cy=0 
7 — bya , = 0, 
wm CoRoL. 

612. If a Circle touch a Parabola, the 2 Interſections 
coincide, and ſo the Equation hath 2 equal Roots, if it 
neither touch nor cut it, the Roots are all impoſſible. 

7 SCHOLIUM. 

613. The Conſtruction for the Circle and Parabola, 
which we have given, coincide with thoſe of Carteſſur, 
tho* brought out another way. 

PRO B. 248. 
614. To conſtruct the cubic Equation 
5 + ay* — aby = aac. 


Let, as before, the Analogy be : y 22 ): x. 
J. ax = y* and x 2 » and ſubſtituting ax for y*, 


ax) + a*x — ay = aac, | | 
then II. xy + ax — by = ac, x by y—8@ 
xy axy — by*— axy — &*x + aby —= acy e = -e 
xy*— by* — a*x = acy — aby — a*c 
 ax*—absx — a*x = acy — aby — e ; 
III. * — bx — ax = cy — by — ac 
ax ==)* | 
IV. 24x — * þ bx = y* — cy o+ by + ac 
* — bx — 4X == Cy — by — ac 
, ax = y* 


V. x —mnx 020500 
** — — = ax + cy — by — ac 
ax? a*x ac 226 


Theſe ſix Equations being changed, and made = 0, you 


have the other fix. 
I, * — 4X =0 
2. uy hy = ac =0- 
z. ** —bx - e 
= ax + by f=0o 
X 3 


CY + cy 718 


The firſt and 3d are bs the Parabola, Fe 2d for the 
Hyperbola within the Aſymptotes, the 4th for the Circle, 
the 5th for the equilateral Hyperbola, the 6ch for the ſcalene 
Hyperbola. 

Let us conſtruct an Equation by combining the Circle 
with the Parabola. The Equation for the Parabola is Th 
— 8x So. Then deſcribe'a Parabola with the Parameter 
a, ſrom whoſe Vertex A, x may come, and for the Circle 
* + x* — cy + by — 24x — bx + ac = 0 by the ge- 
uw Theorem, will be (§. 589.) (Tab. 9. Fig. 96.) 


3 — 2 6 +6 — 25 =—28—b 


W Fe — 5 TI | p=a+z3b 
. — 2 = ok 
— ac = m* 


17 3 PR e + ab + 4b — ac = = m 
5 + a + + x0 — xc | m. 

Let LR be Joined to IL = @ at right ads being = 
to it, and cut off LH = PN Ac — 4b, then HR =a 
þ3ib—3c. Let LDS HC 386, then OR = m, the 
Radius of the Circle, which being deſcribed, will give IP 
x and PM == y, (Tab. 10. Fig. 97.) 

PD ep Ur ae x =y + 3b — Ac, and ſo NM: 
= y* þ by + 46* — oy — 2he 1. Likewiſe DP = 
IP —ID = 8 a — 22h, and fo DP = CNq=z x* — 
2ax — bx + 18 36> and 4 CRY = CM 
NM en, q) TH Rq = CHF e 4 6 


ab + 3b* —ac — Abe + ge, then y* + * — 6 
T —— bx + ac So, which is the Equativa — 
ſtruction, and fo the Circle is right conſtructed. 

If then a Circle be ae. with a Parabola, I will 
fall on A, and [P on AP, therefore let AL az; then 
LRq = aa, (F. 388.) i. e. LR= #, (Tab. 9. Fig. 96.) 
Again, let Arg NN 2 * — zb, then HR =— = 4 Þ+ 2 LY — 205 
(Tab. 10. Fg-9 97) Laſtiy, let LD HC = Ab, chen CR 
will be the Radius of the Circle to be deſcribed from C, 

AS 


by 
ne. 


a 
e 
P 


Pre 


— 


0 WW To} WF. as 
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as a Center through R, and the Semi · ordinate P the Root 

of the Equation. For PN = LH = 4c — 4b, whence 

NM =y + 3b— , and from the nature of the Parabola 


L = AP, whence DP ==CN =; ; and ſee- 
1 (417. Geom.) OMy = CRq=CNq +NMs, then 
1þ* ＋ 25 nn ras. 4 


＋ 44 — L 4 y cy — tbe 
＋ fee, 650 3 
2 emf” = þby — © þac=0 
5 — 2 — abY* + a*by— a*cy + a*c=0 
re a Te ==0, P 
SCHOLIUM. | 
615. Irs plain —_ how the other Caſes of cubic 
Equations may be conſtructed. 
PROB. 249. 
616, To conſtruct the : biquadratic Equation . 


by* + a*cy = 444. 
Then, A. let Er) % i then 
I. ax = y*, and x =L » Which being ſubſtituted 
a er te and ＋ by . 
acy 
II. y* += +7 Ru. 
and 45 6 batted; a*6y 44 
x* + bx + (y =ad 


III. ** + bx TA 


AK 


IV. 244 bs=ad—ey + * 
ax=y? 
br = a- . 
V. ax - * —bx = y* —ad +7. 
Therefore 


3 X* bx + cy — ad =0. 
4.9 eee 


X 4 yi 
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5.97 + #* ＋＋ 9 ＋ bx — al TS 


The firſt and third is for the Parabola, the 2d for the 


Ellipſis, the 4th for an equilateral Hyperbola, the 5th for . 


a Circle. 

Let us firſt combine the Circle and Parabola ax S, 
making the Paramerer = 4, then DQ = x, QM =y, 
and for the Circle * + x* + cy + bx — ax — ad=0, 
T7 the general Theorem, (5. 589) (Tab. 10. Fig. 98.) 
* ++ — 27 ec —=0—8 
7 7 #=—= P =- 

1 

„* + p* —m* — ad 

n Jp bad M* 

xc + $48 — ab- ＋ ad = m* 

Vice +34a— ab A +ad==m. 

Having erected the Perpendicular DK = QP = 2c on 
the Point D, the Value of c being negative. Let the in- 
definite right Line AB be drawn through K, and KC = 
44 — 25, then DC = Vcc + aa — a + 4, and let 
DI = 4, and continuin DC to 'H till HD be =. Let 
a Mean be found, as Df, which will be /d, and ſo LC 

ec J- Faga — {ab 3 is che Radius of a Cir- 
clo to be deſcribed on c through L, which will cut the 
Parabola in M and N, fo QM is the true TED and RN 


falſe, for PM = y +: 16 DQ= KP = „ (S. 388.) 


CP=KP —KC 2 — 2 + 20, then becauſe CL 
or MCq = PMgq + Kea Ice 4 442 — Wy ＋* 2 bb ＋ ad 


ee ee . 


6b, (i. e.) (Tab. 19 Fig. 98.) 


L + +98 d 
* + aby* ＋ aacy = ad. 
Let us combine the ſame ns” wn the Klip, which 


a* 


the Equation above defines y* ＋ 2 — + — — 75 = 0 
by the general Theorem, ($. 588.) 


* 
— 


ne O% 
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Let a place for a Circle be conſtructed as before, that 
DK may =4:, KC= 4a — 3b, DIl =a, DH =4, and 
ſo (327. Geometry) DL = Vad, and fo LC = 

Ice PEI — Lab +3b* +24, (Tab. 10. Fig. 99. 
Vie ſeeing the Riſe F the undetermined x ! in d, 
and the Value of » negative, and p==0, from DK cut off 


DG = = draw through G, AB parallel to DQ and KP, 


and let AG —= BG = ESE 2 then about AB de- 


ſcribe an Ellipſis AMB, in which Axis is to the Parameter, 
as b : a; I fay QM is the true Root of the Equation, for 
GR DQ = x, MR = MQ +QR=MQ+ DG=z + 
255 and the Ratio of the Diameter to the Parameter 


„AGS — » Wherefore from the nature of 


a 


x* 4 — L-— gy. | 


Moreover PM = MQ 4+- QP = MQ ++ DK = y 
420% and CP=KP—KC=DQ — CK =x — La + 46, * 
5 22 = . == PMA +- PC9q, dc + tas I 

* + ad=y* + cy + Ec b — ax + Lag + bx 
— 206 ＋ 2bb, (1. e.) 77 4 * 


* 
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* TH- ax + bx =ad 
* _—_—_ ax —bx — y* —cy, 
therefore ad — — — Cy = ad ＋ ax — by — y* —cy 
2 2 4 
bx = , and x =, and * , (i.e) 
* 2. 
2 = ad — — n= by what is above 
* = a3d — aby — aacy 
J* + aby* þ+ a*cy = 434. 
PROB3. 250. 
617. To conſtruct the biquadratic Equation 
* „ + aby* — ary =— ad. 
Let a;y . 
I. ax , and 5 = „and putting the Value of in 
the Equation a w + aby* — a*cy =— aid, 
ax acy a*® 
L.-T, 
and a*x* ＋- a*bx = a*%y — 41d. 
III. * bx =cy — ad 
ax= * 
IV. x* ＋ bx TA ) + cy — ad 
ax = y* 
* ＋ bx =cy —ad. | . 
V. ax — * — bx = y* — cy 44, ſo we have, 
1. — 4X . ; 
ax* acy a* 
SPIES ROTATE. 
** ＋ by — cy + at = 0. 
4 J** mw 87 ＋ cy — — 45 0. 
— x 
5. WX — oy + bx d= 
— ax. | 
The 1ſt and 3d is for a Parabola, the ad an Ellipſis, 
the 4th for an equilateral Hyperbola, the 5th for a Circle. 
We ſhall conſtruct for the Parabola, and the Circle, 
for the Parabola it's y* — ax =0, ſo the Parameter = a, 
AP = x, PM = y, and for the Circle by the general 
Theorem, (Tab. 10. Fig. 100.) | 


þ 
7 


Ch. 8. Conſtruction of 80 ; 315 


=0 — 22 r — a0 2p=—a+b 
Hence 1 n Ac = {ja — 46 

5 = ad »* | go _— : 
&< ＋ tas — ab + Ebb — dn. 

Draw CR, and let * be the Center of the Circle. 
Erect CK c perpendicular to . and draw AP thro” 
K parallel to CR. Let AK = then x will come 
from A and AC Vcc + 444 — EDD bb, Let Al 
= d, AH =a, and get a mean pro tional AL = V ad, 
and on AC deſcribe a Semicircle, and in it apply GA = AL 


== V ad, then GC = y/xcc aa — 4b ＋ bb — ad, 
the Radius of the L's T4 tink 

Becauſe in the Parabola the undetermined x comes from 
the Vertex, deſcribe about the Axis AP a Parabola, with 


the Parameter 25 I fay, PM is the true Root of the Equa- 
tion, becauſe y* — ax = 0 in the Parabola. 


For MR =PM— PR —= PM f and AP 
=. and CR= KP=AP—AK = 2 _ — WB. 
and becauſe CGq = = CMg = CRg + MBg, cc ＋ Lan — 
tab 4% . —*＋r˙ + — 4ab + 200 


+ * Cy (i. le.) 


T —g=—ad 


„ + aby* — a*cy = — 4324. 

Let the Place for the Ellipſis be combined with that for 
the Circle, deſcribed the ſame way as before, we ſhall 
yet uſe theſe 2, the Circle and equilateral Hyperbola y* 
xXx —- cy — bx — ax — ad = 0, 


And by the raced Theorem, (F. 590.) 


7 
7 — 221 — 22 S e 25 = —a—b. 
| t 2m 1 — 4 n. 
* ＋ . 2220 
m* = p* — — ad 


m* = Lag ab + +b* — Sic — 44 
m N14 + 440 + {bb — gcc — ad. 
Having conſtiucted the Circle as before, let AK = 
— 2, CK c, and fo CA V4 — tab + 158 F. 1 
AH == 4, Al and ſo AL = AG = yad, and ſo a | 


316 Conſtru#tion of Equations. Part 1. Sect. 2 


= MC — aa — 22 + 20 + 4cc — ad, becauſe the 
undetermined y comes from the Axis to the left, the Value 
of » being negative, diſtant by xc. Let KT = c, and 
draw OS through T, parallel to AP, and perpendicular to 
AF, (Tab. 10. Fig. 101.) | 

And becauſe the Value of p is negative, x comes from 
a Point diſtant from the Center by za +£b. Let FO 
be to it, and OQ= / a + 44% + Ebb — ccc — aa, 
then O will be the Center, and Q the Vertex of the equi- 
lateral Hyperbola, which if deſcribed about the Axis QS, 
it will car the Circle in M, then PM is the true Root. 

For CR KP AP AK S X42 ＋ £b, and MR 
= MP — RP =MP — CK = y— c; and becauſe MC 
== CRq + RMg, then 424 — ab 46˙ + gcc — ad= 
* —ax + Laa+ bx— jab TAN, —cy + ccc, (i. e.) 
* DEAT —Cy = — ad, * =ax — bx + cy — 

* — 4d, 

Moreover, MS = MP -PS= MP KT = y-b c, 
and SO= FS + FO=AP + FO=x—+ $a 4b; and 
becauſe S0 — QO = MSg, (F. 509.) x* ax + 442 + 
bx + 4b + 4 — 4a — 4 — {bb þ ic ＋ ad = y* 
þ+ cy + ccc, (i. e.) | 
** + ax + bs + ad = ＋ cy, and ſubſtituting the 
Value of x*, ax —bx + —y* — ad + ax + bx + 
ad= y* - cy, and 2ax = 2y*, or ax = y*, and x = 

2 4 
, and x* = — „the Value of x and x* being put into 


the Equation XK ＋ ax ＋ bx + ad = y* + cy, there 
comes out | 


2 > 2 - 94 
3 T9)g=n+ + +a 
c REP — — ＋ ad 
hy 7 ua a my 
aacy = y* + aby* ad, or 
J* + aby* — 42 = — #4 


| PRO B. 251. a 
618. To conſtruct the biquadratic Equation 


1* + 2by* + a*cy 4d, or 

1* + 20 a — afcy, 
which gives this Analogy * : y* :: þ 2by: ad—cy, 
Leta : y :: 6+): x, as before, | 
then, 
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then, I. ax =by +1" „and ax — by =? then 
a* : ax —by :: ax by: ad —cy, | 
II. 244“ cy a — in which put the Value of 
Y*, then 454 — a"cy = a*x" — *, (i. e.) 


m 2 
ax =" + by 
2 
IV. 2d — c — — + y* + by = x? — bs + ax 
VEE” 
Enn, 


V. j* pop = a8 29 2 += 
v__ ives the five following | Equations. 
e 


52 
4 24 E=. 


2 


by —4ax 
c 


Let us conſtruct an Equation with the Circle and Pa- 
rabola. The TROP for the Circle is 


b* | 
„TT ATT u. 
by the general Ta (F. 589.) | 


5. y* at * 


þ3 
— == nm ＋ D — 1m* =— ad 
3 „* ＋ == n 


n 
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6 3 is conſtructed the ſame way as in Prob. 249. 
— ( . G1 , ä 
| þ* bs 
Let DC=p ＋ 36, DPO = == + 3b + 
3, HO=0, OI =6, then OC=y/n*Fp*, OL =/ad. 
Hence LC V +p* + aa, draw OQ parallel to DC, 
then OD being negative, x riſes in O, (Tab. 10. Fig. 
IO2. N 
Ihen for the Parabola, in which y* + by —ax =o 
the general Theorem, (§. 587.) 2 Dy 


2 e 
1 — 2 6 — — — wm & 
Hence r —=0 2 14 
223 * ＋ p 
1 ＋ = 


The Value of » being negative, OK = 5b, and draw 
through K, AR parallel e OQ, and the Value of being 


negative, KA = Fry, the Vertex of the Parabola to be 


deſcribed about the Axis AR, with the Parameter 4, will 
be in A, which will cut the Circle in M, and QM will be 
the true Root of the Equation. For 


Let QMM = y, then MR = y 46, and fo RA 


242 — „ (F- 391.) and fo. KR AR — AK = 


2 I. Hence PC=0Q, or KR—CD= LEY 


wy * Lg MICE PM q+ Oy, then 12 05 L 
2by3 25 2 2pby A : 
+= —E- + +2 


r .62p*.- aap® 
(a) DEL WL 


+ y* + 22 = ad, and ſubſtit. the Values of p and z 
| x 2 
from the Equation for the Circle, becauſe p = TE 


and a = 46 + xe + = z there will come out L 


+ 


„. 
a + aacy = aid. 
SCHOLIUM. 


619. The local Equations, into which we have reſolved 
the Equations to be conſtructed, are for ſome determined 
Curve; but the Method will be "oy much enlarged, if, 
according to Sluſius, they be made for an undetermined 
Curve, for then they ſerve not for an Ellipſis only, or an 
Hyperbola of one kind; but an infinite number of ſuch 
Curves; and the local Equation may be brought back for 
the given Curve, and ſo the Problem conſtructed by the 


2 conic Section. Let us then ſee how both may be 
Ode. : 


PRO B. 252. 


620. To reſolve given Equations into local Equations, 
that may be for undetermined Curves. 


Let there be ſubſtituted for y the Root of the Equa- 
tion - v being any right Line; and let the new Equation 


that comes out be reſolved into a local one, as above, 
which we ſhall do by one Example only. 


* 


43 23 a3 K a*bz | a wis 
7 3 0 By + * ac. Z = ” 7 


which gives this Analogy 


| 8 : 6 
And to bring in a new undetermined Equation 
Let v: 2 :: K: x, then, | 


=. 4 | 
I. z* = vx, and — x. 


Moreover, z: * :: 2 + : or 0 4 
v% we | ob wc 
: =, of Carr 5 


_—_— 2 88 — — 
0 17 0 he, 2 1 5 2 * 
„ „„ r 1 — — — 
— * - 28 1 * wo 22 t 2 * Þ, 2 . — 2 . — 


— 


— 
. 
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n. x* + EZ = EE, and ws being = 2*. 


II. ö + ox = E þ#, and vw =, 


a ; a 
IV. woo. ofw. — 
24 = becauſe e=E 
V. * ＋ 2 ==E 
2 
+ Ez, += = 
VI. = + = = 


ſo we have local Equations for infinite conic Sections. 
1. & — DX = 


2 * + = Toy = DEE Cor infinite Parabolas. 


| h 
3. 2 — x* + — — — =o dor infinite equilateral 
* Hyperbolas. 


ocz vb x 
; * 7 = — 
4. 2 + * 1 


— for infinite Circles. 


ax* c 2 


z. * T — = =o or infinite Ellipſes. 


I vbz_ de I for infinite Hyperbolas within 
6. 2x o+ FI V3 voy 5 the Aſy mptotes. 


| 2 
(6) If = 9 : : x, the firſt place * = _ 
would ſerve for infinite Parabolas, and (which may ſeem 
very commodious) the Root of the Equation y would nor 
be changed: but ſeeing the Place for a Circle degenerates 
into that for an Ellipſis, it would not anſwer for a ſimple 
Conſtruction ; yet the Places for an Hyperbola and deter- 
mined Ellipſis may be ſo reduced to infinite Hyperbolas 
and Lows that the undetermined. y and x ſhall remain 
the ſame. Fe Ob 
SIT Ex. 
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Ex. We brought out for the Conſtruction of che pro- 
py Equation in (5. 607+) | 


=_ F Places for a Parabola. 


IH. „ — oy 's 


III. . 
72 © for a Circle. 


Becauſe * =ax 


- #8 as 
then 2 — 


and becauſe cy = x* + be 


3:5 I: Bros 


where we have a Place for infinite Ellipſes; viz. 
cy vet vb x 


2 wr + ＋ ——4x=0, and another 


ucy 


vb: 
* _ + 2 — — ax — — == o, for infinite Hyperb. 
both which may be conſtructed with the Place for a Cir- 


cle, viz. * + x* — cy — ax + bx =0. 
ROB. 253. 

621. To bring a local Equation to another of the ſame 
kind, which may be for a given Curve. 

1. Find the Value of the Lines that coadiute the local 
' Equation, or which is the ſame, find the Ratio berween 
them. 

2dly. Seeing thoſe Values are equal to the Lines by 
which the Curve is given, for which the Equation is to 
be reduced, there come our Equations, the Reduction of 
which being duly made, will afford the Values of che Co- 
efficients to be ſubſtituted in the given Equation, that it 
may become che one ſought. 


1 [5 Ex. 
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Ex. The Equation for the Parabola y* — ex= o, is to 
be changed to another which may be for a Parabola, 
whoſe Parameter is r, becauſe the Parameter of the Para- 

bola for which the given Equation is a, is changed to r, 

and the Equation becomes y* - rx o. £1717 

Likewiſe, ler the Equation y* + & T by — ay — cx 
—0 be reduced for a Circle, whoſe Radius r, becauſe 
rhe Radius in the Equation for the Circle for which the 
Equation 1s given is | 

ie, then = = 
424 — 4b Sr — ce 
Ja —3þ UA — ee 
4 =3b + . 
2b A- — ge 

| 2 N —ia — 4 Ah. 

Theſe Values being ſubſtituted in the propoſed Equation, 
there comes out an Equation for the deſired Circle 

| * + 2gy — 20 — 2bx =6. | 
PRORB. 254. 

622. To find a general Rule for conſtructing all Equa- 
tions cubic or biquadratic, (Tab. 10. Fig. 103.) 

Deſcribe a Parabola, and à Circle from the Center H, 
with the Radius AH cutting it in N, N and M. Let 
AD = b, DH = d, AQ r c, then AHq = dd + bb, 
__ 5 77 — Th and IN hd Parabola 2, 
then OMS xc, and RM x » for (S. 40 

a: OM + AQ :: PM : AP (9-494) 
82 + 2cx 


a XA :: XK: — 


then DD = HR - = and fo HRA = 5 
4x3 +, 4 2bx* * i 

+ % ad Au 
ws 4 x3 cx 

** + 24x + dd, and fo we have —— 

ab cx . Fon | | 

= HE 44+ x* L dd=bb CA 


** a 462 x* abc 
+ 06-62 


aa 4 
22 2 = 08, 


＋ ** ** 
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x3 + 44 K + F 
— aa + 2 =0. 

So it appears if the ad Term be poſitive, the true Roots 
will fall on the right hand. Thus let the Equation be 
compared with it. 1 | 

* N LEA Te, then 
4c =p * — 22 +a = 
c = ip 4 724 
ea and — by 24 


ma 
J —L=0® 


* 


„ 5 2be 
Wor TAs is +> 


; >. p3 pa 
. e) =—=+ I + 107 _ = r 


2a%d — 4abc — 
I 26s Ec: ; i . 3 pq 8 
4 n e f r 5 


Now let pN-= x, and the reſt as before, then Nr = 
PN - =pN — DH = x —&, No = x — c, pm 22 
— 2c, and becauſe (F. 404.) (Tab. 10. Fig. 103.) 


4: NA AQ :: pm: 


XxX; X— 26 } wonmompmpar—o— | 
, & — 2x © I 
then Dp = Hr = — — — 6, and fo we have NH? 
>= Hr? + Nr* | * 
„ 27 On, Or bs 
＋ 4 — 2dz + dd == bb + dd 
** 4e A* — abex} 
Bo „ r 3g tt 
2bx* a1, $0 
TN 5 
+ x* 


Y 2 X23 


. 
: 
ö 
# 
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* — 4 ＋ 40 uy 
r 24bx — 24 4 =0. 
| + 42 * = - 
Thus it appears, if the ad Term be negative, the true 
Root of the Equation will be on the left hand. Let then 
the Equation to be compared with it be | 
x3 — px* TE == 0, then 


ws roo”, OE 4 — 226 + * = 
4b . C 1 * T 2 


x4 + = — 2 =, (i.e,) 
1. ＋ . 2 = rg : 
3 5 
„:= 2, and + by a 4 ＋ — +> = 


6% ET Moreover gobe— ander 


| habe — 71 =24% 
2be ” 
2 2 4 (be 
* | EY . — 
P + 164 75 42 de. A == 4, or 


4abe —24*d=—r, and 4 e Tr =24*4, and = — 
FTE | 
=, (i.e) 2 + 2 + = =. 
Therefore in all compleat cubic Equations 
AQ= # 


Da = 2 


98 17 
F DH = T F 22 ＋ = 
That is, in the Rule, q or the Coefficient of the 3d Term 
is always affected with a Sign contrary to what it hath in 
the Equation; but in the Rule it is — r, if p and er have 
different Signs otherwiſe always r. 
| Becauſe the Coefficients of thoſe Terms that are put —= 
o do vaniſh, the Application of the Rule to incompleat 
Equations is plain. 
Laſtly, if the Square of the Radius MH or HN be 6 
+ dd + af, the Equation will remain biquadratic ; where- 
1 8 g fore 
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fore if this biquadratic Equation be x* + px? TZR + + & 
+ 5==0, the reſt will all remain as before, but 


s = af 


whence the Radius of the Circle is found as in Prob. 2 — 

(F. 617.) if it bes, or as in Prob. 251, (§. 618.) i 

be —s. Theſe things being obſerved, the ſame Rule 

will ſerve for the Conftruttion of. biquadratic Equations. 
SCHOLIUM. - 

623. This is the Rule which Mr, Thomas Baker, in his 
Univerſal Geometric Key, calls central, and applies it to 
all Caſes of cubic-and biquadratic Equations; but the true 
Foundation of it lies hid in what we delivered above. It 
remains for us to. illuſtrate the Uſe of this Doctrine by 
ſome Examples. 

«PRoB 255. 


624. To find two Means in continued proportion be- 
tween two given Lines. . 


If 3 wed nl] b greater of the} __ . 
Lines 3 Fw. 
2 as leſſer 
then by the Problem 2 S 127: *. 2 ax =yy 
andy: x:: X: b - 


II. xx = H, and 4: :: X 6 
III. ab = yx, and ** =by, and ax =" | 
IV. «* —ax==by -, and ax =, and x* b 


ac> 
V. ME pwn + by, and x* = by, =. aer 
= ＋ = LAs, 5 raw; and — X. = 2 


VII. . NS 


* 
8 2 tor the Parabola 


Jo XY — ab =0, for the Hyperbola within the Aſymptotes 

4. 2 + x* — by — ax =0, for the Circle 

5. * —x* n for an equilateral Hyperbola 
= 2oy __ f for infinite ſcalene H 

6. * 5 v + 2 , ax = 1 per bolas. 4 

79 as « 7 — _ J — , =0, for infinite Ellipies. 


1 3 H 


IN 
: 
Fo 
* 
, 

: 

. 
$ 
®; 
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If the Value of x in the Equation for the Parabola be 
ſubſtituted for ir in the Equation for the Hyperbola, there 
will come out y9 - se. n 
So the Conſtruction may be made ſeveral ways, either 
by the Circle and Hyperbola within the Aſymptotes, or by 


the Circle and equilateral Hyperbola, or by the Circle and 


infinite Hyperbolas, or by the Circle and infinite Bllip- 
70 or by two Hyperbolas, or laſtly, by Baker's central 
e. | 


In the Equation for the Circle y* + X - by — ax == 03 


by the general Theorem, (5. 589.) 


7 

92 | 
121 » = jb P == 44 

q * 

ſf=4q4 * ＋ == 1m? 


y $66 + 4a u. 

Becauſe in the Parabola deſcribed with the Parameter a, 
for which the Equation is ax = y*, x comes from the 
Vertex A, a Circle is to be deſcribed that will paſs thro? 
A, with its Radius = 3bb + i Let then AD == 5a, 
Di = 42, the Center of the Circle will be in H, and 
PM, PA x, which may be eaſily ſhown as before, 
(Tab. 9. Fig. 93.) 

For the Ellipſis for which there is the Equation y* + 


— 22 
T — . by the general Theorem, (F. 588.) 
1 z | 
25 = 5 — = 2 27 == 2 
7 2m wo V 
wh ab 
1 BOS... 
27þ 24 N 10 77m * 
=== om Ko 
ap? an 
ap = a — 
20% = 4V * v = 
>} = 42 ; | 
* ab* 
—_ 2 2 1929 = 
p: + N Wa TY 
Be 
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So the Conſtruction by the Circle and Ellipſis is this. 
Join DF, and DE A, at right Angles. Let DK = 
ib, and having raiſed a perpendicular KC a, then DC 
= Vl T4; then with the Radius DC deſcribe a 
Circle from the Center C, and the firſt place will be 
thereby conſtructed, and x will come from D, (Tab. 10. 


Fig. 104.) 4 
Wherefore for the Ellipſis, let DH=,— , and thro' 
H draw IN parallel to DE, and HL u, and LI=LN 


== + v*, then L. will be the Center, IN the Axis 


of the Ellipſis, which will cut the Circle in M; I ay, DQ 
= Xx, QM =), and ſo DE, QM, DQ, DF are 4 conti- 
nual Proportionals. 

For CP =x — 5s, PM==y — 3b, and DC CMgq 
=CPq-+PMg, then Sas + Ab = xx — ax + 442 » 
— by + bb, (i. e.) y*+ x*— by — ax =0, which isa Place 
for a Circle, ' 


b 
Likewiſe, OM =—D » LO = x — xv, and ſo 
becauſe v: 4, ſo is ILq — : OM, (§. 431.) 1: 
a 46 5 5 f aby 422 a? > 
Mb Fas abs os * 
ax* ved of aby a*b* | nr aby 
—IOEReE SY, 77% Tar FT. 


— ax = 0, but * ＋ x* — by — ax = 0, therefore 


E 5 bs o+ by — x* =0, and x* -- , A 


ſubſt. this Value in y* + x* — by — ax e, it becomes 
y*+ by — by —ax =0, y*=ax, and a: :: x, and 
x* being == by, 22 * 1: *: 6, ſoa, 5, x, bare continued 
Proportionals. This may be done the ſame way by the 
Circle and infinite ſcalene Hyperbolas. We ſhall add the 
Conſtruction by the Circle and Hyperbola within the 
Aſymptotes, (Tab. 11. Fig. 105.) . 

Join RI==a, AR=B at right Angles, and through 1 
draw the Hyperbola RA, AT. Let RD Ab, and on 
D raiſe the Perpend. DC = za, and from the Center C, 
with the Radius CR, deſcribe a Circle cutting the Hyper- 
bola in M, then TM = y, and AT = x. f 


Y 4 | | 1 Fer 
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For from the nature of the Hyperbola, becauſe: AR x 
RI =AT x TM, ab==xy, and CK =x a, KM=y 
— +6; and becauſe CMg = CKq + KM, 4 ＋ 16h 
= xx — ax Lea yy — by + 3bb, therefore yy + xx 
— ax —by==0, or xx — ax==by — yy, and by the for- 
mer Equation 2: :: : b, wherefore x—a:a:: b—y: 
„ (F 124.) and by the latter Equation x — 2: b —y :: 

: x, therefore (F. 124.) 42: ::: x, and 2: :: &: b, 


(52 Arith.) therefor = = - _ =. , 


If AR and AS be joined at right Angles, and a Parabola 
AMH be deſcribed about the Axis AR, with the Para- 
meter 2, and another Parabola AMI about the Axis AS, 
with the Parameter 6, cutting the former in M, then AP 
= x, PM==y; which Method was found by Menechmus, 
and may be eaſily deduced from the Condition of the 
Problem, without analytical Calculation, and ſo we have in- 
ſerred ir here; for from thence ariſes a Method of con- 
ſtru ing Equations by combining of two Places; for by 
the firſt the Parabola * =ax; and by the 2d x* = by, 
and fo a :::: x, : Xx :: X: , (Tab. 13. Fig. 
122) 

CoRoL. | | 

625. Let the Side of a Cube be a, and the Side of a 
double one 9, then 24! =y?, or by putting 22 , aab 
== y*, there are therefore to be found two mean Propor- 
tionals between the Side of the Cube, and its double, and 
the firſt of them will be the Side of the double Cube, and 
in general for the Cube any number of times ma? = , 
and between * and ma find two Means. | — 

626. This Problem for doubling the Cube, which, it's 
ſaid, was made by the Oracle for removing a Plague from 
the People of Delos, coincides with the Problem for find- 
ing two Means in continued proportion, which Hyporrates 
Chijus firſt took notice of; whence it's called the Deliar 
P.oblem. | . 

This famous Problem was of old among the Geome- 
tricians of Greece, among whom was Plato, Heron, Ale x- 
andrinus, Apollonius Perg ens, Fratoſthenes, Pappus Alex- 


. andrinus, Sporus, Menechmus, Archytas Tarentinus, Philopo- 


mus, Philo. Byzantius, Diocles and Nicomedes, who ſolved 
ir different ways, mentioned by Eutocius in his Commen- 
taries on the ſecond Book of Archimede on the Sphere and 
Cylinder. | 

PRO x. 
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PRO B. 256. = 

627. To divide AB, which is divided at pleaſure in C 
again, as in D, ſo that CD DB may = ACA CDg, 
(Tab. rr. Fig. 106.) | 

Let AC =, CB, CD=y, then DB =-, 
and ſo by the Problem | | 

J:b—y:: a*: 5* 

To bring in a new undetermined one y? being = 4*b 
— 4a*y, it's eaſily known to be a Problem of Solids. 

Let 2: :: : x, ü 
then, I. ax = y*, hence y;b—y :: a* : ax, or a: x, 


124.) | 
15 oo im Abs as and becauſe y: b—y :: ax 
y* : by —y* :: a: &, ($.124.) | 
ax: by—y* :: 42 * 

„* :by—y* :: 1x 2 
III. x* = by — *, and ax being 27 
IV. x* ＋ ax = by, and adding ax =y* -. 
V. x* ＋ 2ax = by + y*, and by the firſt and third 
VI. ax — * = 2) — by. | | 

Thus we have theſe Jocal Equations. 
1. }* — ax o, for the Parabola. 
2. * þ ay —ab o, for the Hyverb. within the Aſy mp. 
3.95 x* — by = 0, for the CircleQ. 
4. ** of by = o, for 7 of 9 EI 10 | 

52 — * — 24x =0, fort uila bola. 

py * J 2 * 5 — ax =0, for the Ellipfis. * 185 

We ſhall give two Conſtructions, one by the Burabola 
and Circle, the other by the Circle and Ellipſis. 

Becauſe the Equation for the Parabola y* — ax =0, 
we need only deſcribe a Parabola with the Parameter 4, 
and the underermined x will come from the Vertex, (5. 
388.) For the Circle for which the Equation is y* ＋E K* 
— by s by the general Theorem, (F. 589.) 
”=0 28 = b n* ==m* 
f=08 = mz=ny= 3b 


Let a Perpendicular be raiſed on the Vertex of the Pa- 


rabola, as AD=> 56, and from D, with the Radius AD 
= 2b, deſcribe a Circle, then PM = y, (Tab. 11. Fig. 
107. | 

20 having let fall the Perpendicular DR, then MR 
== PM — PR =PM —AD =» — 46, ($. 391.) AP = 


DR 


—— ———— 


— . — — 


m— 2 - 
— a 


— 


r ING <- 


. _—— 


* a — -+ 


. 
ſ 
3 
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DR E, then becauſe DA =DMq = NIR + DRg 
| | of | | 

1+ — by ＋ 562 dbb, (5. e.) = * by = 0, 


and — by 2 „A- =. 


For the Ellipſis, for which there is y* ＋ 1x — 42 — 
Lax =0, by the general Theorem, (5. 588.) ihr 


2r 4 2 
— =0 22 2 4 = 
Hence 1 Ab q 
121 2 = 42 
D* tn 
317 — — — , 


72 * + Ip? _ Zn 
18% + . = in 
t= m. 

Let therefore an Ellipſis be deſcribed, whoſe Axis AR 
= 2 466 a, and Parameter = 4/$bb6+- £23, becauſe 
2m :t :: 2: 1, and from the Center C, let fall the Per- 

endicular CH = x = 5, and havin drawn DE through 

H, parallel to the Axis AB; let HD==p = 2a, then t 
undetermined x will come from D; wherefore being to 
combine a Circle therewith, erect the Perpend. DL = 
and from L, with the Radius DL, deſcribe a Circle, then 
QM =y, DQ=zx; for PC =QH= DQ DH = x 
— 22, PM = 2 46, and ſo PCq = 2 oo 20 —— 14 
PMgq = y* — 45 + 2 and AC b ＋ 3%, con- 
ſequently becauſe f : 2» :: 1: 2, (F. 431.) 

1:2 :: PM: AC -P 

112: „h T. : 1 — + ax 

27 — by T + ax — xx 

2y* —by =@4x — xx. 

Moreover, RM=y — 35, LRS DOD x, LM a5, 
and becauſe LMq = LRq + RMg, eb = y* — bh 
rob ＋ xx | | 

2 —by = — xx | 
the Value of y* — by in the Equation above being ſubſti- 
tuted, there comes out 


* — XN EE AX — xx, and * = ax 


and 
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and L , and 2 = 9m, and becauſe 


4 
„R HTN +5* —bj=0 


* + a% — a*b s. 

It may be thus ſhown that the Ellipſis paſſes _ h 2 
and L, KL =DL == , and ſo Ry = b, 
1 2 + ö, and KC = DH = 2 and ſo * 2 = 
"VE: 42 ＋ $0* — x4, and KB = a e ＋ 3 745 there- 
fore A x KB==44* + 36* — 42 = 1 but 2KLq = 
25“ rbb, therefore 2 17 = AK x KB, therefore the 
Point L and D are in the 3 4 420.) 

PRO B. 2 

628. To conſtruct a Cube wn to a Parallelepipedon. 

Let the Sides of che Parallelepipedon be «, 6, c, and of the 
Cube y, then (536. Geom.) abc= y3 (3.0) a: - y* 2 
be, to bring a- new undetermined one into the . 
ie. 


I. ax =)* and becauſe 72 7 


II. xy = bc, likewiſe a: ::: æ, and a ::: ax: bc 
then : X:: ax: br, (52 Arb.) and ax* == bey 


III. „2, and ſubſt. ax 2 


IV. * —as = £2, 
Eg 2 
3 4 c c 
V. x* bax=y*+ Z, and becauſe x* = — v and 
24x . VI. n . 


a4 
VII. 2ax+x*=21* þ = — 


So we have theſe local N . 


1. y* —ax=0, for the Parabola. 
2. xy — bc =0, for the Hyperbola within the Aſymptotes. 


3. & — 75 == 0, for the Parabola. 
b 3 
4. + ** — Z 4X e for the Circle. 
7. * + x? + — — ax =0, for the aquilateral Hyperbola 
6. 


on 
* 
** 
bt 


7 
2 
* . 


_—_— 
898 
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b 
6. y*+ 11 — = — ax = 0, for the Ellipſis 


7. „-E. | 5= —ax =0, for the ſcalene Hyperbola, 


To the Place for a-Circle belongs y* + x* — — — 4 
== 0, then by the general Theorem, (5. 589.) 


4 „* + f n 
2 2 A 22 
be 27 2 12 
=> D + aan. 


Seeing in the Parabola (for which there is y» — ax = 6 
deſcribed with the Parameter 4, x comes from the Vertex 


b p 
A. Let AD te, DH ==, then H will be the 


Center of the Circle to be deſcribed with the Radius HA, 
which will cut the Parabola in M, and PM will be = y, 


(Tab. 9. Fig. 93.) 1 
For AHq = AD f + DHq = 1 + — „A 2 


>. 1 1 | þ 


= becauſe AH = HMq = AL — 8 Lag + 
— + 5 cy ce 4 


4 ad 
be : y 


| y3 — abc =0. | 
Let RI=6b, and RA c be joined at right Angles, 
draw the indefinite Line AS parallel to RI, and deſcribe 2 


 Hyperbola between the Aſymptotes RA and AS through I, 


then x will come from A, and to combine the Circle with 
it, let AD = » = 2 » and DC perpend. to AD 2 
== 24, and from the Center C, wich the Radius AC, de- 
ſcribe a Circle, cutring the OR in M, then will 
TM be parallel to AR = y, (Tab. 11. Fig. 105,) 

For becauſe AR x RI = AT x TM, (F. 502.) be = 
xy, Moreover, CMqz= ACq=ALg + CLq = 444 + 
b*2 


IS 2 CK=LT=AT —AL= x — 4a, and MK = 
| | | TM 
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TM—TK=TM—AD=y—, » whence becauſe 


| CMy = CKzg + KMg, there comes out 225 + _ 
be bb 
= x" — 4x + 308+ j* — 7 (s. e.) > = 


24 —ax =0, or y* JET £/ JE ax — XX, dan 9 
_ Value of xy be ſubſtituted for be, there comes out * — | | 
2 W . Muri, and by 


of 


2 
8—X, yyy = ax, and) -, and = 2 =* where- 
er een 


For the Ellipſis, there is y* + Ax — — * * =/0, 
by the 2 Theorem, (5. 588.) 


4 2th 
= == — = 4 — 2 =U"— 4 
ENCE | 
be 2Þ 
q=s 20 = — a 8 
24 2 
33 om. 
TIS 
= 2m am 
* * TS 2 * 
2 _ 
þ2* . 
Vo aa = mM. 


Let cherefore an Ellipfiz be deſcribed, whoſe Axe AR | 
may TI. Ta, 5 and the Parameter 9 


2 Yaa 


the Ratio being as 2 to 1, and from the Center C wy 
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the Perpendicular CH = 1 And through H draw DE 
parallel to AB. Let DH = a, then æ will cope from D, 
and to combine a Circle with it, let DI 2 and IL 


== 44, and deſcribe a Cirele, with the Radius LD, on the 
Center L, which will cut the op fis , M ; I fay, QM 


=, == x, (Tab. 11. Fig. 10 
For "op =HQ= DQ — D 122 — 4, and PM = 


QM— PQ= QM— DK =» — = » by the nature of 
the Ellphs, 8. 431.) 2: 1 :: AC - CPę: TOY 


6292 
2:12: 4 + 2 * 5 £4 3 
5262 3 
bc 
zr — K . — = — 


Moreover, MR = QM— RO QM — DI = =y — 
be 
2 > LR DQ IL x - 4, and becauſe 1 


52 
n n 244 425 = x* — ax ＋ Las 
L 
+y—Y + == (be) x* — ax+y* — n 


7 ; 
or * — = = = ax — K and ſubſtituting the Value of 


ax — Xxx in the Equation above, 1 cOmEt out 


bey cy 

2 — 2— — 
ax = y* 
9 
IJ _ 
aA 
4 
2 wt 


2 2 ac: ot 


Firth BL BED. Te 2 Iz % 


SR Z 
2 = = and ＋ by = 
* == abc. 


4 
: 
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- * The Conſtruction by the Circle and Parabola i is much 
the ſame Way. 
PR OB. 2 —. 

629. To triſe& the Angle ACB, (Tab. 11. Fig. 110.) 

e . it done by ACE, ECD, and DCB, draw the 
2 of the equal arches AE, ED, DB, (289. Geom.) 

Let AC = „ A 22 AE =, EO. Now the 
Arch DB, (314. Geom.) is the meaſure of the Angle 
EAB and AE of ACE, (57. Geom. ) the two Angles EAG 
and ACE are equal, (142. Geom.) and becauſe ACE js 
common to both the Triangles AG and EAC, then 


pho 09-0 y eT are AC: EC:: : AE”: AG 
n but AC== EC | 
I. — therefore AE = A8 
Br EF para to DC, then EFH = GHC, (2; 


Seon] =EDC, ( 5 Geom.) Likewiſe EGF =HGC, 


(156. Geom. 27 == CED, therefore EC : wk : EG: GF, 
| bi: 7 2: N * 


b 


. Becauſe DB=ED= AE, and DB = NH, EA=AG, 
by the Demon. ED = FH, then AE + ED + DB = 


AG+BH+ — hag (i. ) 3AE =AB+FG, con- 
727755 vA 


Gin . . I, 57 — xy = ab, which may be. re- 
into this Analogy 


23— * : & 
1825 26—x : 2, (52. Arith.) 
III. 5 a, and adding Y bx 
IV. ay +)) =4bx— xx 
ay = 3bx — xx, and ſubſt. bx 
V. ay — Jy = 2bxy — xx 
ay = 3bx — xx, and mag 2) = 2bx 
VI. 2 + ay =5bx — xx 
20% = Jbx — xx, fubit. 2yy = 2bx 
VII. ay — 2% — bx — xXx. 
Thus we have theſe local Equations. 
I. yy — bx =0, for the Parabola. 
IL xy — 3% + ab — e, for the Hypecbols w. tha 0 
Aſymptotes. 
III. xX 305 + ay =b, for the Parabela. 


% 


N 


— — — 3 2 
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IV. yy + xx + ay — 4bx = o, for the Circle. CE hit 
V. yy — xx — 4y +— 2bx==0, for an equilateral Hyperbols. 
VI. yy + 3xx + 42y — Fx =0, for the Elliphys. a 
VII. yy — xx — 4% + zx, for the ſcalene yperbola. 
For the Circle, for which there is yy + xx + ay — 

46x =0, by the general Theorem, (F. 589.) 

— 2 4 — 2þ = — 46 

= — x4 2 26 | \ 

* + 9% =m* | 

r. 97 
Wherefore a Parabola, for which there is yy— bx =, 
being deſcribed with the Parameter &, and AD = 26, and 
DH = za, deſcribe a Circle with the Radius DH on the 
Center H, then QN = y, and AQ x; for thus bx = 


1*, (C 388.) and fo x = , and hence DQ=KH= 
2þ — * — Likewiſe KN = QN + QK = QN-+ DH 
== y + 44, wherefore becauſe HN = KHq + KNq= 

+ 
aa +4bb % % +7, + 4 + Y, (6. e. 
3 4 


L 5555 15 
+ —3y + = and = by 
y* — 3bby + abb= 0. (Tab. 9. Fig. 93.) 

The Equation will come out the fame way, Pin the 2d 


Equation, found above, 3) = @ + = „there be ſubſti- 
tured the Value of x = Y, from thefirſtir is 1 + 


3 g 
3 = Le 
The Conſtruction by the Circle and Hyperbola within 
the Aſymptotes, is thus made: | 
Join KL = ab, and CL. a at right Angles, then CK 


= y/ the Radius of the Circle to be deſcribed 


_ — 


— 


on the Center C through K. Let CL be produced to I, 
till LI =a, and KL o T, till LT =, or KT= 36, 
and let an Hyperbola be deſcribed within the Aſymptotes 
y KIs through I; I fay, QM is the true Root fought, or 
1 the Chord of the 3d part of the Arch deſcribed with the 


— 
AV 


Radius 5, or. QM = y, and KQ =x, (Tab. 11. Fig. 
| For 


11.) | 


— — 


* 


A 
3 7 


of Reg + ih. Akad 
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For . 72 KT—KQ = 35 — x; and becauſe IL x 
PU. þ x QM, (F.502-) 35) —x)= ab. Moreover, 
PC=QL = RL KQ S259 — x, and PM = y + 22 
and ſo becauſe KCq== MCA = PMg + PC, 444 + 4bb 
= y* + ay þ+ taza ES — Un + xx, (i. e.) y* ＋ ay 
== 45x — x*, The firſt Equation for the Hyperbola may 
be reſolved into this Analogy 


36 —x:6 :: a: y, therefore 4 - &: :: 2 by: 
($. 124.) 4 — K: a+) i: 5: . Tbe laſt Fel 5 
rhe Circle gives this Analogy 45 —x : y +a :: : x, 
wherefore (52. Arith.)5:y:: : x, whence bx =y*, and 


* = x, and 7 = x*, Theſe Values being ſubſtituted in 


the Equation for the Circle * +ay =4bx — x*, there 
— 17 4 
comes out y* -þ ay = od 


„ and ay = 37 — 75 
and by 75 „ ab* 36 — 3, or 1 — 3b*y + ab* =0 
as before. 

It's to be obſerved, that ſeeing the ſame Equation comes 
out, if 2 be put = y, then it will be the Chord of the 
zd part of the Complement of the Circle, as Al was of 
„„ in eaſily make che 

that underſtand the for „ will eaſily make 
other tes. . * F 
P ROB. 259. 
630. To expreſs an irrational Number by a Line. 
Let there be an imperfect Power, as x, and its irra- 
1 


tional Root x” , and let chat , then x=y®, (. e) 
4 being Unity a x = yo » Which is an Equation for 


infinite kinds of Parabolas, (F. $19.) wherefore if a Para- 


bola of the firſt kind be detcribed with the Parameter a, 
and the Abſciſſa be to the Parameter as the Number 
under the radical Sign; for example, as 3: 1, if / 3 


be deſired, or as 3: 2, if / be ſought, ics Semi-ordi- 


nate will expreſs the Number ſought. 
For in the firſt caſe, if a=1, K 35 y* = 3, and ſo 


Vz, and if a be , - == 4, then 3x = 24 =2, 


and fo x=43. Hence y*= 4, and therefore 5 = 
and fo it appears, that a 7 858 of the ſecond kigd, a 
o 


| 


* 
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of the cubic Order, muſt be deſcribed, if the cubic Roots 
are given, and Parabolas of the third, or biquadratic Order, 
if biquadratic Roots are given, and ſo on. 

But Parabolas of the lower kind may ſerve for the higher 
Roots. Ex.. Let the Line y be wanted; which hath the 


fame Ratio to a given Line a, which 1 hath to * 57 ic 
will be by the Problem 
3 


I ; 5 :: 42: 
ay5 = ), and 543 = ys, 

Let then the Problem be conſtructed by a Parabola of 
the iſt kind, and a Circle finding 2 continued mean Pro- 
portionals between @ and 54a, for let 4: :: : x; then 
firſt, | | | 

y* = ax, and the propoſed Equation is reſolved into 
this Analogy a: y ::) : 54%, or as ax :; 5a*, or x ; 54, 
whence : X:: X: 52 

x* = 5ay 
* = ax. 
n. NAA 

The firſt Equation is for the Parabola, and the ſecond 
for the Circle, whence y* 5a is conſtructed as above. 

_PRoOB. 260. 

631. To find Points at pleaſure, that may be in the 
Cuve of a given Equation. 

iſt, Having drawn a right Line, which may be taken 
for the Axis of the Curve to be deſcribed, let there be 
taken Abſciſſas at pleaſure. 

2dly, Erect Perpendiculars on them. 

34dly, Becauſe the Abſciſſa is determined, the given Equa- 
tion may be accounted for. Let it then be conſtructed by 
the Methods above, and you may find a Semi-ordinate 
anſwering the Abſciſſa. 

Ex. Let a Parabola of the ſecond kind, or of the cubic 
Order, be to be conſtructed, as aav=y*. Having then 
taken v for the Abſciſſa, let ſome new one undetermined 
be brought in ; fhen let 5 

42 207 2: : X. 1 
I. ax = y*, which gives this Analogy a: y :: 2: av, - 
| (i. e.) as ax: av, Or x: v, (F. 124. 
wherefore ): X:: x : v, (52 Ar.) and x* vy, and adding 

| | = 6X 
then, II. y* + * — 29 OP =0. 


Thus | 


Ch. 8. Conftruttion of Equations. 339 
Thus with the Equation for+ the Parabola y* — ax =o, 
and the other for infinite Circles (becauſe v may be, and 
ought to be determined infinite ways) y* Tx — vy — ax 
==0, as many Points are found in the cubical Paraboloid 
as you pleaſe; for by the general Theorem for the Circle, 
(§. 589. | 
| a2 2p =4 
1 v 21 
v2 +p* =m* Vν⁰ == n. 
Wherefore a Parabola deſcribed with the Parameter 3. 
Let a part of the Axis AK == 2a, and having raiſed the 
Perpendicular KG, deſcribe a Circle on any Point, as C 
through A, then QM will be the Semi- ordinate anſwering 
the Abſciſſa in the cubical Paraboloid, which is double of 
KC; and for finding more Semi-ordinates, draw Circles 
on other Points of KG through the Vertex of the Para- 
bola, which will cut the Parabola in other Points, (Tab. 
11. Fig. 112.) 


For if KC zu, and QM y, then AQ= E, k. 


= CP =AQ —AK = Z —30, PM=y —zv, where - 
fore becauſe ACq= AKq + KCg = (417. Geom.) CM 
=CPq+PMg, jaab hv = Ip + $00 þ+ 57 — 


4 
vy ＋ 293, (i. e.) — S vy, or — by 25 * = aav 


ſo 2KC is an Abſciſſa, and QM the correſponding Semi- 
ordinate in the cubical Paraboloid. | 
Let a Circle of the ſecond kind be to be conſtructed, 
for which there is y* =av* — v3, then £ 
v ::: av —vt 
and ſeeing in the Conſtruction v is determined, let a new 
undetermined x be brought in by putting 
UiJ it ye x: 
then, I. VX — 
and v: :: vx: a- , i. e. :* :: &: — , ( 124.) 
therefore ay —yv = x, and adding vx == yy 
I. yy + xx + vy — ay ux = 0. | 
- Then by the former Equation for infinite Parabolas, and 
the latter for infinite Circles, there are determined Semi- 
ordinates for the Abſciſſas in the Circle of the on 


| 5 and by the 4 for the Circle, (F- 589.) 


| mined, * ul 15 eil a new TOY erent 


all the ua Hands; Arithmetic | in all its Parts; 


| matics. 


240 cf of. ne Part. Sec2. 
kind ; for with the Para 


2 v, 2 Parabola is deſcribed, 
in Which you have the Ahſciſſa , and the Semi- ordinate 


| - — = 4 
ence | r=0 


| * then AD = Au. DH = 4s 26; und oo Radius 
V ee deſcribe a Circle on the Cen- 


Tab. 10. Fig. 93.) 
Vet 8 4 Conſtruction is more troubleſome chan the 
foregoing one, becauſe the Parameter v being undeter- 


2 H, Leen Sf the . of the Parabola A, then 


Advertiſement. 


A. the Board ng- School i in Brook-ſtreet, near 
Hanover- Square, kept by W. Nicholl $, 


oUTH are carefully and expeditiouſly | 
taught Latin, Greek, French, Writing in 


Merchants Accounts after the Italian Method 


of double Entry ; Geography, Geometry, Alge- 
bra, and the other mos of the . 
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